
ABSTRACT

KAMATH, AJITH M. Asymptotic Analysis of Large Antenna Arrays for Communi-

cations and Radar Applications. (Under the direction of Prof. Brian L. Hughes.)

In recent years there has been a growing interest in using antenna arrays at both

ends of a wireless communication link. Such multiple input multiple output (MIMO)

systems are beneficial both in terms of providing greatly improved data rates, as well

as in terms of robustness in combating errors compared to systems which use only

one antenna. These benefits are obtained without requiring extra transmit power or

spectral bandwidth, but come at the cost of additional processing power. In radar,

multiple antenna arrays have been in use for several decades. Even so, the idea of

measuring the full received electro-magnetic (EM) wave for parameter estimation has

been a recent one. In this dissertation, we address two issues through asymptotics: in

MIMO systems, we develop insights into finite MIMO array performance by deriving

precise results for asymptotically large MIMO arrays, and in radar we derive the gain

from measuring the complete field over a spherical surface versus measuring only one

polarization component using an equal number of sensors.

First, we consider the distribution of the mutual information of a MIMO system

with an uncorrelated Rayleigh fading channel. We show that, as the transmit and

receive array sizes tend to infinity while maintaining their ratio constant, the mutual

information distribution tends to Gaussian distribution at all signal to noise ratios

(SNRs), and give a closed-form expression for its mean and variance. Through simu-

lations, we observe that the mutual information distribution of a finite MIMO system

with as few as 4 array elements at either end has a variance which depends only on the

ratio of the two arrays and is also closely approximated by the asymptotic distribution

variance. We show that the mean of the distribution can also be approximated much

closer than previously shown, and hence combined with the asymptotic variance, this

yields close approximations for outage capacities.

We next consider the problem of determining the best possible tradeoff between

diversity and multiplexing gains in an uncorrelated Rayleigh fading channel. Zheng

and Tse have characterized this tradeoff in the large signal to noise ratio(SNR) limit.



We apply our asymptotic results on mutual information to compute the finite SNR

diversity-multiplexing tradeoffs at high outage probabilities in the range of practical

interest. We show that the asymptotic results match the tradeoffs derived by Zheng

and Tse only in the equal antenna MIMO array case. We then propose a linear dis-

persion coding scheme which modulates a block of data by picking a random unitary

matrix, which was previously shown to produce full-rank full-diversity code-books

with probability one. Through simulations using rectangular code-books, we show

that these may also achieve the full Zheng-Tse diversity multiplexing tradeoff after

using a maximum likelihood (ML) decoder.

Having developed fundamental insights into MIMO arrays through the use of

asymptotic analysis, we consider the impact of using vector antennas in large radar

arrays. Specifically, we compare the performance of range and direction-of-arrival

(DOA) estimation of a single source using an array of vector electro-magnetic (EM)

sensors packed densely on the surface of a sphere, with a similarly shaped array with

identically oriented dipole elements. We compute the Cramer-Rao lower bound on

maximum-likelihood range and DOA estimation using either array. By taking the

ratio of the confidence volumes as the gain, we compare the vector array estimate

with the uni-polarized array as a function of target location.
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Chapter 1

Introduction

The civilian use of wireless communications in the form of cellular telephony can

be regarded as having started in Finland in 1971. The ARP (Autoradiopuhelin, Car

Radio Phone in English) was the first commercially-operated public mobile phone

network, but the equipment was bulky and occupied a significant portion of a car

trunk. In 1983, the first fully-mobile cellphones based on the analog standard called

AMPS (Advanced Mobile Phone System) were deployed in Chicago. With the advent

of digital standards such as D-AMPS and GSM in the late 80s to early 90s, mobile

phones became easier to carry around, and the coverage also became more wide-

spread. This was also made possible in large part by parallel advances in hardware

technologies. Since then, the pace of change has been rapid, which has led to a prolif-

eration of mobile phones based on new standards such as IS-95, CDMA2000, EDGE

and UMTS. Today mobile phones have moved beyond mere voice telephony towards

a variety of data services, such as text messaging, email, photography, video, TV,

email, internet browsing, and GPS-based navigation services. All these applications

have increased the demand for higher data rates.

The theoretical foundations of digital telephony were laid by Claude Shannon as
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early as the 1940’s in his landmark paper, “The mathematical theory of communica-

tion” [40]. In this paper he described a complete methodology by which one could

compute the ultimate limit to error-free communication over any channel corrupted

by noise, which he called the capacity of the channel. It took several decades before

practical schemes were invented which could approach this theoretical limit even on

the simplest examples of channels.

In practice, communicating close to the optimum performance guaranteed by the-

ory requires considerable processing power, and this in turn also limits the perfor-

mance. Hence, sub-optimal algorithms are used which require computations several

orders of magnitude less than the optimal algorithms and yet achieve a significant

fraction of the optimal performance. Thanks to extremely rapid advances in VLSI

chip integration and increases in processing power as described by Moore’s law, the

feasibility of packing more than one antenna at the mobile handset has been con-

sidered in the past decade, starting in the mid 1990s. This has produced a great

wealth of literature regarding the optimal performance of wireless links employing

multiple-antenna arrays (often referred to as multiple input multiple output systems,

or MIMO for short) under a variety of conditions and both optimal and sub-optimal

computationally efficient schemes for achieving performance close to the limits.

1.1 The Wireless Channel

Unlike wire-line media such as copper wire or optic fibres in which the transmission

medium is fixed, communication using electromagnetic(EM) radiation propagating

through free space is subject to a variety of random influences which make the en-

gineering challenges all the more interesting. The environment reflects, refracts, and

delays the EM waves as they travel between the transmitter and receiver where it is
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further corrupted by thermal noise. The signal is also attenuated significantly due to

an inverse fourth or greater power of distance propagation loss. When multiple users

share a channel, their signals may interfere with each other. The goal of a wireless

system designer is to combat all these losses by devising appropriate transmission and

signal processing strategies at the receiver to recover the data within a given quality

of service guarantee. Furthermore, these strategies have to be devised constrained by

the limited resources such as bandwidth, the limited energy stored in a battery and

limitations on radiated power as fixed by the Federal Communications Commission

(FCC).

Until about a decade ago, the random effects of the environment on the trans-

mitted signal were considered more as a nuisance to be combated than as a resource

which could be exploited. In the early to mid 90’s the pioneering ideas of Wit-

tneben [60], Foschini and Gans [10] and Telatar [46] suggested that multiple-antenna

systems could utilize the environmental propagation effects in order to provide data

rates that were hitherto unheard of, while incurring no extra cost in bandwidth or

power. One of the key insights motivating this idea was the observation that in a suf-

ficiently rich scattering environment, antennas separated by a distance greater than

half the carrier signal wavelength are mutually uncorrelated. This fact could be ex-

ploited to cancel out interfering signals at each receiver antenna and create multiple

parallel ‘data pipes’ between the transmitter and receiver.

These ideas were further crystallized when Telatar [46] published an information

theoretic analysis of a simple multiple-antenna channel model, yet one which encom-

passed many of the effects of propagation. By deriving the capacity of a system with

any given number of transmit and receive antennas, he demonstrated the gains that

were possible over systems which used only a single antenna at each end.
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1.2 Multiple-Antenna Communications

Now we shall explore Telatar’s results in more detail since they are of great rele-

vance to this thesis. We shall consider a point-to-point wireless link with t transmit

antennas and r receive antennas. The data symbols output from the transmit array

over n channel uses, can be represented as a t×n matrix X. The transmitted signals

are assumed to be normalized to unit power, (1/tn)
∑t

j=1

∑n
l=1 |Xjl|2 = 1. The effect

of the channel on the signal can be described by a linear transfer function, which can

be represented as a r× t matrix H. The entries of H are all assumed to be indepen-

dent and identically distributed (i.i.d. CN(0, 1)) complex Gaussian random variables.

This assumption can be justified by the fact that the signal at each receiver antenna

is the superimposition of a large number of copies traveling through different paths

combined with a random phase shift (see Fig 1.1). The receive array output samples

over n channel uses, can then be represented as a r× n matrix Y . The receiver noise

is assumed to be additive, white and complex Gaussian distributed (AWGN) (i.i.d.

CN(0, 1)) and is also represented as a r×n matrix N . The system equation may thus

be written as

Y =
√

ρ/tHX + N.

where ρ represents the signal-to-noise ratio (SNR) per receive antenna.

We are interested in determining the maximum data throughput in such a system,

as promised by information theory. The performance measures that are of interest to

us vary depending on the prevailing channel conditions. In the block fading channel

model, the channel transfer function changes several times over the duration of a

single codeword. The reliability measure in such a case is called the ergodic capacity.

In an outage channel model, the channel stays fixed through the duration of a

codeword. In this model, a bad channel severely constrains the amount the data

we can transmit without error. In fact, there is no minimum data rate that can be
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Receive array

Transmit array

Figure 1.1: Representation of a MIMO channel

guaranteed over such a channel for all times. However, we can guarantee a minimum

data rate when the user accepts a certain amount of outage time when the channel

is bad and that transmitted data is lost. The minimum error free data rate that can

be guaranteed when the channel is known to be good is called the outage capacity of

the channel.

For the rest of this chapter, we assume that the channel matrix is perfectly known

to the receiver. For a given channel realization h, the mutual information between

the transmitted data and received samples is given by I(Y, X|H = h) = log det(I +

ρ/thh∗) [46] where ρ is the total signal to noise ratio (SNR) at the receiver and (∗)

represents the conjugate-transpose of a matrix. The mutual information is a random

variable that depends on the channel state H. In the ergodic channel case, the
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channel capacity (called the ergodic capacity) is given by Eh{I(Y,X|H = h)}. In

the outage channel scenario, the Pout(R) = q% outage rate is given by Cq(t, r, ρ) =

sup {R ≥ 0 : Pr [C(t, r, ρ) < R] ≤ q}. It is the mutual information percentile point R

below which the q% of channels are unable to support that data rate.

In the outage channel scenario, the performance gains with multiple antenna sys-

tems come from two sources. First, there is the multiplexing gain, which is given by

the rank of the channel matrix H. It was shown by Telatar and others [10, 46], that

in a r × t MIMO system, the maximum multiplexing gain that one can achieve is

min(r, t). Second, there is the diversity gain which is defined precisely below. In a

r × t system, the maximum diversity gain that can be obtained is rt. This can be

easily achieved by transmitting the same data stream from all the transmit antennas.

The information-theoretic limits correspond to the case when we can code over

infinite block-lengths of data. However, practical systems can code only over a fi-

nite block-length of data. Also, in any given transmission scheme, one can achieve

either the maximum multiplexing gain or the maximum diversity gain, but not both

simultaneously. Hence, it is of interest to characterize the exact tradeoffs between the

multiplexing and diversity gains. For the large SNR regime, these issues were resolved

to a great extent by Zheng and Tse [63] who gave the precise diversity and multi-

plexing tradeoffs in transmission schemes using finite block-lengths of code. Since the

channel capacity increases linearly with log(SNR) at high SNRs, in order to achieve

a certain fraction of the capacity at high SNR, we should consider schemes that sup-

port a data rate which also increases with SNR. Here, a scheme can be thought of as

a family of codes of block length l, one at each SNR level. For example, a family of

code-books of block length l over an increasing sequence of M-ary constellations forms

a scheme. Let R(SNR)(bits/symbol) be the rate of the code. Then the multiplexing
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gain m is defined as

lim
SNR→∞

R(SNR)

log(SNR)
= m (1.1)

and the diversity gain is defined in terms of outage error probability for the same rate

R(SNR) as

lim
SNR→∞

log Pout(R(SNR))

log(SNR)
= −d (1.2)

Then the precise tradeoffs for any scheme with code-books of block length l ≥ r+t−1

are given as follows. Theorem: The optimal tradeoff curve is given by the piecewise-

linear function connecting the points (k, d∗(k)), k = 0, 1, ..., min{r, t} where

d∗(k) = (t− k)(r − k).

In particular, the maximum diversity gain d∗max = rt and the maximum multiplexing

gain m∗
max = min(r, t).

1.3 Space-Time Coding

Shortly after the seminal information theoretic work of Telatar [46] and Foschini

and Gans [10], several authors attempted to develop code designs that could achieve

the performance gains promised by information theory. The general idea behind

coding for diversity is that sending redundant information over a fading channel

increases the probability that at least one of the copies is received correctly. In

a MIMO fading channel, there are three kinds of diversity which correspond to the

three kinds of fading observed on the channel: temporal, frequency and spatial fading.

Channel fading over time and across frequencies also occurs in single-antenna based

single input single output (SISO) systems. However, spatial fading across antennas

is exclusive to MIMO systems, which requires new code designs to take advantage

of this new source of diversity. Hence, codes designed for MIMO systems need to
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introduce redundancy in the data across antennas in the transmit array in addition

to the redundancy in time and across frequencies, which is why they are called space-

time-frequency codes. In the narrowband MIMO channel, which is the focus of this

dissertation, there is no frequency diversity, so the code designs in this case are called

space-time codes.

One of the first practical schemes to demonstrate the large gains from using

multiple-antenna systems was the V-BLAST scheme [11, 12, 15], which achieved the

full multiplexing gain promised by theory. The design of space-time trellis codes

was first considered in the ground-breaking paper by Tarokh, Seshadri and Calder-

bank [44], which gave the criteria for practical space-time code design. For outage

channels the design criteria seek to maximize the rank and the determinant of code-

word difference matrices. In the case of ergodic channels, one can use an interleaver

to convert the channel into one varying from symbol to symbol. In this case, the

design criteria for code design seek to maximize the Hamming distance and product

distance of codeword difference matrices.

An alternative approach to code design was proposed in [16]. In this work, the

data are first de-multiplexed into separate streams at at the transmitter, which are

then spread over space and time by modulation onto linear dispersion matrices, which

are chosen to maximize the mutual information between the transmitter and receiver.

After the work of Zheng and Tse on the diversity - multiplexing tradeoff, it was

naturally of interest to discover the design criteria and practical coding schemes that

can achieve the full tradeoff. It soon became clear from the work of Yao and Wornell

[61], and Tavildar and Vishwanath [45], that the rank and determinant criteria [44]

were a sufficient condition for achieving the full tradeoff. A few of the early schemes

which were proposed for the simplest 2× 2 MIMO systems, sought to maximize the

minimum determinant of the codeword difference matrices, combined with the use of
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Figure 1.2: The basic principle of radar.

linear dispersion coding [8, 61]. But the signal processing required by some schemes

that achieve the optimal tradeoff have a high processing cost, since these schemes

require maximum-likelihood decoding, even though the sphere decoding algorithm

can often enormously reduce the complexity of ML-decoding [57]. The design of

coding schemes that achieve the optimal tradeoff for arbitrary antenna pairs with low

processing cost remains an open problem.

1.4 Applications of Antenna Arrays in Radar

Antennas arrays have been used for radar for over three decades. A comprehensive

summary of the first two decades can be found in [23]. The benefit from using multiple

sensors is greater accuracy for parameter estimation and lower probability of false

alarm. Some of the early developments in MIMO research were inspired by the use

of antenna arrays for beamforming, the so-called smart antenna arrays [30,59].
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In radar applications, a known waveform is transmitted which is reflected from the

target and processed to determine several signal parameters of interest. In military,

airport and satellite telemetry applications, the parameters of interest are usually

the location and velocity of a target. Radar is also commonly used to determine

weather conditions in a wide area. In this case, the signal parameters of interest

are the type of precipitation (eg. rain, hail or snow), wind speed/rotation, and other

weather conditions. Antenna arrays are also used for microwave imaging in med-

ical applications [26], where differentiation between various tissues is the problem of

interest.

The gains from using polarization sensitive elements in radar arrays has been under

investigation for at least a decade [58]. A general EM wave has six field components

at any point in space, three electric and three magnetic field components. However,

the EM plane wave propagating through free space, has only four field components,

two electric and two magnetic field components. In our work, we quantify the gain

for radar from using a polarization-sensitive array over an unpolarized array by com-

paring the volume within which a target is located for a given level of confidence [9].

The smaller the volume, the better.

1.5 Dissertation Overview

In this dissertation, we investigate fundamental limits on the performance of large

antenna arrays in communications and radar applications. A common thread running

through all our results is the use of asymptotic analysis of large antenna arrays to

gain insights into finite array behavior. This approach is often useful, because, the

asymptotic results are simpler and more transparent than the exact results for finite

arrays.
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We have already seen how the mutual information in a MIMO communication

system can be considered as a random variable dependent on the current channel state

information. In order to compute the outage capacity, it is necessary to know the

distribution of the mutual information over the ensemble of all channel realizations.

A closed-form formula for the distribution was already presented by Telatar [46], but

it is relatively complex and does not yield any ready insights into some of observed

empirical behavior. In particular, several authors have observed without proof that

the distribution appears to tend to a Gaussian distribution as the number of antennas

grows [14]. In [17], a proof was given for general MIMO arrays in the limit at high

and low SNRs.

In Chap. 2, we give a simple formula for the asymptotic distribution of the mutual

information random variable as the MIMO array size tends to infinity. The novelty

of this result lies in the fact that the classical central limit theorem (CLT) only yields

this behavior in the case when either of the antennas arrays at the transmitter or

the receiver tends to infinity, but not both. In the case when both arrays tend to

infinity, we actually need recent results from random matrix theory which also yields

a Gaussian distribution for the mutual information. We present closed-form formulae

for the mean and variance of the capacity, from which parameters the Gaussian

distribution of the capacity is completely specified at all SNRs. Although these results

are valid asymptotically for large MIMO arrays, we observe that they approximate

quite accurately the mutual information distribution within a few standard deviations

around the mean in finite arrays with as few as 4 antennas at the transmitter and

receiver. This is possible because the variance of the distribution depends only on

the ratio of the number of antennas at the two ends of the MIMO link. We discuss

how the distribution behaves at high and low SNRs.

In Chap.3, we apply the asymptotic MIMO mutual information results to com-
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pute the tradeoffs between diversity and multiplexing at finite SNRs. For this we

must first redefine the diversity and multiplexing gains for MIMO systems (defined

asymptotically at high SNR by Zheng and Tse [63]) for finite SNRs. The asymptotic

mutual information distribution may be used to derive the tradeoffs at high outage

capacities, which is the regime of practical interest. This restriction on high outage

capacities limits the tradeoff to rates close to the maximum ergodic capacity. We

notice that at high SNRs the variance of the distribution of MIMO antenna arrays

which have unequal antennas remains constant independent of SNR. Curiously, this

is not observed in MIMO arrays which have equal antennas, whose variance grows

without bound with increasing SNR. This observation leads to different tradeoff be-

havior in the case of MIMO arrays with equal and unequal antennas. In particular,

we notice that our tradeoffs match the Zheng-Tse tradeoff only in the equal-antenna

MIMO array case.

We next attempt to find a general modulation scheme which achieves the optimal

Zheng-Tse tradeoff for arbitrary MIMO arrays. This is motivated by the observation

that linear dispersion coding by a random unitary matrix yields full rank and full

diversity codeword difference matrices with probability one. However, the square

codeword blocks hitherto considered have an eigenvalue distribution which peaks

at the origin, which follows the asymptotic eigenvalue distribution of large square

random matrices with i.i.d. entries. So we consider rectangular codeword blocks,

which have an eigenvalue distribution which is asymptotically bounded away from

zero for large rectangular random matrices. From our empirical simulation results for

the 2 × 2 MIMO array with 2 × 3 codeword blocks we show that this scheme may

indeed achieve the Zheng-Tse tradeoff.

In Chap. 4, we look at antenna arrays from a radar perspective. Here again

we consider asymptotic behavior of large arrays, composed of infinitesimal tripole
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antennas packed with increasing density on a finite spherical surface of fixed radius.

An infinitesimal tripole antenna or a tri-polarized antenna, is composed of three co-

located spatially orthogonal infinitesimal dipole antennas which measure all three

components of the electric field at that point in space [6]. We choose a spherical

surface because of its symmetry, but the approach we describe is perfectly general

and may be applied to arrays of any shape. We are interested in locating the range

and direction of a target at an arbitrary location in free space.

The maximum-likelihood estimator is commonly used for parameter estimation,

but its performance is hard to analyze. Instead, we compute the Cramer-Rao bound

which gives a lower bound on the mean squared error of any unbiased estimator. The

goal in this case is to quantify the gains from using an array of vector antennas over

a uni-polarized antenna array composed of identically oriented dipoles. The limiting

array in either case approximates a general tri-polarized or a uni-polarized current

distribution on the surface of the sphere. We use ratios of the volume of confidence

ellipsoids obtained from the Cramer-Rao bounds to represent the gains by using arrays

of polarized antennas. We show that the gain is the lowest when the target is located

in the plane perpendicular to the uni-polarized antennas. When the target is located

closer to the equator, the polarized array is shown to provide significant gains over

the uni-polarized array.
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Chapter 2

The Asymptotic Capacity of

Multiple-Antenna Rayleigh Fading

Channels

The seminal work of Telatar [46] and Foschini and Gans [10] demonstrated that

using multiple antennas at the transmitter and receiver can substantially increase

the capacity of fading multipath channels. The input distribution that maximises

the mutual information is known to be i.i.d. Gaussian. For a particular channel

realisation H, the mutual information in nats per second per Hertz (nps/Hz) is given

by

C(t, r, ρ) = ln
∣∣∣I +

ρ

t
HH†

∣∣∣ (2.1)

that depends upon the channel fading path gains H, the signal-to-noise ratio ρ, and

the numbers of transmit and receive antennas, t and r, respectively. C(t, r, ρ) may be

viewed as a random variable defined on the ensemble of all possible channel matrices.

However, the actual operational limit on reliable communication depends on how H

evolves with time: If the path gains are ergodic, C(t, r, ρ) can be averaged over many
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channel realizations, and the corresponding operational limit is called the ergodic

capacity

Ce(t, r, ρ) = E [C(t, r, ρ)] . (2.2)

If the path gains are static, however, we observe only one channel realization and

there is often an irreducible outage probability associated with every positive rate of

transmission. For outage probability 0 < q < 1, reliable communication is limited by

the outage rate

Cq(t, r, ρ) = sup {R ≥ 0 : Pr [C(t, r, ρ) < R] ≤ q} . (2.3)

Ergodic capacity and outage rates are usually estimated by Monte Carlo methods,

since closed-form formulas are not known, except for a few special cases. Telatar [46]

obtained a general formula for ergodic capacity in terms of an integral of a series of

Laguerre polynomials. Several authors have derived closed-form asymptotic formulas

for ergodic capacity in the limit as t → ∞ and r/t → c > 0 [5, 14, 36, 46]. These

formulas are often more transparent than finite-array results, and provide more insight

into the dependence of ergodic capacity on key system parameters. Our aim in this

chapter is to provide a more complete description of the asymptotic behavior of

C(t, r, ρ).

We determine the asymptotic probability distribution of C(t, r, ρ) as t → ∞ and

r/t → c > 0. For all c > 0, we show that

C(t, r, ρ)− tµ

converges in distribution to a zero-mean Gaussian random variable with variance σ2,

and give closed-form expressions for µ and σ2. A similar result has been recently

reported in [17]. Our results enable us to derive the first asymptotic formula for

outage rates, and also to find a sharper estimate of the error in previously reported
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asymptotic formulas for ergodic capacity. Although these formulas are asymptotic,

we show through simulations that they are often quite accurate for finite t and r.

This chapter is organized as follows. In Sec 2.1, we introduce preliminary results

from random matrix theory, which are used in Sec 2.2 to determine the asymptotic

behavior of C(t, r, ρ). We then compare the asymptotic formulas with Monte Carlo

estimates of capacity for finite and t and r in Sec 2.3, and summarize our conclusions

in Sec 2.4.

2.1 Random Matrix Theory

We begin by reviewing results on the asymptotic spectra of large random matrices.

Let H = {Hij} be an r × t random matrix with independent, identically-distributed

(i.i.d.) complex entries such that E{Hij} = 0 and E{|Hij|2} = 1. Consider the t × t

random matrix

Bt =
1

t
H†ArH

where Ar is a (possibly random) r × r nonnegative-definite Hermitian matrix and

† denotes conjugate-transpose. We are interested in linear spectral statistics of the

form

f(Bt) =
1

t

t∑
j=1

f(λj) =

∫
f(λ)dFt(λ)

where {λj} are the eigenvalues of Bt and

Ft(λ) =
1

t
|{j : λj ≤ λ}|

is the empirical eigenvalue distribution (EED) of Bt. Similarly, let Gr be the EED of

Ar.

Several authors have investigated the asymptotic behavior of f(Bt) in the limit

as t →∞ and r/t → c > 0. In particular, Silverstein [42, Thrm 1.1] has shown that,
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if Ar and H are independent and Gr converges in distribution, almost surely (a.s.),

to a fixed distribution G on [0,∞), then Ft also converges in distribution a.s. to a

fixed distribution F . This distribution is most easily given in terms of its Stieltjes

Transform

m(z) =

∫
1

λ− z
dF (λ) (2.4)

by the implicit relation

z = − 1

m
+ c

∫
τ

1 + mτ
dG(τ) , (2.5)

where for each z in C+ = {z ∈ C : Im(z) > 0}, m(z) is the unique solution of (2.5)

in C+.

These results imply a kind of strong law of large numbers for linear spectral

statistics, which asserts that under mild conditions on f(Bt) (e.g. f continuous and

bounded, or f(Bt) uniformly integrable)

f(Bt) → µ =

∫
f(λ)dF (λ) , a.s. (2.6)

Recently, Bai and Silverstein [2] have refined these asymptotic estimates to pro-

vide a corresponding central limit theorem for linear spectral statistics:

Lemma 1 (Bai–Silverstein [2, Thrm 1.1]): Suppose

(a) H = {Hij} are i.i.d. with E{H11} = E{H2
11} = 0, E{|H11|2} = 1, E{|H11|4} = 2;

(b) Ar is a non-random Hermitian nonnegative-definite matrix, with EED Gr that

converges in distribution a.s. to a fixed G, and the sequence of spectral norms

‖ Ar ‖ is bounded;

(c) f is continuously differentiable with a bounded first derivative, and analytic on an

open interval containing
[
(max{0, 1−√c})2 lim infr λr, (1 +

√
c)2 lim supr λr

]
,

where λr and λr are the smallest and largest eigenvalues of Ar, respectively.



18

Let µt =
∫

f(λ)dF ct,Gr(λ), where ct = r/t and F c,G denotes the distribution with

Stieltjes Transform (2.5). Then, as t →∞ and ct → c > 0,

t [f(Bt)− µt]
d→ N (0, σ2) (2.7)

where
d→ denotes convergence in distribution, N (0, σ2) is a real-valued, zero-mean

Gaussian random variable with variance

σ2 = − 1

4π2

∫

Cy

∫

Cx

f(x)f(y)

(m(x)−m(y))2
m′(x)m′(y)dxdy (2.8)

and Cx and Cy are any closed positive contours that enclose the support of F .

Remark: [2, Thrm 1.1] does not explicitly deal with Bt, but rather with the closely

related r × r matrix Cr = (1/t)A
1/2
r HH†A1/2

r , where A
1/2
r denotes the Hermitian

square-root of Ar. Since the spectra of Bt and Cr differ only in |t−r| zero eigenvalues,

we have

f(Bt) = (1− ct)f(0) + ctf(Cr) .

If f(Bt) → µ almost surely, then f(Cr) → µ̄, where µ̄ = limr µ̄r and µt = (1 −
ct)f(0) + ctµ̄r. [2, Thrm 1.1] asserts that r[f(Cr) − µ̄r]

d→ N (0, σ2) as t → ∞ and

ct → c. Observing that t[f(Bt) − µt] = r[f(Cr) − µ̄r], we conclude that (2.7) also

holds.

2.2 Asymptotic Capacity Distribution

We now use the results above to characterize the asymptotic probability distrib-

ution of capacity (2.1) in the limit as the number of transmit and receive antennas

grows large.

Consider a baseband channel in which t transmit antennas send data to r receive

antennas. Let Xjl be the complex signal sent from transmit antenna j = 1, . . . , t at
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time l = 1, . . . , n. Under flat-fading conditions, this signal arrives at receive antenna i

multiplied by a fading path gain Hij, and corrupted by additive noise Nil. Collecting

the signals into a t× n matrix X, we write the channel as

Y =
√

ρ/tHX + N , (2.9)

where Y is an r× n matrix of received samples, H is the r× t matrix of fading path

gains, and N is an r × n matrix of noise. We assume the elements of N and H are

i.i.d. CN(0, 1) complex Gaussian random variables and the transmitted signals are

normalized to unit power, (1/tn)
∑t

j=1

∑n
l=1 |Xjl|2 = 1, so that ρ represents the signal-

to-noise ratio (SNR) per receive antenna. For simplicity, we first restrict attention to

r ≤ t, so that c = r/t ≤ 1. This restriction is removed later.

For a given H, the mutual information (2.1) can be written as a linear spectral

statistic

C(t, r, ρ) =
t∑

i=1

ln(1 + ρλi) = t

∫ ∞

0

ln(1 + ρλ)dFt(λ) ,

where Ft is the EED of (1/t)H†H. Sec 2.1 characterizes the asymptotic distribution

of C(t, r, ρ): In this case, we have Ar = Ir so that Gr(λ) = u(λ− 1). As t →∞ with

r = ct, the distribution Ft converges almost surely in distribution to a fixed limit

F , which has been discussed in previous papers [36, 46, 56]. From (2.5), the Stieltjes

transform is

m(z) =

√(
1

2
+

1− c

2z

)2

− 1

z
− 1

2
− 1− c

2z
, (2.10)

and the limiting distribution has probability density function (pdf)

F ′(λ) =





(1− c)δ(λ) + 1
2πλ

√
(b(c)− λ)(λ− a(c)) , a(c) < λ < b(c)

0, otherwise .

where a(c) = (1−√c)2 and b(c) = (1 +
√

c)2.



20

It is well known that the linear spectral statistic (1/t)C(t, r, ρ) satisfies the condi-

tions required for (2.6), and thus converges almost surely (by Lemma 1) to the fixed

limit

µ(c, ρ) =

∫ ∞

0

ln(1 + ρλ)dF (λ)

= c ln
{
1 + ρ− ρv(c, ρ)

}
+ ln

{
1 + ρc− ρv(c, ρ)

}− v(c, ρ)

where

v(c, ρ) =
1

2


1 + c +

1

ρ
−

√(
1 + c +

1

ρ

)2

− 4c


 . (2.11)

This closed-form formula follows from [56, eqs. 9,38] by setting β = c and observing

F(ρ, c) = 4ρv(c, ρ), or alternatively from [36, eq. 6] by setting y = c, σ2 = 1/ρ, and

observing vy = c/wy = v(c, ρ).

It is easy to verify that C(t, r, ρ) also satisfies the hypotheses of Lemma 1. Con-

dition (a) follows from our assumptions on the channel matrix H. Condition (b) is

true because Ar = Ir and thus has a fixed EED = δ(λ− 1) and spectral norm = 1 for

all r. Condition (c) is satisfied because f(λ) = log(1 + ρλ) which has a unique pole

at λ = −1/ρ and is hence analytic on the specified interval which lies completely on

the positive λ axis.

Thus, as t → ∞ with r = ct, C(t, r, ρ) − tµ(c, ρ) converges in distribution to a

N (0, σ2) random variable, where from (2.8)

σ2 = −
∫

Cy

∫

Cx

ln(1 + ρx) ln(1 + ρy)

4π2(m(x)−m(y))2
m′(x)m′(y)dxdy (2.12)

m(z) is given by (2.10), and Cx and Cy are any closed positive contours that contain

[a(c), b(c)] but not −1/ρ. In Appendix A, we show that this integral can be evaluated

as

σ2(c, ρ) = − ln

[
1− v2(c, ρ)

c

]
. (2.13)
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In Appendix B, we show that the variance can equivalently be written in terms

of the ergodic capacity as

σ2(c, ρ) = log

[
ρ2µ′′(ρ)− 1

(ρµ′(ρ)− 1)2

]
(2.14)

We conclude that an asymptotically exact formula for the ergodic capacity is

Ce(t, r, ρ) = tµ(c, ρ) + o(1) . (2.15)

where o(tk) denotes an error term such that o(tk)/tk → 0 as t →∞. This asymptotic

formula was given previously by Telatar [46] (in integral form) and in [36,56], where

it is proved

lim
t→∞,r=ct

Ce(t, r, ρ)

tµ(c, ρ)
= 1 ,

which is equivalent to an error term of o(t) in (2.15). Using Lemma 1, we have proved

the stronger result

lim
t→∞,r=ct

[Ce(t, r, ρ)− tµ(c, ρ)] = 0 ,

which shows that (2.15) captures the precise asymptotic behavior of the ergodic ca-

pacity.

The asymptotic normality of C(t, r, ρ) also leads to a formula for outage rate: As

t →∞ with r = ct, we have for all 0 < q < 1

Cq(t, r, ρ) = tµ(c, ρ)− xqσ(c, ρ) + o(1) (2.16)

where xq is the unique solution of

erfc
(
xq/

√
2
)

= 2q

and erfc is the complementary error function. In particular, x0.1 = 1.2816, x0.05 =

1.6449, and x0.01 = 2.3263 give the 10%, 5%, and 1% outage rates, respectively.

Thus far, we have restricted attention to t ≥ r. However, the results extend

easily to t < r using the reciprocity property [46]: Note that ln
∣∣Ir + (ρ/t)HH†∣∣ =
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ln
∣∣It + (ρ/t)H†H

∣∣ implies C(t, r, ρ) = C(r, t, cρ). It follows that (2.15) and (2.16)

apply to t < r provided µ(c, ρ) is replaced by cµ(c−1, cρ), and σ(c, ρ) is replaced by

σ(c−1, cρ). Since v(c−1, cρ) = (1/c)v(c, ρ), it is easily verified that cµ(c−1, cρ) = µ(c, ρ)

and σ(c−1, cρ) = σ(c, ρ). Thus both formulas are valid as written for c > 1.

The formulas above show that, asymptotically, there is a constant gap between

the outage rate and ergodic capacity:

lim
t→∞,r=ct

[Ce(t, r, ρ)− Cq(t, r, ρ)] = xqσ(c, ρ) .

This gap has some unusual properties. For small ρ the gap is proportional to SNR

σ(c, ρ) ≈ ρ
√

c

and grows as r increases or t decreases. However, for large ρ the asymptotic behavior

depends on whether there is an equal number of transmit and receive antennas: For

r = t and large ρ, the gap behaves as

σ(1, ρ) ≈
√

(1/2) ln(ρ/4)

which grows without bound. In sharp contrast, for c 6= 1 the gap is independent of

SNR for large ρ

σ(c, ρ) ≈
√
− ln(1−min{c, c−1})

and grows without bound as c → 1. For large ρ, the gap is therefore symmetric in t

and r and largest when t = r. In a similar way, for fixed ρ the gap behaves as

σ(c, ρ) ≈ ρ
√

c

1 + ρ

for small c and as

σ(c, ρ) ≈ 1√
c

for large c. Thus, when receive antennas greatly outnumber transmit antennas, the

gap is again independent of SNR.
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2.3 Numerical Results

Although the results of Sec. 2.2 deal only with the large-t limit, the resulting

asymptotic formulas are often surprisingly accurate for finite t, even for relatively

small arrays.

In Fig. 2.1, we plot Monte Carlo estimates of the ergodic capacity in bits per

second per Hertz (bps/Hz) versus the SNR per bit at each receive antenna

Eb/N0 =
ρ

Ce(t, r, ρ)

for t = r = 1, 2, 4, 8 and 16. Also plotted for comparison are the values predicted by

the asymptotic formula (2.15) for c = r/t = 1. Note that the relative error between

the predicted and actual values is less than 1% for all r, t ≥ 4, and the absolute

error is less than 0.5 bps/Hz in the range of interest. Similarly, we plot the 10%

and 1% outage rates predicted by (2.16) in Figs. 2.2 and 2.3, respectively, along with

the corresponding Monte Carlo estimates. Here relative error is less than 5% for all

r, t ≥ 4, and absolute error is less than 3 bps/Hz over the range of interest. For

t = r ≤ 2, the relative error is significantly higher (nearly 30% for t = r = 1 in

Fig. 2.2) since the distribution of C(t, r, ρ) is far from Gaussian.

Agreement with the asymptotic formulas is even more striking when there are

different numbers of transmit and receive antennas. In Figs. 2.4, 2.5 and 2.6, we

plot Monte Carlo estimates for t = 2r = 2, 4, 6, 8 of the ergodic capacity, 10% and

1% outage rates, respectively, as well as the values predicted by the asymptotic for-

mulas for c = 1/2. In Fig. 2.7, 2.8, and 2.9, we show the corresponding plots for

t = 4r = 4, 8, 12, 16 and c = 1/4. In all of these cases, we find remarkably close agree-

ment between the actual capacities and the asymptotic formulas, often to within the

thickness of the plot lines. This close agreement is fortuitous for small arrays, where

the distribution of capacity is not close to Gaussian.
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In Fig. 2.10 we plot the standard deviation of the mutual information as a function

of SNR for an increasing sequence of equal antenna MIMO systems. While all the

experimental curves match closely with the asymptotic curve at low SNRs, it is seen

that as the MIMO array size increases, they agree with the asymptotic curves at

higher and higher SNRs. This also explains why the outage capacity approximations

are not very accurate at high SNRs in the equal antenna MIMO array cases in Figs. 2.2

and 2.3.

In Fig. 2.11 we plot the standard deviation of the mutual information as a function

of SNR for a sequence of MIMO systems with increasing c = r/t, starting from c =

4/24 = 1/6, 1/3, 1/2, 2/3 to 24/24 = 1. It is seen that for unequal antenna arrays (c 6=
1), the exact curves agree with the asymptotic curves at at all SNRs. Correspondingly

in Figs. 2.5,2.6,2.8,2.9, it is seen that the outage capacity approximations are tight

at all SNRs. We have also plotted(dash-dot line) the limiting standard deviation for

unequal MIMO systems at high SNRs, σ(c) =
√
− ln(1−min{c, c−1}). It can be

seen that even the actual variances tend to the same limit.

2.4 Conclusions

We have characterized the asymptotic probability distribution of the capacity of a

multiple-antenna Rayleigh fading channel, in the limit as the numbers of transmit and

receive antennas become large. The distribution converges to a Gaussian distribution

with mean and variance given in closed-form by (2.15) and (2.13), respectively. These

results allow us to derive the first asymptotic formula for outage rates, as well as a

sharper asymptotic formula for ergodic capacity than has been previously reported

in [46] (whose closed form was evaluated in [56], [36]). Although these formulas are

asymptotic, simulations suggest they are often remarkably accurate for finite t and
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Figure 2.1: Ergodic capacity for t× r = 1× 1, 2× 2, 4× 4, 8× 8 and 16× 16.

r. In particular, for all of our simulations with t, r ≥ 4, the asymptotic formulas are

within 5% relative error of the true ergodic capacity and outage rate for t = r, and

within 0.5% relative error for t 6= r.
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Figure 2.2: 10% outage rate for t× r = 1× 1, 2× 2, 4× 4, 8× 8 and 16× 16.
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Figure 2.3: 1% outage rate for t× r = 1× 1, 2× 2, 4× 4, 8× 8 and 16× 16.
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Figure 2.4: Ergodic capacity for t× r = 2× 1, 4× 2, 6× 3 and 8× 4.
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Figure 2.5: 10% outage rate for t× r = 2× 1, 4× 2, 6× 3 and 8× 4.
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Figure 2.6: 1% outage rate for t× r = 2× 1, 4× 2, 6× 3 and 8× 4.
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Figure 2.7: Ergodic capacity for t× r = 4× 1, 8× 2, 12× 3 and 16× 4.
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Figure 2.8: 10% outage rate for t× r = 4× 1, 8× 2, 12× 3 and 16× 4.
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Figure 2.9: 1% outage rate for t× r = 4× 1, 8× 2, 12× 3 and 16× 4.
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Chapter 3

On the Diversity Multiplexing

Tradeoff of Large MIMO Arrays

The use of multiple antenna arrays for communication has attracted a lot of atten-

tion ever since Telatar [46] and Foschini and Gans [10] demonstrated their substantial

benefits in increasing the capacity of fading multipath channels. Intuitively, the gains

are due to the fact that by appropriate signal processing, the multiple antennas ar-

rays can be resolved into parallel data pipes. The number of data pipes is usually

called the multiplexing gain and well known to be limited by the minimum of the

number of antennas on either side of the link. Also, in practice, errors are introduced

by the fading multipath channel and additive noise at the receiver. MIMO channels

are beneficial in this regard as well, since they provide diversity, which can roughly

be described as the number of redundant copies received of the same signal. MIMO

systems have a maximum multiplexing gain and also a maximum diversity gain. How-

ever, it is not possible to achieve both simultaneously. A number of researchers, most

notably Zheng and Tse [63], and others [29], have addressed the tradeoffs between

multiplexing and diversity in MIMO communication arrays. In the large MIMO ar-
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ray case however, some new wrinkles arise and this chapter tries to address these

tradeoffs.

The input distribution that maximizes the mutual information in a MIMO Rayleigh

fading channel is known to be i.i.d. Gaussian [46]. For a particular channel realiza-

tion H, the mutual information in nats per second per Hertz (nps/Hz) is given by

C(t, r, ρ) = ln
∣∣I + ρ

t
HH†∣∣ that depends upon the channel fading path gains H, the

signal-to-noise ratio ρ, and the numbers of transmit and receive antennas, t and r,

respectively. C(t, r, ρ) may be viewed as a random variable defined on the ensemble

of all possible channel matrices. However, the actual operational limit on reliable

communication depends on how H evolves with time: If the path gains are ergodic,

C(t, r, ρ) can be averaged over many channel realizations, and the corresponding op-

erational limit is called the ergodic capacity Ce(t, r, ρ) = E [C(t, r, ρ)] If the path gains

are static, however, we observe only one channel realization and there is often an ir-

reducible outage probability associated with every positive rate of transmission. For

outage probability 0 < q < 1, reliable communication is limited by the outage rate

Cq(t, r, ρ) = sup {R ≥ 0 : Pr [C(t, r, ρ) < R] ≤ q}.
In Chap. 2, we determined the asymptotic probability distribution of C(t, r, ρ) as

t → ∞ and r/t → c > 0. We showed that, for all c > 0, C(t, r, ρ) − tµ converges

in distribution to a zero-mean Gaussian random variable with variance σ2, and gave

closed-form expressions for µ and σ2. A similar result was reported in [17]. Although

these formulas are asymptotic, we showed through simulations that they are often

quite accurate for finite t and r.

In the terminology of the papers [29,63] which address the diversity/multiplexing

tradeoffs, the ergodic capacity is treated as a benchmark for the multiplexing gain,

and the outage probability gives us the diversity gain. Our asymptotic results enable

us to immediately analyze these tradeoffs in the context of large MIMO arrays.
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This chapter is organized as follows. In Sec. 3.1, we discuss the diversity multi-

plexing tradeoffs in the context of large MIMO array systems. In Sec. 3.2 we describe

a scheme which may achieve the full Zheng-Tze diversity multiplexing tradeoff for

finite antenna arrays. We summarize our results in Sec. 3.3.

3.1 Large Array Tradeoffs

Consider a baseband channel in which t transmit antennas send data to r receive

antennas. Let Xjl be the complex signal sent from transmit antenna j = 1, . . . , t at

time l = 1, . . . , n. Under flat-fading conditions, this signal arrives at receive antenna i

multiplied by a fading path gain Hij, and corrupted by additive noise Nil. Collecting

the signals into a t× n matrix X, we write the channel as

Y =
√

SNR/tHX + N , (3.1)

where Y is an r× n matrix of received samples, H is the r× t matrix of fading path

gains, and N is an r × n matrix of noise. We assume the elements of N and H are

i.i.d. CN(0, 1) complex Gaussian random variables and the transmitted signals are

normalized to unit power, (1/tn)
∑t

j=1

∑n
l=1 |Xjl|2 = 1, so that SNR represents the

signal-to-noise ratio per receive antenna. In Chap. 2, we represented SNR by the

symbol ρ. We shall use the two variable names interchangeably in this chapter, but

it is to be understood that they are referring to the same quantity. To simplify the

exposition, we restrict our attention to r ≤ t, so that c = r/t ≤ 1. The results for

c > 1 can be derived similarly through reciprocity, which we discussed in Chap. 2.

In a non-fading AWGN communication channel using BPSK, the error probability

for an uncoded data stream is given by, Pe = Q(
√

Eb/2N0) where the Eb is the energy

per bit and N0 is the level of the noise power spectral density. At high SNRs, the Q(.)

function can be approximated to give Pe
.
= exp(−Eb/2N0)(the

.
= notation is explained
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below). Thus the error probability in an AWGN channel decreases exponentially with

SNR.

In a AWGN Rayleigh fading channel using BPSK, the error probability at a given

noise SNR has to be averaged over the fading channel gains and is well known [33] to

be of the order of Pe ≈ SNR−1.

For a single transmit and L receive antennas with L independently fading Rayleigh

paths, it can be similarly shown [33] to have an error probability of the order of

Pe ≈ SNR−L. Hence, it is called a L-diversity system to indicate the exponent of the

SNR in the error probability bound.

In the MIMO channel with t transmit and r receive antennas with data rate

R(SNR), Zheng and Tse [63] defined the spatial multiplexing gain m as,

lim
SNR→∞

R(SNR)

log(SNR)
= m (3.2)

and diversity gain d in terms of error probability as

lim
SNR→∞

log Pe(SNR)

log(SNR)
= −d (3.3)

Their main result is summarized in the following theorem.

Theorem: The optimal tradeoff curve is given by the piecewise-linear function

connecting the points (k, d∗(k)), k = 0, 1, ..., min{r, t} where

d∗(k) = (t− k)(r − k).

In particular, the maximum diversity d∗max = rt and maximum multiplexing gain

m∗
max = min(r, t). This is shown in Fig. 3.1.

The key to this result is the bound for outage probability defined as

Pout(R) = P
[
log det

(
I + SNR/tHH†) < R

]

which at high SNR is shown to be Pout(k log(SNR))
.
= SNR−d∗(k), where the

.
=

means of the order of as defined by (3.3).
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Figure 3.1: The Zheng-Tse diversity multiplexing tradeoff curve.

Since we are interested in tradeoffs at finite SNRs, we need to redefine the multi-

plexing and diversity gains [38]. We define multiplexing gain as the rate gain over the

normalized ergodic capacity µ (here and in the following discussion we have scaled

the µ in Chap. 2 by a factor of c−1) at the same SNR,

k =
R(SNR)

µ(SNR)
(3.4)

and the diversity exponent is defined as the negative of the slope of the log-log plot

of the outage probability Vs SNR.

d = − SNR

Pout(SNR)

∂Pout(SNR)

∂SNR
(3.5)

Now we are in a position to apply our results to examine the diversity/multiplexing
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tradeoffs of large MIMO arrays. Since we know the asymptotic pdf of the instanta-

neous data rates is normal ∼ N (rµ, σ2), the outage probability is simply given by

summing the tail of the Gaussian distribution,

Pe(kµ) = Q ((r − k)µ/σ) . (3.6)

From the finite SNR diversity definition (3.5) above, the finite SNR diversity

multiplexing tradeoff curve is given by the formula

d(k) = ρ(r − k)

exp

(
−(r − k)2µ2

2σ2

)

Q

(
(r − k)µ

σ

) d

dρ

(µ

σ

)
(3.7)

The Gaussian approximation does not yield the complete tradeoff for all rates.

The outage probability cannot be computed by this method when k << r (for large

r). However, we do get the tradeoffs at all SNRs for rates close to rµ. Equivalently,

this gives us the tradeoffs in the region of high outage probability, which is typical in

practical systems(see Figs. 3.5, 3.6 below). As we noted in Chap. 2, the asymptot-

ics predict the outage capacity for finite antenna arrays with less than 10 antennas

on either side of the link quite accurately for outage probabilities up to 10−2. For

larger arrays, the asymptotics predict the outage capacities for much smaller outage

probabilities.

Next, we compare the tradeoffs obtained by using the large array asymptotics at

high SNRs in order to compare them with the Zheng-Tse tradeoff. At high SNRs,

the ergodic capacity is given by rµ = r log(SNR). However, as observed in Chap. 2,

the standard deviation behaves differently at high SNRs depending on two cases. For

equal antennas on either side of the link, r = t,

σ ≈
√

1/2 log(SNR/4)
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In sharp contrast, for unequal antennas, we have

σ ≈
√
− log(1−min{c, c−1})

In the limit of large or small c, σ ≈ √
c.

Therefore, the high SNR outage probability with equal antennas behaves as

Pe(k log(SNR))
.
= exp

(
−(r − k)2 log(SNR)2

1/2 log(SNR/4)

)

which corresponds to the Zheng-Tse diversity multiplexing tradeoff curve for equal

antennas, d∗(k) = (r − k)2.

In the unequal antenna case, the outage probability is given by

Pe(k log(SNR))
.
= exp

(
−(r − k)2 log(SNR)2

− log(1−min{c, c−1})
)

.

which is of the order SNR− log(SNR) and hence does not have a diversity interpretation!

How do we explain the difference in the outage behavior?

First consider the single antenna fading channel case,(we follow the exposition in

Zheng-Tse) y =
√

SNRhx + n where h is Rayleigh distributed and n is AWGN. The

outage probability for a target data rate of R = r log(SNR)(0 < r < 1) is

Pout(r log(SNR)) = P (log(1 + SNR||h||2) < r log(SNR))

= P (1 + SNR||h||2 < SNRr)

≈ P (||h||2 < SNR−(1−r))

Now, since ||h||2 is exponentially distributed with density p||h||2(x) = e−x, Pout(r log(SNR)) ≈
P (||h||2 < SNR−(1−r)) = 1 − exp(−SNR−(1−r))

.
= SNR−(1−r). Similarly, for the L

diversity Rayleigh fading channel, we can show that, Pout(r log(SNR))
.
= SNR−L(1−r)

which gives us the tradeoff between rate and diversity.

We have already seen that the asymptotic diversity-multiplexing tradeoff agrees

with the finite antenna results for the equal antennas case. This can be interpreted to
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mean that asymptotically, the maximum likelihood estimates of the data streams are

distributed Rayleigh-like, so the error probability is proportional to SNRL, according

to the available diversity L.

Let us take another look at the outage probability,

Pout(R) = P
[
log det

(
I + (SNR)/tHH†) < R = k log(SNR)

]

= P

[∏
i

(1 + SNRλi) < SNRk

]

= P

[∏
i

SNR(1−αi)
+

< SNRk

]

= P

[∑
i

(1− αi)
+ < k

]

where we have made the substitution λi = SNR−αi and hence (1 + SNRλi)
.
=

SNR(1−αi)
+
.

It is well known [42] that the unordered eigenvalues of 1/tHH† have the limiting

distribution

F ′(λ) =





1
2πcλ

√
(b(c)− λ)(λ− a(c)) , a(c) < λ < b(c)

0, otherwise .

where a(c) = (1−√c)2 and b(c) = (1 +
√

c)2. This is shown in Fig[3.2].

Now for equal antenna systems the asymptotic E.E.D.

F (λ) =
1

2πλ

√
(4− λ)(λ), 0 < λ < 4

which implies that the eigenvalues λi can lie arbitrarily close to zero. Hence, the

Zheng-Tse analysis applies in this case and we get the same tradeoffs.

A result of Silverstein [42] states that for large matrices, the limiting E.E.D., F ′(λ)

has no support outside the interval {a(c), b(c)} where a(c) = (1 − √c)2 and b(c) =

(1 +
√

c)2. This means that for unequal antenna systems, the minimum eigenvalue
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Figure 3.2: Asymptotic empirical eigenvalue distribution(EED) of a r × t matrix
1
t
HH† for two cases, r = t and 2r = t, as r, t →∞.

λmin ≥ a(c) = (1 − √c)2 and hence is strictly bounded away from zero. Therefore,

for large SNRs, the αi are distributed arbitrarily close to zero, which implies that

P [
∑

i(1− αi)
+ < k] = P [r −∑

i αi < k] = P [
∑

i αi > r − k] = 0. Therefore, from

a strictly diversity viewpoint, we have gotten a result that we already expected:

from the Silverstein-Bai limiting distribution, we saw that the outage probability for

unequal arrays was given by

Pout(k log(SNR))
.
= exp

(
−(r − k)2 log(SNR)2

− log(1−min{c, c−1})
)

,

which gives us infinite diversity as SNR → ∞ which also implies that the limiting

outage probability is zero.
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We can explain the disparity in the results from the two different approaches as

follows: while the Zheng-Tse analysis is concerned only with the ultimate diversity

with unlimited SNR, our analysis gives the diversity at finite SNRs and also tells us

how it grows with SNR. This could be of help for system design at finite SNRs.

We have plotted the large array diversity multiplexing tradeoff curves for fixed

SNRs using formula (3.7), starting from 0dB to 40dB, in steps of 5dB, for equal

antenna array MIMO systems r/t = c = 1 in Fig. 3.3. We have also plotted the

corresponding 4 × 4 Zheng-Tse tradeoff curve(circled) for comparison. It can be

observed that the finite SNR tradeoff curve tends to the Zheng-Tse curve at high

SNRs.

In Fig. 3.4, we have plotted the diversity multiplexing tradeoff curves for finite

SNRs using formula (3.7) starting from −5dB to 25dB, in steps of 5dB, for unequal

antenna arrays r/t = c = 1/2. In this case, we cannot really compare the Zheng-Tse

tradeoff curves with the asymptotic curves, because the Zheng-Tse tradeoff curves

change with increasing r and t, even if we keep their ratio r/t = c constant. To show

this, we have plotted the the Zheng-Tse tradeoff curves(circled) for a 4×2 and a 8×4

system. The asymptotic tradeoff curve tends to a vertical line(infinite diversity) at r

in the limit at high SNR, because the diversity increases without limit with increasing

SNR for rates less than the ergodic capacity.

In order to achieve the Zheng-Tse tradeoff, we need to design coding schemes

over an increasing sequence of rates. The information theoretic outage probability

curves give us an upper bound for the performance of any coding scheme at a given

rate. To illustrate the region of validity of our finite SNR tradeoff curves in the

finite array regime, we have plotted the actual outage probability curves for a 4 × 4

MIMO system obtained experimentally for an increasing sequence of rates alongside

the curves obtained from the asymptotic formula (3.6) in Fig. 3.5. In Fig. 3.6, we
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Figure 3.3: Large array asymptotic diversity multiplexing tradeoff curves for fixed
SNRs starting from 0dB to 40dB, in steps of 5dB, for equal antenna MIMO arrays
compared with the 4× 4 MIMO system Zheng-Tse tradeoff.

have plotted experimentally obtained curves for the same increasing sequence of rates

for a 8× 4 MIMO system alongside the curves obtained from the asymptotic formula

(3.6). In both the plots, it can be seen that the predictions match the experimental

curves very closely in the low SNR and high outage probability region upto 10−2 in

all cases (and even for outage probabilities as low as 10−4 for some rates).
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Figure 3.4: Large array asymptotic diversity multiplexing tradeoff curves for fixed
SNRs starting from −5dB to 25dB, in steps of 5dB, for unequal antenna MIMO
arrays r/t = c = 1/2.

3.2 Achieving the Diversity-Multiplexing Tradeoff

In this section we shall discuss how the large random matrix results suggest a

coding scheme which may achieve the Zheng-Tse diversity/multiplexing-tradeoff for

small arrays. We shall need the following notation, following [54]: vec: for a m × n

matrix A, vec(A) is a vector obtained by stacking successive columns of A on top on

one another resulting in a mn×1 vector. mat: for a mn×1 vector v, mat(v, m, n) is a

matrix obtained by the reverse operation of vec(). (This is identical to the MATLAB

function reshape(V, m, n).)
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Figure 3.5: Actual outage probability curves for a 4 × 4 MIMO system obtained
experimentally versus the curves predicted by the asymptotic formula (3.6) for an
increasing sequence of rates R = 4, 8, ..., 20.

Notice that, while the definition of vec() is unambiguous with respect to {m,n},
the dimensions need to be specified explicitly in the definition of mat().

Our scheme is a particular case of the linear dispersion codes of [16]. First, observe

that a general linear dispersion process can be represented by a mt × nt matrix A,

(with possibly complex entries) which modulates a t × n block of data X to give a

t × m block of transmitted symbols X ′ = mat(A × vec(X), t, m). We shall restrict

our attention to square mt×mt dispersion matrices A.

The Zheng-Tse analysis showed that using Gaussian codebooks, which have the
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Figure 3.6: Actual outage probability curves for a 8 × 4 MIMO system obtained
experimentally versus the curves predicted by the asymptotic formula (3.6) for an
increasing sequence of rates R = 4, 8, ..., 20.

mutual information maximizing distribution ensures that we meet the diversity-

multiplexing tradeoff. With Gaussian codebooks, a non-unitary spreading matrix

A always leads to penalty in mutual information, because it alters the capacity-

achieving input distribution. A unitary dispersion matrix does not change the source

distribution or the source eigenvalues. By restricting A to be unitary, the source

distribution is unchanged, i.e. it transforms a Gaussian codebook into a Gaussian

codebook. So it is clear that dispersion by a unitary matrix achieves the diversity

multiplexing tradeoff.
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But what have we gained? The difference is that now each source symbol is spread

in space over all transmit antennas. Also, unitary modulation enables us to index a

matrix Gaussian codebook through a linear Gaussian codebook.

In practice, we can replace the Gaussian codebooks with symbols from an in-

creasing sequence(typically, QAM) of discrete constellations, depending on the rate

at which we wish to transmit. It is not obvious that unitary linear dispersion with

finite constellations will achieve the tradeoff.

To motivate our case, we shall again invoke the result of Silverstein [42] that

we stated earlier. This means that for large arrays, the smallest eigenvalue of the

codeword difference matrix is lower bounded by (1−√c)2.

The key is to ensure that the minimum determinant of all codeword difference

matrices is bounded away from zero. It can be immediately verified that unitary

linear dispersion satisfies all the conditions required for Silverstein’s theorem to hold

except the entries are not identically distributed. But this too can be ensured by

successively using cyclically row-shifted versions of the unitary matrix(known to the

receiver). Even though the random matrix results do not directly apply to small

MIMO arrays, it is observed that they do reflect in the distribution of the determinant

close to the origin(discussed further below).

As an example, consider the smallest possible MIMO system with two-transmit

and two-receive antennas. It is known that a minimum block size of l = m + n− 1 is

sufficient to achieve the full diversity-multiplexing tradeoff. In the 2× 2 case, a block

size of 3 = l ≥ m + n − 1 = 2 + 2 − 1 = 3 will suffice. Therefore, we pick a 6 × 6

unitary matrix U = [uij] at random, to encode blocks of data of size 2 × 3. (After a

matrix was chosen, it was kept fixed through all of our simulations.) For illustration,

the effective system equation for the first three channel use instances can be written
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as,




y11

y21

y12

y22

y13

y23




=




h11 h12 0 0 0 0

h21 h22 0 0 0 0

0 0 h11 h12 0 0

0 0 h21 h22 0 0

0 0 0 0 h11 h12

0 0 0 0 h21 h22







u11 . . . u16

...
. . .

...

u61 . . . u66







x11

x21

x12

x22

x13

x23




+




z11

z21

z12

z22

z13

z23




where yin represents the output samples at the receiver with the receiving antenna

index i and time index n, zin represents the zero mean additive white Gaussian

noise samples at the receiver, xjn is the transmitted QAM constellation symbol with

transmit antenna index j and hij is a zero mean, unit variance complex Gaussian

channel gain(Rayleigh channel distribution) between the transmit antenna with index

j and receive antenna with index i.

The performance of this scheme is shown in Fig. 3.7. ML-decoding was performed

with a sphere decoder [57]. It can be observed that for a fixed constellation, the slope

of the block error probability curve tends to 4 at high SNRs. Moreover the separation

between the curves is approx 6dB at high SNRs, which indicates a multiplexing gain

of 2b/s/Hz per dB, as expected from the tradeoff. While the 4-QAM curve is within

5dB of the outage probability curve, for higher constellations the gap reduces to less

than a dB from the optimum. This gap can be further reduced by using outer error

control coding, which gives a constant gain in SNR.

It is interesting to compare the performance of our random unitary modulation

scheme with the rotated constellation based Yao-Wornell codes [61], [62]. Consider

the unordered eigenvalue distribution of the Yao-Wornell dispersion matrix, in the

2× 2 case, plotted in Fig. 3.8 alongside that of the 64-QAM with unitary dispersion.

It is observed that while the smallest eigenvalue of the Yao-Wornell dispersion matrix
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Figure 3.7: Block error rate(BER) with ML decoding(using a sphere decoder) for
successive constellations with rates R = 4, 8, 12, 16, 20, alongside the corresponding
outage probability curves.

is bounded away from zero, the distribution still peaks close to the origin (which

reflects the asymptotic eigenvalue distribution for large arrays 1
π

√
1
λ
− 1

4
). On the

other hand, even though the smallest singular values in the unitary dispersion case

are comparable with the smallest singular value in the Yao-Wornell case, they are a

smaller fraction of the total(the asymptotic eigenvalue distribution for large arrays

has minimum eigenvalue (1 − √c)2). In fact, it can be observed from the plot that

the singular value distribution peaks at considerable separation from the origin.

Finally, the choice of random unitary matrices is sufficient(as shown in [54]) to

achieve the leftmost point(full diversity) on the diversity multiplexing tradeoff curve
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Figure 3.8: Probability density function(PDF) of the unordered eigenvalue λ of 1
2
DD∗

(where D = Xi−Xj is the codeword difference matrix) for the Yao-Wornell codebook
[61]. For the codebook obtained by unitary dispersion of the 64-QAM constellation,
the eigenvalue λ corresponding to 1

3
DD∗ is plotted(the fraction 1

3
normalises the power

in each row to 1, in accordance with Silverstein’s limiting distribution theorem [42]).
In both cases, the PDF is approximated by plotting the 100−bin histogram of 105

randomly generated 2× 3 codeword matrices.

for any QAM symbol constellation. The random choice is also necessary, because

well-known unitary matrices, such as the identity matrix or the FFT matrix, suffer

a performance penalty in this case because all the codeword difference matrices are

not full rank.
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3.3 Conclusions

In the large array regime, we showed that it was possible to obtain the diversity

multiplexing tradeoffs at finite SNRs, unlike the Zheng-Tse tradeoffs which are only

valid in a limiting sense at high SNRs. However, for finite arrays, we obtained only a

partial tradeoff curve for rates close to the ergodic mean rate. We showed that having

equal or unequal antennas results in significantly different tradeoff behavior.

The limiting eigenvalue distribution of large arrays, which have minimum eigen-

value bounded away from zero, suggests that unitary linear dispersion with rectangu-

lar codeword blocks could achieve the full Zheng-Tse diversity multiplexing tradeoffs

for finite antenna arrays. Our simulation results in the two-transmit, two-receive an-

tennas case seem to confirm that full rate-full diversity designs(achieved by random

unitary dispersion with probability one) gives us performance quite close to the outage

probability bounds over an increasing sequence of constellations, which is necessary

to achieve the full tradeoff.
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Chapter 4

Impact of Vector Antennas on

Range and Direction Estimation

Using a Spherical Array

Multiple sensor arrays enable us to determine signal parameters with a much

greater accuracy than single sensors. The use of multiple sensors for radar and sonar

applications has been investigated for over three decades. A comprehensive summary

of the first two decades can be found in [23].

One of the issues under investigation in recent years in radar [18,28,58], is on the

benefit of using the polarization diversity of the electromagnetic medium for source

localization. While an arbitrary EM field can have three degrees of freedom at every

point in space, a plane EM wave is restricted to two, since it is constrained to have

no field component in the direction of motion. With this restriction in mind, one can

ask how much practical benefit there is in using an array of tri-polarized antennas

versus an array of uni-polarized antennas(dipoles).

Multiple antennas sensors can be arranged in arrays of various shapes. Indeed,
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a variety of array shapes have been investigated, implemented and deployed. While

planar arrays are typically favored [39], recently there has been some interest in using

spherical arrays [47]. The arguments cited by Tomasic et al. [47,48], in favor of using

a spherical array are: uniform beams in all directions, high gain, low mismatch and

polarization losses, and 20% fewer radiating elements and transmit/recieve modules

than other array configurations.

While practical arguments ultimately decide the choice between different shapes

of antenna arrays, it is also of interest to compare the ultimate theoretical limits on

parameter estimation for each array. The best estimate of a parameter is given by the

maximum-likelihood/ML estimate. Even though the target parameter is fixed, in the

presence of noise, the estimated parameter can never be exact and thus has a distri-

bution of values. If the mean of the distribution matches the target parameter to be

estimated, the parameter estimate is called ’unbiased’. In many typical examples, the

ML estimate is unbiased. We may choose between different parameter estimates by

comparing the variance of the distribution of the estimate. Interestingly, a universal

lower bound on the variance of an unbiased parameter estimate is available, known as

the Cramer-Rao Bound(abbreviated as CRB henceforth). However, the best possible

estimate, which is the ML estimate, does not always achieve the Cramer-Rao lower

bound. Still, it is commonly used as a benchmark to compare different parameter

estimates. In many cases, the ML estimate achieves the CRB at high SNRs or some

other asymptotic conditions.

Recently Dogandzic and Nehorai [9] investigated the fundamental CRB limits on

range, velocity and direction estimation for spherical and other array structures com-

posed of infinitesimal isotropic sensors uniformly distributed over the corresponding

surface. However, their study assumed the incoming wave to be a scalar plane wave,

with a single degree of freedom. In our more general study, we assume the incoming
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wave is dual-polarized, having the full two degrees of freedom of a plane wave. We

also take into account the effect of the antenna structure and orientation, instead of

assuming an isotropic response. The goal of this work is to try and quantify this

benefit more clearly for the special case of a spherical array of tripole antennas. Our

criterion for the benefit from polarization corresponds to the accuracy with which a

single source can be localized.

This chapter is organized as follows. In Sec. 4.1, we describe the assumptions in

our system model. In Sec. 4.2 we determine the Cramer-Rao lower bound on the

variance of range and direction estimates using a spherical array of tri-polarized and

uni-polarized antennas. In Sec. 4.3 we discuss the choice of signals for and benefits

from using vector antenna arrays and we summarize our results in Sec. 4.4.

4.1 Problem Formulation

We are interested in determining the location of a target located at {r, θ, φ} in

spherical co-ordinates, shown in Fig.4.1, centered at the receive array/source. The

receiver is a spherical array/(shell) of (carrier-wavelength-normalized) radius R. The

array is composed of infinitesimal antenna elements uniformly distributed over the

surface of the sphere. The location of any antenna element on the surface of the

receive array can be specified by spherical co-ordinates {R, θ′, φ′}. Our goal is to

estimate the parameter vector ξ = [ξ1, ξ2, ξ3]
T = [r, θ, φ]T from the complex data

collected from all the array elements.

We shall assume that the wave is traveling in a nonconductive, homogeneous and

isotropic medium. The target will be assumed to be in the far-field, so the received
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Figure 4.1: Spherical co-ordinate system with radius r, elevation angle θ and azimuth
φ.

signal is a plane wave E = [Eθ, Eφ]
T , whose components can be written as

Eθ(t) = s1(t) exp(jωct)

Eφ(t) = s2(t) exp(jωct)

where ωc is the carrier frequency in radians per second, and {s1(t), s2(t)} complex

numbers which represent the the amplitude and phase of the signal.

We shall assume the system is narrowband. This means that both the receive array

and the target are of physically small dimensions compared to the signal wavelength.

This is commonly referred to as the ’narrowband array assumption’ [9], which implies

that every array element can be assumed to receive the signal with the same delay

for range estimation. In other words, this means that the range estimate which is
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actually a time delay estimate, has negligible time spread and can just be treated as

a single time delay estimate.

Each individual receiver output is amplified, converted to baseband(I and Q down-

converters), low-pass filtered and sampled(I and Q samples), so the output is a com-

plex phasor. We shall assume a coherent, equal energy (
∫ T

0
|s1(t)|2dt =

∫ T

0
|s2(t)|2dt =

1, without loss of generality since the signal amplitude can be absorbed into the noise

variance σ2 to maintain the same SNR) field which means in our model, after process-

ing we get, Eθ(t) = s1(t), Eφ(t) = s2(t). For convenience, define the 2 × 1 vector

signal s(t) ≡ [s1(t), s1(t)]
T = E.

The continuous time signal s(t) is sampled at intervals 4t giving us samples

s(n4t) for n = 1, ..., N . Then the signal samples received by the array can be

written as,

y(n4t) = µ(n4t) + e(n4t) = B1(θ) · s1(n4t− τ) + B2(θ) · s2(n4t− τ) + e(n4t)

where µ is a M ×1 noise free array response vector obtained by stacking the response

of each of the M elements in the array, θ is the vector of direction of arrival/DOA

parameters {θ, φ}, B1(θ) is the M × 1 array response to the elevation component

Eθ = s1(n4t − τ), B2(θ) is the M × 1 array response to the azimuthal component

Eφ = s1(n4t− τ), τ = 2r/c is the total round trip time delay and e is a M ×1 vector

which represents the zero-mean, spatially and temporally correlated additive white

Gaussian noise (AWGN).

Furthermore, stacking all the N time samples into a single vector, the system

equation can be rewritten as,

y = µ(ξ) + e = s1(τ)⊗B1(θ) + s2(τ)⊗B2(θ) + e
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where ⊗ denotes the Kronecker product, and

y = [y(14t)T , y(24t)T , ..., y(N4t)T ]T

µ(ξ) = [µ(14t, ξ)T , µ(24t, ξ)T , ..., µ(N4t, ξ)T ]T

e = [e(14t)T , e(24t)T , ..., e(N4t)T ]T

si(τ) = [si(14t− τ)T , si(24t− τ)T , ..., si(N4t− τ)T ]T , for i = 1, 2

Assuming that the noise spatial and temporal covariances are separable, the noise

spatio-temporal covariance matrix can be written as,

E[ee∗] = C ⊗ Σ

where (·)∗ denotes the conjugate transpose of a complex vector, C is the noise tem-

poral covariance and Σ is the noise spatial covariance matrix.

4.2 Cramer-Rao Bounds

As we mentioned earlier, we wish to estimate the parameter vector ξ = [ξ1, ξ2, ξ3]
T =

[r, θ, φ]T from the complex data collected from all the array elements. It is well known

that the maximum likelihood (ML) estimate is the best parameter estimate we can

get. In the presence of complex additive white Gaussian noise (AWGN) with covari-

ance matrix Ω(ξ), the conditional probability density function of the measurements

is given by

p(y|ξ) =
1

det(πΩ(ξ))
exp(−(y − µ(ξ))∗Ω−1(ξ)(y − µ(ξ)))

where (·)∗ denotes the conjugate transpose of a complex vector. The ML estimate of

ξ - written as ξ̂ - is given by the maximum of p(y|ξ) for a given y.

As we mentioned earlier, it is difficult to compute the distribution of the ML

parameter estimate ξ̂, but we can lower-bound its variance using the Cramer-Rao
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bound/CRB which is a universal lower bound for any locally unbiased parameter

estimate. To be more precise, if C(ξ) = E{(ξ − ξ̂)(ξ − ξ̂)∗} is the covariance matrix

of the estimation error, and I−1(ξ)(more on this shortly) is the CRB matrix, the

difference matrix C(ξ) − I−1(ξ) is non-negative definite. The reason why we wrote

the CRB matrix as I−1(ξ), is because it is obtained by inverting the Fisher informa-

tion matrix/FIM, denoted by I(ξ). The FIM I(ξ) can be computed by taking the

expectation of the Hessian of the conditional probability distribution,

[I(ξ)]ij = E

{
∂p(y|ξ)

∂ξi

∂p(y|ξ)
∂ξj

}

For the complex AWGN distribution specified above, the FIM I(ξ) takes the following

form [21, Appendix 15C],

[I(ξ)]ij = Tr

[
Ω−1(ξ)

∂Ω(ξ)

∂ξi

Ω−1(ξ)
∂Ω(ξ)

∂ξj

]
+ 2Re

[
∂µ∗(ξ)

∂ξi

Ω−1(ξ)
∂µ∗(ξ)

∂ξj

]

Since the signal is known, we have a conditional estimation problem [43] in which

case, the 3× 3 Fisher information matrix I(ξ), with the noise covariance structure in

our system model simplifies to,

[I(ξ)]ij = 2Re

{
∂µ(ξ)∗

∂ξi

(C−1 ⊗ Σ−1)
∂µ(ξ)

∂ξj

}

4.2.1 Tri-polarized Spherical Array

Now we compute the Cramer-Rao bound/CRB on locational parameter estimation

for a discrete array of infinitesimal tripole antennas uniformly distributed on the

surface of a sphere.

Consider a spherical array of M infinitesimal tripoles all of which are oriented

in conformity with the source cartesian co-ordinate axes. The signal and array are

shown in Fig.4.2.
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Figure 4.2: Spherical array with infinitesimal tripole antennas distributed uniformly
on its surface, receiving a dual-polarized plane wave from a direction of arrival {θ, φ}.

The 3× 1 response µ(t) of a tripole array element at a location {R′, θ′, φ′} to the

2× 1 far-field input s(t− τ) ≡ [s1(t− τ), s2(t− τ)]T , is given by

µ(t) = [B1(θ) B2(θ)]e−jα(θ)


 s1(t− τ)

s2(t− τ)




=




s1(t− τ) cos(θ) cos(φ)− s2(t− τ) sin(φ)

s1(t− τ) cos(θ) sin(φ) + s2(t− τ) cos(φ)

−s1(t− τ) sin(θ)


 e−jα(θ)

where α(θ) = 2πR(sin(θ) sin(θ′) cos(φ− φ′) + cos(θ) cos(θ′)).

Then, the FIM I3(the subscript indicates that it corresponds to the tri-polarized
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case) is given by,

I3 = 2Re

{
∂µ(ξ)∗

∂ξ
(C−1 ⊗ Σ−1)

∂µ(ξ)

∂ξT

}

which can be written as

I3 = 2


 Irr IT

θr

Iθr Iθθ




where

Irr = Re

{
∂s∗1(τ)

∂r
C−1∂s1(τ)

∂r
·B∗

1(θ)Σ−1B1(θ) +
∂s∗2(τ)

∂r
C−1∂s1(τ)

∂r
·B∗

2(θ)Σ−1B1(θ)+

∂s∗1(τ)

∂r
C−1∂s2(τ)

∂r
·B∗

1(θ)Σ−1B2(θ) +
∂s∗2(τ)

∂r
C−1∂s2(τ)

∂r
·B∗

2(θ)Σ−1B2(θ)

}

IT
θr = Re

{
∂s∗1(τ)

∂r
C−1s1(τ) ·B∗

1(θ)Σ−1∂B1(θ)

∂θT
+

∂s∗2(τ)

∂r
C−1s1(τ) ·B∗

2(θ)Σ−1∂B1(θ)

∂θT
+

∂s∗1(τ)

∂r
C−1s2(τ) ·B∗

1(θ)Σ−1∂B2(θ)

∂θT
+

∂s∗2(τ)

∂r
C−1s2(τ) ·B∗

2(θ)Σ−1∂B2(θ)

∂θT

}

Iθθ = Re

{
s∗1(τ)C−1s1(τ) · ∂B∗

1(θ)

∂θ
Σ−1∂B1(θ)

∂θT
+ s∗2(τ)C−1s1(τ) · ∂B∗

2(θ)

∂θ
Σ−1∂B1(θ)

∂θT
+

s∗1(τ)C−1s2(τ) · ∂B∗
1(θ)

∂θ
Σ−1∂B2(θ)

∂θT
+ s∗2(τ)C−1s2(τ) · ∂B∗

2(θ)

∂θ
Σ−1∂B2(θ)

∂θT

}

For spatially and temporally white noise,i.e. C = I,Σ = 1/σ2I, where I is the

identity matrix, σ2 is the temporal noise variance for each antenna element, and for

a spherical array, this yields the Fisher information matrix,

I3 =

M

πσ2




4

c2
||s′||2 0 −2

c
Re{−s′∗1 s2 + s′∗2 s1} cos(θ)

0 ||s1||2 + ||s||2 8πR2

3
Re{s∗1s2} sin(θ)

2

c
Re{s∗2s′1 − s∗1s

′
2} cos(θ) Re{s∗2s1} sin(θ) ||s1||2 cos2(θ) + ||s2||2 + 8πR2||s||2

3
sin2(θ)




where the primes denote derivative w.r.t r, || · || denotes the norm of a vector(for

example, ||s′||2 =
∫∞
−∞(|ds1(τ)/dr|2 + |ds2(τ)/dr|2)dt, where | · | denotes the absolute

value of a complex number) and we have dropped the arguments in s(τ), s1(τ), s2(τ)

for ease of presentation.

We observe that the entries of the FIM are independent of the azimuth φ. The

Cramer-Rao bound matrix is given by CRB3(ξ) = I−1
3 .
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4.2.2 Uni-polarized Spherical Array

Next, consider a spherical array of M infinitesimal uni-polarized antennas(dipoles)

all of which are vertically oriented parallel to the z-axis. The 1× 1 response of a uni-

polarized array element to the input s1(t) = Eθ(t) (the array has no response to the

Eφ component) is given by

µ(t) = −Eθ(t) sin(θ)e−jα = s1(t− τ)B1(θ)

where α = 2πR(sin(θ) sin(θ′) cos(φ− φ′) + cos(θ) cos(θ′)).

Since the array responds to only one polarization component, the full system

equation is given by,

y = µ(ξ) + e = s1(τ)⊗B1(θ) + e

Then, the FIM I1(the subscript indicates that it corresponds to the uni-polarized

case) can be written as,

I1 = 2


 Irr IT

θr

Iθr Iθθ




where

Irr =
∂s∗1(τ)

∂r
C−1∂s1(τ)

∂r
·B∗

1(θ)Σ−1B1(θ)

Iθr = s∗1(τ)C−1∂s1(τ)

∂r
· ∂B∗

1(θ)

∂θ
Σ−1B1(θ)

Iθθ = s∗1(τ)C−1s1(τ) · ∂B∗
1(θ)

∂θ
Σ−1∂B1(θ)

∂θT

In the spatially and temporally white noise case, and for a spherical array, the FIM

is given by,

I1 =
M

πσ2




4

c2
||s′1||2 sin2(θ) 0 0

0 ||s1||2(cos2(θ) +
8π

3
R2 sin2(θ)) 0

0 0 ||s1||2 8π

3
R2 sin4(θ)



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The Cramer-Rao bound matrix is given by CRB1(ξ) = I−1
1 . Here we observe

that the FIM entries are uncoupled, independent of the signal shape as well as its

azimuthal direction φ.

4.3 Gain From Polarization

Our goal in this section is to compare the accuracy with which a source can be

localized using the tri-polarized and uni-polarized arrays.

For any given radar array, since all three location coordinates are uncertain, we

can only locate the target within a certain region(volume) up to a certain confi-

dence. In [9], it was shown that Wald’s test gives a linearized confidence region

defined by an ellipsoid. Further, it was shown in [9], that the square of the volume of

the confidence ellipsoid V (ξ) is proportional to the determinant of the CRB matrix

V 2(ξ) ∝ det(CRB(ξ)). Since det(CRB(ξ)) in spherical co-ordinates does not have

the right dimensions for a squared volume, the constant of proportionality also in-

cludes a dimensional constant which is the same for both arrays. In any case, since

the gain is a dimensionless quantity, we can compare the estimates obtained by the

two arrays by simply taking the ratio of the determinant of the corresponding CRB

matrices in spherical co-ordinates.

Signal Design

In order to compute the determinant of the CRB matrix, we need to fix our choice

of signal. We would also like to choose signals such that the confidence volume of

location, and hence equivalently, the determinant of the CRB matrix is minimized.

Hadamard’s inequality [4, pp. 126-130] states that for a positive definite matrix

A = [aij], the determinant is less than the product of its diagonal elements det(A) ≤
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∏
aii, with equality if and only if A is diagonal. In the uni-polarized case, the FIM is

diagonal as it is. So we only have to consider the tri-polarized case. Note that the FIM

and hence the CRB matrix are both positive definite matrices. Since the determinant

of the CRB matrix det(CRB3(ξ)) = 1/det(I3), we can minimize det(CRB3(ξ)) by

maximizing det(I3).

Hence, in the tri-polarized case we would like to choose signals which make the

off diagonal entries in the FIM to be zero: Re{−s′∗1 s2 + s′∗2 s1} = 0, Re{s∗1s2} = 0.

If we choose our signals to be scalar multiples of each other s2(t) = as1(t), the first

condition can be immediately ensured. Note that |a| = 1, since both signals are of

equal energy. Further, if we choose a circularly polarized signal with a =
√−1, the

second constraint is also satisfied. It only remains to choose a signal pulse shape

appropriate for range estimation.

A commonly used signal in radar applications is the rectangular chirp pulse [53,

p.292],

p(t) =
1√
T0

exp

[
jπ

fB

T0

(
t− 1

2
T0

)2
]
· [u(t)− u(t− T0)]

where T0 is the pulse duration, fB is the bandwidth of the chirp pulse and u(t) is

the unit step function at the origin. If the time-bandwidth product of the pulse

is large, T0fB >> 1, the spectrum of the pulse approaches a rectangular distribu-

tion [9, Appendix C] and hence the norm of the derivative is well approximated by

||dp(t)/dt||2 =
∫∞
−∞ |dp(t)/dt|2dt = π2f 2

B/3.

Spherical Array Cramer-Rao Bounds

In what follows, we deliberately choose 3M to be the number of antennas in the

array to ensure that a uni-polarized array with 3M antennas and a tri-polarized

array with M tripoles, both have the same number of antennas, so that both the

arrays estimate the data with the same number of measurements. Choosing signals
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s1(t) = p(t) and s2(t) = i · p(t), where i =
√−1, the FIM I3 in the tri-polarized case

becomes,

I3 =
3M

πσ2




8π2f 2
B

3c2
0 0

0 1 +
16πR2

3
0

0 0 cos2(θ) + 1 +
16πR2

3
sin2(θ)




on inverting which, we get the following Cramer-Rao lower bounds on the location

estimates for the tri-polarized spherical array,

var(r) ≥ σ2c2

8Mπf 2
B

,

var(θ) ≥ πσ2

3M

1(
1 +

16πR2

3

) ,

var(φ) ≥ πσ2

3M

1(
cos2(θ) + 1 +

16πR2

3
sin2(θ)

)

To compare with the tripole case, for the uni-polarized array, we choose the same

rectangular chirp pulse signal s1(t) = p(t), and we get the following bounds on the

location estimates for the uni-polarized array,

var(r) ≥ σ2c2

4Mπf 2
B

,

var(θ) ≥ πσ2

3M

1(
cos2(θ) +

8πR2

3
sin2(θ)

) ,

var(φ) ≥ σ2

8MR2

1

sin4(θ)

Polarization Gain

First, consider a signal received along the azimuthal plane of the co-ordinate

system, i.e. θ = π/2 and φ is arbitrary. The volume squared of the confidence
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ellipsoid in the tri-polarized case is proportional to the determinant of the CRB

matrix V 2
3 ∝ det(CRB3(ξ)) , which is simply given by multiplying the lower bounds

on the variance of the parameter estimates,

V3 ∝
√√√√√

(πσ2)3c2

72M3π2f 2
B

1(
1 +

16πR2

3

) (
cos2(θ) + 1 +

16πR2

3
sin2(θ)

)

We observe that for large R,

V3 ∝ σ3c

16MfBR2

√
1

8πM

Similarly, in the uni-polarized case, for large R, we get the confidence volume,

V1 ∝ σ3c

8MfBR2

√
1

4πM

As we discussed at the beginning of this section, the constant of proportionality

is the same for both arrays, so the ratio V1/V3 = 2
√

2 = 2.83, gives us the factor by

which a large spherical tripole array can estimate the most likely volume of location

of a source in the equatorial plane versus a spherical uni-polarized array. We formally

define the gain as the ratio of the volumes of the confidence ellipsoids in the two cases,

which will be used henceforth.

On the other hand, as R → 0, the gain from using a vector array tends to ∞

lim
R→0

V1

V3

= lim
R→0

σ3c

8MfBR2

√
1

4πM

6MfB

σ3c

√
2M

π
= lim

R→0

3

8R2

√
2

π
→∞

This makes sense if we observe that as R → 0, the spherical tripole array tends to

a single infinitesimal tripole at the origin, whereas, the uni-polarized array tends to a

single infinitesimal dipole antenna which is incapable of providing DOA information.

For elevations above or below the equatorial place, as seen in Fig.4.3(’same signal’

curve legend), the gains from using a tripole array grow monotonically up to the

poles(only θ in the range π
5

< θ < π
2

is shown for clarity), where the gain tends to
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infinity, irrespective of array radius. It is easy to see why this happens, since a plane

wave traveling vertically produces no response in a vertically oriented dipole antenna,

i.e. the uni-polarized array is ’blind’ to plane waves arriving in the direction of the

poles.

Effect of Energy Constraints

So far we have compared the performance of the tri-polarized and uni-polarized

arrays when both of them receive the same signal. But the uni-polarized array has no

response to the azimuthal component of the incoming polarized wave at all. Suppose

we constrain the received signal energy by both the arrays to be equal instead. This

means the amplitude of the signal s1(t) in the uni-polarized array would have to be

scaled by a factor of
√

2, so that it has the same energy as the two components of

the polarized signal in the tripole array. This would halve all the lower bounds in the

uni-polarized case. As a result, the volume of confidence region is scaled(reduced) by

a factor of 2
√

2 which results in a gain for a signal received in the equatorial plane to

V1/V3 = 1! So for large arrays, there is no gain from using either array in estimating

the location of a signal in the equatorial plane in this case. This gain with the ’equal

energy’ constraint is also plotted in Fig.4.3. However, the gain still increases steeply

as the source moves towards the poles, as before. It is seen that this additional power

normalization scales down the gain uniformly(for large arrays) by a factor of 2
√

2 at

all elevation angles θ.

4.4 Conclusions

We have looked at the problem of locating the position of a target in free space

using an array of infinitesimal antennas uniformly distributed on the surface of a
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sphere which respond to both the polarization components of the reflected signal.

We have shown that significant gains are possible from using vector antenna arrays

instead of uni-polarized antenna arrays - we can expect a minimum factor-of-2
√

2

volume reduction, in the case of large arrays, in the location estimate of a source in

the equatorial plane, when the same signal is received by the two arrays. However,

in the large array case, when the arrays are constrained to receive signals with equal

energy, there is no gain from using either array for a target located in the equatorial

plane. But in either signal energy constraint scenario, the gain from using a tri-

polarized array increases quite steeply as the target moves towards the poles.
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Figure 4.3: Ratio of confidence ellipsoid volume versus elevation angle, between an
array of tri-polarized antennas and a uni-polarized antenna array. Both the arrays
have a wavelength-normalized radius of R = 10, and the incoming wave is circularly
polarized. The ticks on the x-axis mark the normalized elevation angle ( θ

π
), for θ in

the range π
5

< θ < π
2
.



67

Chapter 5

Conclusions

In this dissertation, we have derived insights into the performance of multiple

antenna systems in applications for communications and radar. We have derived

asymptotically accurate formulae for large arrays, and shown that these can be used

to approximate more easily the performance of finite array systems.

We first looked at the distribution of the mutual information in a point to point

wireless link employing multiple antenna arrays at the transmitter and receiver. We

showed, using recent results in random matrix theory, that this distribution tends

to a Gaussian distribution in the limit, for large arrays, at all SNRs. We observed

that in finite MIMO systems, the capacity distribution could be approximated closely

by a Gaussian distribution and its mean and variance could be determined from the

asymptotic limits which are given only in terms of the ratio of antennas in the transmit

and receive arrays. In particular, the ergodic and outage capacities in finite MIMO

arrays could be approximated closely using our asymptotic formulae. We discussed

how the mean and variance of the distribution behave in the high and low SNR

regimes.

We next applied our asymptotic capacity results to compute the diversity-multiplexing
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tradeoff of large MIMO arrays in the finite SNR and high outage probability regime.

We redefined the multiplexing and diversity gains suitably for application at finite

SNR. We showed that symmetric and asymmetric arrays showed markedly different

tradeoff behavior and discussed how this was a consequence of the limiting eigenvalue

distribution of large arrays.

Using the insights obtained from the asymptotics, we showed by simulation that a

full rate, full diversity random unitary matrix based linear dispersion coding scheme

could achieve the full Zheng-Tse diversity multiplexing tradeoff. However, this re-

quires the use of optimal ML decoding implemented by a sphere decoding algorithm.

Schemes which could achieve the full tradeoff using a decoder of lower complexity

remains an open problem.

Finally, we found Cramer-Rao lower bounds for variance of the location estimate

of a target using a densely packed spherical array of infinitesimal uni-polarized and

vector(tri-polarized) antennas. We found signals which minimized the confidence

volume for the vector array. By taking the ratio of the confidence volumes of the uni-

polarized array with the vector array, we obtained the gain from using polarization

diversity. We discussed how the gain varies depending on the elevation and azimuth

of the target, and also according to the energy constraint on the received signal.
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Appendix A

Asymptotic Variance Derivation

We now derive the formula for σ2(c, ρ) given in (2.13). Starting with (2.12), apply

the change of variable

z(m) = − 1

m
+

c

1 + m
,

to obtain

σ2 = − 1

4π

∫

C2

∫

C1

ln(1 + ρz(m1)) ln(1 + ρz(m2))

(m1 −m2)2
dm1dm2

where the C1 and C2 can both be taken as positive, with C1 inside C2. Since we

can choose Cx and Cy in (2.13) to both cross the real axis in the intervals (−1/ρ, 0)

and (b(c),∞), we can choose C1 and C2 to both cross the real axis in the intervals

(m(−1/ρ), m(0−)) = (m(−1/ρ),∞) and (m(b(c)), m(∞)) = (−(1 +
√

c)−1, 0), where

m(z) is given in (2.10) and

m(0−) = lim
x→0−

m(x) , m(∞) = lim
x→∞

m(x) .
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We can rewrite the inner integral as

1

2πj

∫

C1

ln (1 + ρz(m1))

(m1 −m2)2
dm1

=
1

2πj

∫

C1

ρ
m2 − cρ

(1+m)2[
1− ρ

m
+ cρ

1+m

] 1

(m−m2)
dm

=
ρ

2πj

∫

C1

(m + 1)2 − cm2

m(m + 1)(m−m2)(m− λ+)(m− λ−)
dm

=
ρ

2πj

∫

C1

(m + 1)2 − cm2

λ+(m + 1)(m−m2)(m− λ−)

[
1

m− λ+

− 1

m

]
dm

where

λ+ = −1

2
(1− ρ + cρ) +

1

2

√
(1− ρ + cρ)2 + 4ρ

λ− = −1

2
(1− ρ + cρ)− 1

2

√
(1− ρ + cρ)2 + 4ρ

Observing that λ+ = m(−1/ρ), we see that C1 can be taken to enclose the poles at

m = λ+, 0 but not those at m2, λ− and −1. Thus we have

1

2πj

∫

C1

ln (1 + ρz(m1))

(m1 −m2)2
dm1

=
ρ((λ+ + 1)2 − cλ2

+)

λ+(λ+ + 1)(λ+ −m2)(λ+ − λ−)
− ρ

λ+(−m2)(−λ−)

=
1

m2

− 1

m2 − λ+

where the last step follows from λ+(λ+ + 1) = ρ(1− c)λ+ + ρ , λ−λ+ = −ρ.

The asymptotic variance can therefore be expressed as

σ2 =
1

2πj

∫

C2
ln (1 + ρz(m))

[
1

m
− 1

m− λ+

]
dm

=
1

2πj

∫

C2
ln

(
m− λ−
m + 1

)[
1

m
− 1

m− λ+

]
dm

+
1

2πj

∫

C2
ln

(
m− λ+

m

)[
1

m
− 1

m− λ+

]
dm

where C2 encloses only the poles at 0 and λ+. The second integral vanishes, since it

has antiderivative

1

2

[
ln

(
m− λ+

m

)]2
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which is single-valued over the contour. The first integral yields

σ2 = ln(−λ−)− ln

(
λ+ − λ−
λ+ + 1

)

= ln

(
ρ− λ−
λ+ − λ−

)
= − ln

(
1− ρ− λ+

ρ− λ−

)
.

To prove (2.13), it only remains to observe that ρ − λ+ = ρv(c, ρ) and ρ − λ− =

ρc/v(c, ρ).
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Appendix B

Asymptotic Variance and Stieltjes

Transform

In the following, we show that a explicit formula similar to Eq.2.13 for the variance

can be given in terms of the Stieltjes Transform. This is applicable in the more general

case when either the transmit or the receive arrays are correlated. Let

mr(z) =

∫
1

λ− z
dFr(z)

Note that this integral is itself asymptotically Gaussian with mean m(z). Moreover

from [2], we know that m̂(z) = r[mr(z) −m(z)] converges to a zero-mean Gaussian

process with covariance

Rm̂(x, y) =
m′(x)m′(y)

(m(x)−m(y))2 −
1

(x− y)2
. (B.1)

We begin by rewriting the capacity as a function of the inverse SNR z = ρ−1:

µ(ρ) = η(z) =

∫ ∞

0

ln

(
1 +

λ

z

)
dF (λ) , z > 0 . (B.2)

Observe that

η′(z) =

∫ ∞

0

1

λ + z
dF (λ)− 1

z
= −m(−z)− 1

z
.
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Since limz→∞ η(z) = 0, we have

η(z) = −
∫ ∞

z

η′(ζ)dζ =

∫ ∞

z

(
1

ζ
+ m(−ζ)

)
dζ .

Letting ηr(z) denote the capacity with respect to Fr, we know that

η̂(z) = r[ηr(z)− η(z)] =

∫ ∞

z

r [mr(−ζ)−m(−ζ)] dζ

=

∫ ∞

z

m̂(−ζ)dζ

From which it follows that η̂(z) is N (0, σ2) with

σ2 =

∫ ∞

z

∫ ∞

z

Rm̂(−x,−y)dxdy

=

∫ ∞

z

∫ ∞

z

[
m′(−x)m′(−y)

(m(−x)−m(−y))2 −
1

(x− y)2

]
dxdy

In order to evaluate this, we look at

∫ ∞

z1

∫ ∞

z2

Rm̂(−x,−y)dxdy

=

∫ ∞

z1

∫ ∞

z2

[
m′(−x)m′(−y)

(m(−x)−m(−y))2
− 1

(x− y)2

]
dxdy

=

∫ ∞

z1

[
m′(−y)

(m(−x)−m(−y))
+

1

(x− y)

]∞

z2

dy

=

∫ ∞

z1

[−m′(−y)

m(−y))
− m′(−y)

(m(−z1)−m(−y))

− 1

(z1 − y)

]
dy

= [log(m(−y))− log(m(−z1)−m(−y))

+ log(z1 − y)]∞z1

= log

(
(m(−z1)−m(−z2))

(z1 − z2)m(−z1)m(−z2)

)

In the limit as z1 → z2 = z, we have

log

(
(m(−z1)−m(−z2))

(z1 − z2)m(−z1)m(−z2)

)
→ log

[
m′(−z)

m2(−z)

]
= σ2 (B.3)
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Noting that µ(ρ) = η(1/ρ), we can write the variance in terms of the ergodic

capacity as

σ2 = log

[
ρ2µ′′(ρ)− 1

(ρµ′(ρ)− 1)2

]
(B.4)


