
Abstract

REESE, JILL PAULA. Examining the Signi�cance of Advective Acceleration to
Single-PhaseFlow Through HeterogeneousPorous Media. (Under the direction of
Dr. C. T. Kelley.)

Practically every groundwater 
o w simulator in use today implements Darcy's

law to model saturated 
o w [1, 4, 64, 65]. Darcy's law is a linear relation derived

experimentally in the mid 1800'sby Henry Darcy. Sincethat time it hasbeenusedas

an approximation to momentum conservation, thussimplifying the model of saturated


o w through porousmedia.

In spite of its widespreadappeal, Darcy's law doeshave limitations. Particularly

in the caseof higher velocities (i.e. Reynoldsnumbersmuch larger than one),Darcy's

law is no longer a su�cien t model for saturated 
o w through porousmedia. In this

document, we proposea model for momentum balancewhich includestwo terms that

are nonlinear in velocity. One term, basedupon the early 1900swork of Forchheimer,

incorporates the magnitude of the 
uid velocity. The other, known as the advective

accelerationterm in this document, models how the momentum is advected by the

pore velocity and includesvelocity gradients.



While the advectiveaccelerationterm is a corecomponent of the exactmomentum

conservation equation, it is neglectedin the groundwater 
o w literature dueto the as-

sumption that groundwater 
o w is generallyslow. However, to our knowledgeno one

hasperformednumericalstudiesto examinethe magnitudeof the error introducedby

this simplifying assumption. In this document, we focuson two-dimensionalregional


o w through heterogeneousporous media and examinethe signi�cance of advective

accelerationin both the Darcy and Forchheimer 
o w regimes.

The non-Darcy 
o w simulator was written using the �nite element simulation

framework, Sundance2.0. While the Raviart-Thomas �nite elements are the appro-

priate element combination for solving the non-Darcy 
o w system, they were not

available in Sundance2.0. Therefore, a multiscale residual-basedstabilization ap-

proach was implemented [50, 73, 78, 89]. We have proven that the modi�ed equation

set is stable. Moreover, we have shown that the discrete equations conserve mass

both locally and globally and conserve momentum globally.
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Chapter 1

In tro duction

1.1 Con tributions

This dissertation presents my research on simulating non-Darcy 
o w using the �nite

element method via the Sundancepartial di�eren tial equation (PDE) simulation and

optimization framework and the Trilinossolver framework. My contributions to this

e�ort include

� contributing code to Sundancethat extendedits capabilities for solving nonlin-

ear PDEs;

� contributing code to the Trilinosnonlinear solver, NOX, which enabledNOX to

accessSandia'sTSF linear algebrainterface;

� deriving the nonlinear stabilization terms required to solve the non-Darcy 
o w

model using Sundance;

1
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� proving that the modi�ed equations are stable, conserve mass globally and

locally, and conserve momentum;

� implementing the �rst numerical simulations of this non-Darcy model for satu-

rated 
o w through porousmedia; and

� providing numerical evidencethat advective acceleratione�ects are negligible

in the two-dimensional
o w casesexaminedin this document.

1.2 Hydrology Overview

Modeling 
uid 
o w through porousmedia is di�cult for a number of reasons,includ-

ing the complexity and heterogeneity of the subsurfacedomain [16, pages18 and 19].

Properties of the porousmedium can vary extensively over a short length scale,and

it is nearly impossibleto map the pore structure and void spacesthrough which the


uid 
o ws. It is at this pore scale,or microscale(10� 9m � 10� 8m), wherebiological,

chemical,physical, and thermodynamical modelsare valid for resolvingthe dynamics

which occur betweenindividual grains of the porousmedium [59].

However, as most natural systemsof interest occupy regionswhich are ordersof

magnitude larger than the micron level, much research is invested in other spatial

scalesof interest. We follow the spatial scalehierarchy developed by Gray and Miller

in [61, pages185-186]where they acknowledge�v e separatescales| the molecular

scale,microscale,resolution scale,macroscale,and megascale.In this document we
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focus on three of the �v e scales;thus, de�nitions of the microscale,the macroscale,

and the megascalefrom [61] follow.

De�nition 1.1. The microscale , `mi , is the smallest length scale at which laws of

continuum mechanicscan be developed with

jPi (`mi + � `mi ) � Pi (`mi ) j � � mi 8i

where Pi (`) is a microscale property estimated by a well-de�ned average over over

length scale `, � `mi is a changein the length scale, and � mi is a speci�e d precision of

the estimateof Pi .

De�nition 1.2. The macroscale , `ma, is the lengthscaleat whichthe setof averaged

properties of concern for the systemcan be rigorously de�ned and

jPi (`ma + � `ma) � Pi (`ma) j � � ma 8i

where Pi (`) is a macroscale property estimated by a well-de�ned averageover length

scale `, � `ma is a changein the length scale, and � ma is a speci�e d precision of the

estimateof Pi .

De�nition 1.3. The megascale is the length scale corresponding to the domain of

interest, 
 .

The de�nitions of the microscaleand macroscaleboth rely on identifying a length
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scalein which averagedproperties take on \stable" values. That is, slight pertur-

bations in the length scale should only a�ect the value of averagedproperties to

within a speci�ed tolerance. By carefully averagingmicroscaleproperties over some

representativ e elementary volume (REV), onecan describe systemsof interest using

macroscalesystemproperties and governing equations[57], while still retaining the

connectionto the \true" microscalequantities.

Figure 1.1providesa schematicof the requirements for a representativ eelementary

volume. A REV shouldbe largeenoughsothat averagingmicroscopicdeviationsin a

property over the entire REV will yield a corresponding macroscopicproperty value

that is independent of slight changesin REV size. This requirement providesa lower

bound on the sizeof the REV. An upper bound on REV sizealsoexists,above which

deviations due to macroscaleheterogeneity in the property are apparent.

From this description, one can seethat the size of the REV is dependent upon

the grain size of the porous medium system of interest. For example, a REV of

coarsegravel would be much larger than a REV of �ne sand. As a rule of thumb,

a samplecontaining approximately twenty grains of the porous medium of interest

would provide a reasonableREV. Gray and Miller provide another example in [61,

page186]wherethey estimate the macroscalefor a sampleof well-sortedgrains with

a diameter of approximately 100 microns to be approximately 10� 2m. In any case,

the REV scaleis the smallestscalerequired to resolve continuum models.

The intricaciesof the subsurfacedomain are due not only to the porousmedium,
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Property

property

Volume (length scale) Representative
Elementary
Volume (REV)

macroscale

Figure 1.1: Importance of REV to determining macroscaleproperties

or solid phase,but alsoto the 
uids that 
o w through the pore spaceof the medium.

Examples of what may be considereda 
uid include water, air, oil, or pollutants

foreign to the subsurface;each 
uid will be consideredas a separatephase. In this

document we consideronly single-phase
o w; thus, at most two phasecategoriesare

considered,indexedby � . The solid phaseis denotedby � = s, while the liquid phase

is denotedby � = w.

Only onephaseexistsat a point at the microscale,while a \p oint" at the macroscale

actually refersto the REV discussedpreviously. Within the REV all phasesarerepre-

sented, with each taking up somepercentage of that volume. This percentage, called

the porosity and denotedby � , is the ratio of the void (pore space)volume, Vv, to

the total volume, VT [38, page13].
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1.3 Single Phase Flo w: Traditional Mo deling Ap-

proac h

When modeling 
uid 
o w through porous media, the partial di�eren tial equation

(PDE) model shouldconserveboth massand momentum at the macroscopiclevel. We

�rst focuson massconservation over a REV, wherewe wish to satisfy the statement

that

2

6
6
4

rate of accumulation of

masswithin the REV

3

7
7
5 =

2

6
6
4

net in
ux of massinto

the REV acrossits boundary

3

7
7
5+

2

6
6
4

net rate of mass

production in the REV

3

7
7
5 :

In deriving the statement of massconservation for phase� , we follow the notation

from [91]. It is necessary�rst to de�ne someaveragedquantities of interest. First of

all, within the � phasethere may exist di�eren t species,� . For example,when � = w

one is interested in the liquid phasewhich �lls the pore spaceof the solid. There

may be several di�eren t liquids within the pore space,and thesedi�eren t liquids are

indexed by the � variable. The massfraction of species� in phase� is denoted by

! ��
�

M �

M �

�
whereM � denotesthe massof the � speciesand M � denotesthe massof the

� phase. The volume fraction of the � phaseis denoted by � �
�

V�
VT

�
. The variable

� �
�

M �

V�

�
represents the density of the � phase,and v �

�
L
T

�
is the meanpore velocity

of the � phase.Note that V� represents the volume of the � phase.

Now we can examine in more detail the contributions to the net in
ux of mass
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and the net rate of massproduction in the REV.

2

6
6
4

rate of mass

accumulation

3

7
7
5 =

2

6
6
4

bulk advective

transport

3

7
7
5 +

2

6
6
4

nonadvective transport

(ex: di�usion)

3

7
7
5 +

2

6
6
4

masstransfer

(ex: evaporation)

3

7
7
5 +

2

6
6
4

chemical/biological

reactions

3

7
7
5 +

2

6
6
4

masssources/sinks

(ex: wells)

3

7
7
5

This text statement is expressedmathematically via the speciesmassconservation

equation

@(� � � � ! �� )
@t

= �r � (� � � � v � ! �� ) � r � j �� + I �� + R �� + S�� ; (1.1)

wheret is time, j �� is the nonadvective 
ux term for species� in phase� , I �� represents

masstransfer from species� to the � phase,R �� represents reactionsof species� in

the � phase,and S�� represents external sourcesof species� in the � phase.The bulk

advective 
ux term is represented by � � � � v � ! �� . The conserved quantit y is the mass

of the � speciesover the total volume.

To develop the conservation of massequation for the entire � phaseonecan sum



CHAPTER 1. INTR ODUCTION 8

equation (1.1) over all species� and apply the following identities.

X

�

! �� = 1;
X

�

j �� = 0;
X

�

R �� = 0;
X

�

I �� = I � ;
X

�

S�� = S�

The massconservation law in equation(1.2) results from applying theseidentities

to the speciesmassconservation equation. In equation (1.2) the conserved quantit y

is now the massof the alpha phaseover the total volume. Also, I � accounts for

masstransfer betweenphases,and S� incorporatesexternal sourcesof massinto the

model.

@
@t

(� � � � ) = �r � (� � � � v � ) + I � + S� (1.2)

As we are currently concernedsolely with single-phase
o w, the only possible

valuesfor � areeither � = s or � = w. The I � term from equation(1.2) is commonly

ignored becausemassexchange is usually negligible between groundwater and the

solid matrix. Furthermore, the solid matrix is generally consideredto be immobile,

as any movement in the solid is negligible when comparedto the movement of the

surrounding groundwater. From now on we will focus on massconservation of the


uid phaseonly; thus � = w.

At this point the three-dimensionalmodel is comprisedof oneequationcontaining

�v e unknowns (� w , � w , and the triplet v w), so closure relations involving approx-

imations for four of the unknowns are required to obtain a well-posedmodel. By
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expandingterms, equation (1.2) is equivalent to

� w @
@t

(� w) + � w @
@t

(� w) = � � wr � (� wvw) � � wvw � r (� w) + Sw : (1.3)

Initially , density is assumedto be a function of the pressure,temperature, and

composition of the groundwater; therefore,� w = � w(pw ; T; ! w� ) wherepw is the macro-

scopic
uid phasepressureand T denotestemperature. For the majorit y of natural

systemsof interest (i.e. in the shallow subsurface),the groundwater temperature is

closeto the meanannual temperature. Two exceptionsto this assumptioninclude (i)

the groundwater very near to the surface,and (ii) the existenceof certain geothermal

conditions. As theseexceptionsoccur rarely in practice, the temperature dependence

of density is generally disregarded. Another assumption is that composition e�ects

are negligible, which is true for many dilute systems. This document focuseson

single-phase
uid 
o w; thus, compositional e�ects arecompletelyignored. Hence,the

density of the 
uid phaseis approximated as a function of the 
uid phasepressure

only. The generalfunctional form � w = � w(pw) represents an equation of state [16,

pages27, 37-38].

When comparing the terms � wr � (� wvw) and � wvw � r � w from equation (1.3),

the low compressibility of water implies that the density gradient should not be very

large. Thus another assumptionis that

j� wr � (� wvw)j >> j� wvw � r � w j: (1.4)
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By applying the approximation from equation (1.4) and dividing by � w , equation

(1.3) reducesto

� w

� w

@� w

@t
+

@� w

@t
= �r � (� wvw) + S0; (1.5)

where S0 = Sw

� w . Using the assumption that density depends primarily on pressure

changes,wecanexpandthe �rst term of equation(1.5) such that the equationreduces

to

�
� w

� w

@� w

@pw
+

@� w

@pw

�
@pw

@t
= �r � (uw) + S0 (1.6)

whereuw = � wvw is the speci�c dischargeor Darcy velocity of the 
uid phase.Under

isothermal conditions, the compressibility is given by 1
� w

@� w

@pw , and this property of the


uid is easilyfound in the literature [16, pages37-38][36, 91]. It shouldbe noted that

over narrow rangesof pressure,the compressibility is an approximately constant.

Further simpli�cation of equation (1.6) follows from the assumptionthat ground-

water 
o ws through the subsurfaceas predicted by an empirical relation known as

Darcy's law. Henry Darcy, a civil engineer,built an experimental set-up similar to

Figure 1.2 \to determine the laws of 
o w of water through sand"[38, page33]. His

goal was to improve the public drinking water system of Dijon, France where the

water waspuri�ed via sand�ltration. Figure 1.2 shows water 
o wing through a fully

saturated cylindrical column packed with a homogeneousporous medium. The vol-

umetric 
o w rate is Q
�

L3

T

�
, while the cross-sectionalarea of the column is denoted
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by A. The Darcy velocity, u, is equal to Q
A .

Figure 1.2 shows two tubescalled manometerssticking out of the cylinder. The

water 
o wing through the porousmedium is able to enter thesetubes,and generally

speaking, the height to which the water rises in the tube is a measureof the water

pressureat the tube inlet. When pressureis expressedin terms of a height of 
uid,

this quantit y is called hydraulic head, h (L) , and it is the sum of pressurehead and

elevation headas shown in equation (1.7) [56, page5900].

h =

pZ

p0

dp0

� (p0) g
+ z (1.7)

Elevation head,z, accounts for the distancebetweenthe baselinedatum and the tube

inlet. Pressurehead includes contributions from the pressureof the water column,

p, relative to a referencepressure,p0; density; and accelerationdue to gravit y, g =

9:81m
s2 . Theseforcesare what drive the water further up into the manometer. As the

manometersarea distanceof � ` apart, we write the dimensionlesshydraulic gradient

as h1 � h2
� ` , which is often generalizedover small distancesas @h

@̀ . Darcy discoveredthat

the velocity of the water was proportional to the driving force of the hydraulic head

gradient.

The Darcy's law formula generalizedto three spatial dimensionsis given by

u = � K � r h; (1.8)
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where the proportionalit y constant, K
�

L
T

�
, called the hydraulic conductivity, de-

scribesthe abilit y of the porousmedium to transmit water. The negative sign shows

that water tends to 
o w from areasof high hydraulic headtoward areasof low head.

lD

Z 1

h1

Z 2

h2

Q

Q

datum

Figure 1.2: Henry Darcy's experiment (adapted from [38, page34]).

Substituting equation (1.8) into equation (1.6) for uw yields

�
� w

� w

@� w

@pw
+

@� w

@pw

�
@pw

@h
@h
@t

= r � (K � r h) + S0: (1.9)

The term
h

� w

� w
@� w

@pw + @� w

@pw

i
@pw

@h in equation (1.9) is a measurableproperty of the

system called speci�c storage, which we denote by Ss. For a con�ned aquifer, Ss

is the volume of water releasedfrom storage in a unit volume of porous medium

material, under a unit decline in hydraulic head [17, page204]; it accounts for the

compressibility of both the 
uid and the porous medium. The single-phase
o w
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equation reducesto

Ss
@h
@t

= r � (K � r h) + S0; (1.10)

which is a singleequationfor the scalarunknown of hydraulic head. UsingDarcy's law

asa surrogatefor a momentum balance(as in equation(1.9)) implicitly assumeslam-

inar 
o w conditions. While this is a valid assumptionfor 
o w through most granular

materials, one practical exceptionexists near pumping wells where the groundwater

velocity is much greaterthan in the rest of the domain. In fact, the Reynoldsnumber,

a dimensionlessmeasureof 
o w behavior (i.e. laminar or turbulent), can be on the

order of 100. A brief justi�cation of this statement follows, including an explanation

of the Reynold's number as description of 
o w behavior.

In generalthe Reynoldsnumber is proportional to the magnitude of somechar-

acteristic velocity, u � , and inverselyproportional to the kinematic viscosity of water,

�
�

L2

T

�
. Assuming that L � is a characteristic length scale,the Reynoldsnumber is

given by

Re =
L � u �

�
: (1.11)

This number quanti�es the ratio of inertial forcesto viscousforces,and as a dimen-

sionlessquantit y, it is useful in comparing the behavior of 
o ws independent of the

scaleof the system.
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The dynamic viscosity of water, �
�

M
LT

�
, is related to the kinematic viscosity by

� =
�
�

: (1.12)

Using the surfaceaveragegrain diameter of the medium, D [16, page 125], as the

characteristic length scaleand taking the characteristic velocity to be the unknown

velocity, u, the Reynold's number can be formulated as

Re =
�D juj

�
: (1.13)

Darcy's law modelsslow 
o w conditions, generallycharacterizedby 0 < Re < 10

[16, page 126]. Higher velocity 
o w data, corresponding to Re >> 10, deviates

from the predictions of Darcy's law, as described in Section1.4. Reynold's numbers

outside the Darcy regimecan appear in practice, and hereit will be shown that near

a pumping well it is reasonableto expect a Reynold'snumber of at leastonehundred.

Table 1.1: Rangeof grain sizes(in millimeters) for various typesof gravel [40, page
410].

Fine 4-8
Medium 8-16
Coarse 16-32
Very coarse 32-64

Considera well with a gravel pack surrounding the well casingasshown in Figure

1.3. Valuesfor density and dynamic viscosity of 1000kg
m3 and 0:001 kg

m� s, respectively,
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Figure 1.3: The well screenand gravel pack are of particular importance in this
picture, as they are key parts of any well (injection or production). Original draw-
ing from [108, page2]; usedhere with permissionfrom the Director of Agriculture
Communication at North Dakota State University [81].

are usedto calculate the Reynold's number near the well. A characteristic velocity

and the average grain diameter of the gravel pack are the only parameters from

equation(1.13) which remain to be speci�ed. A grain-sizeclassi�cation table is found

in [40, page410],and the portion related to gravel is provided in Table 1.1. Assume

that for this calculation the gravel pack is composedof �ne gravel with averagegrain

diameter of 4mm. Note that if all other parametersare �xed, the Reynold's number

will increaseasthe averagegrain sizeof the gravel pack increases;therefore,this choice

of grain sizewill yield a lower boundon the Reynold'snumber nearthe well. As for the

characteristic velocity, the averagevelocity of groundwater should be approximately

0:03 m
sec at the well screen[40, page450]. In this instance, the Reynold's number at

the well screen(Re = 1000(0:004)(0:03)
0:001 = 120) is certainly outside the Darcy regime.
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1.4 Motiv ating a Nonlinear Approac h

1.4.1 Dra wbacks to Darcy's Law

The traditional formulation of the single-phase
o w problem is advantageousbecause

it only requiressolving a scalar equation for the scalar hydraulic head unknown, h.

Then the linear di�eren tial extensionof Darcy's law is usedto compute the velocity

�eld acrossthe domain from the hydraulic headsolution. However, the shortcomings

of Darcy's law are known [17, 56, 107].

SinceDarcy's law ( Q
A = K (h1 � h2 )

L ) wasderivedexperimentally, the conditionsunder

which the experiment was performedshould be kept in mind. Darcy studied steady,

saturated 
o w of water through a vertical column packed relatively homogeneously

with a porous medium; thus the experimental results apply directly to a system in

which (i) the porousmedium is well-sorted, (ii) all pore spacesare completely �lled

by a single 
uid phase,(iii) one-dimensional,slow 
o w conditions are exhibited (i.e.

Re < O(1)[16, page 127]), and (iv) all volumetric 
o w rates and head levels are

measuredoutside of the systemof interest at the megascale.

These requirements describe only a very small subset of the groundwater 
o w

problemsto which Darcy's law and its various extensionshave actually beenapplied

in practice. Oneshouldbeawarethat while in many instancesthe useof extensionsto

Darcy's law has resulted in physically reasonable
o w �elds, rigorous mathematical

support for this practice is limited and there is a tendency to ignore the implicit
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assumptionsmade when using Darcy's law. Additionally , Darcy's law breaksdown

in the caseof higher velocities; under very low permeability conditions a minimum

gradient is requiredfor 
o w, independent of Darcy's law [16, page127]. Furthermore,

under high velocity conditions groundwater 
o ws in a nonlinear, indirect path rather

than the linear onepredictedby the three-dimensionalextensionto Darcy's law given

in equation (1.8) [16, page177]. As mentioned previously, high velocity conditions

can be expectednear a pumping well.

Initially , turbulence was suspected as the sourceof the nonlinearity due to par-

allels drawn betweenporousmediium 
o w and 
o w in pipes;however, that idea has

generallybeendiscounted [66, 107]. Scheideggerprovidesan argument for why these

nonlinearities should instead be attributed to the onsetof inertial e�ects in laminar


o w [107, pages158-160].Other researchers theorize that microscopicinertial forces

[11, 33, 45, 88, 105] or microscaleand macroscaledrag forces[42, 66, 67, 84, 103] are

responsiblefor the deviations.

1.4.2 Alternativ es to Darcy's Law

The short-comingsof the traditional groundwater 
o w model in situations outsideof

the slow-
o w regime motivate an alternative to Darcy's law that will predict linear


o w behavior for Re << 10, while accurately capturing the nonlinear behavior of

the data asthe Reynoldsnumber increasesthrough the laminar 
o w regime. Darcy's

law was published in 1856[34], and as early as 1901other authors publishedvarious
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Table 1.2: Selectearly work on nonlinear modelsfor 
uid 
o w through porousmedia
as reported in [16, pages182-184]

Group I
Forchheimer (1901) J = au + bu2, a and b constant
Forchheimer (1901) J = au + bu2 + cu3, c alsoconstant
Forchheimer (1930) J = au + bum , 1:6 � m � 2

Group II

Rumer and Drinker (1966) J = S1CD u2

2g� 2

q
(1� � )
N s S2k

Bachmat (1965) k � J = �
g

�
1 + u� g

��

�
u

Group II I

Ergun(1952) J = 150(1� � )2 �
� 3gD 2 u + 1:75(1� � )

� 3gD u2

Schneebeli (1955) J = 1100 �
g&2 u + 12

g&u2

nonlinear alternatives which were shown to out-perform Darcy's law in a variety of

experimental situations [16, pages182-184][107, pages162-180][41].

Bear separatesmuch of the early work on nonlinear motion equations into cat-

egoriesbasedupon how the model coe�cien ts relate to 
uid and porous medium

properties, if at all. In [16, pages182-184]Bear providesan overview of the nonlinear


o w models proposed from 1901-1967,where the models in group I contain coef-

�cien ts entirely unrelated to 
uid and porous medium properties; group II models

have coe�cien ts slightly related to 
uid and medium properties, but not all param-

etersare; while all parametersin the group II I modelsare speci�ed in terms of 
uid

and medium properties.

Table 1.2 provides a subsetof Bear's listing, with most models posited in terms

of the one-dimensionalhydraulic gradient, J = h1 � h2
� x ; however, Bachmat's model
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appliesto fully three-dimensional
o w in an anisotropic porousmedium. As a point

of reference,Darcy's law in one spatial dimension is stated as u = K J when using

this J notation. To explain the rest of the notation in Table 1.2, � is the porosity,

u is the one-dimensionalspeci�c dischargeor Darcy velocity, the coe�cien ts S1 and

S2 are volume and surface-shape factors, g is the accelerationdue to gravit y, � is

the kinematic viscosity, Ns is a factor which accounts for the e�ects of neighboring

particles, CD is a particle drag coe�cien t which dependsupon Reynoldsnumber, k

is the permeability of the porousmedium, � g is a geometricalcoe�cien t accounting

for the changing orientation of the 
uid 
o w path, D is the particle diameter, and &

is a constant multiple of the reciprocal of the speci�c areaper unit volume of solid.

The two modelswhich have beenthe focusof continuing and current research are

Forchheimer'sequation,

J = au + bu2 + cu3;

and Ergun's equation [19, 66, 88, 95, 114],

J = 150
(1 � � )2 �

� 3gD 2
u + 1:75

(1 � � )
� 3gD

u2

which are empirical nonlinear motion models. Forchheimer'sequationhasbeenstud-

ied in the context of natural convection in which it was shown that the quadratic

velocity term was negligible [45, 90, 99], but most other authors take the stance

that under di�eren t 
o w conditions it is instead the cubic term which is unnecessary
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[48, 84, 96]. Modi�cations to Ergun's equation have also been made to better �t

experimental and simulated data [95].

Severalauthorshaveusedtechniquesfrom continuum mechanics,averagingtheory,

hybrid mixture theory to derive relations which contain higher order powers of the

velocity similar to what appear in the single-phaseForchheimerequation[33, 66, 104].

Furthermore, multiphase and anisotropic extensionsto Forchheimer'sequation have

beenderived and usedsuccessfullyin numerical simulations [19, 109, 113, 114].

In this current work we utilize Forchheimer'squadratic form of the hydraulic gra-

dient. In particular, the model includesboth porousmediumpropertiesand constants

speci�ed by �tting data which is �rst generatedvia microscalelattice-Boltzmann sim-

ulations and then appropriately averagedto the macroscale[96, page1].

�r p + � g =
�
kf

u + � � ukuk2 (1.14)

In equation (1.14), the more generalquantit y r p � � g is consideredin place of the

hydraulic headgradient which was the focus of the previousdiscussionon nonlinear

extensionsto Darcy's law. In this expressionfor Forchheimer's equation, � (L � 1)

is an inertial coe�cien t and kf (L2) is the Forchheimer intrinsic permeability. Like

the saturated hydraulic conductivity mentioned during the discussionof Darcy's law,

intrinsic permeability providesa measureof the medium's abilit y to transmit a 
uid.

However, hydraulic conductivity, which is related to the intrinsic permeability via the
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formula

K =
�g kf

�
; (1.15)

is not only a property of the medium, but alsoof the 
uid of interest. The particular

valuesfor kf and � usedin the numerical simulations in Chapter 4 are given in [96,

page6].

1.4.3 Additional Nonlinear E�ects: Adv ectiv e Acceleration

The Thermodynamically Constrained Averaging Theory (TCAT [60, 61]) approach

to modeling 
o w through porous media yields a momentum conservation equation

with two nonlinearities. One, the inertial term, can be attributed to Forchheimer's

expressionfor the nonlinear relationship betweenthe pressuregradient and the Darcy

velocity, u. The other term, the advective acceleration,hasthe conservative form of

r �
�

� u 
 u
�

�
; (1.16)

where u is a row vector, and 
 is the tensor or dyadic product. In particular, this

term in the momentum equation represents how the momentum of the 
uid (� u) is

transported via advection by the pore velocity
�

u
�

�
. In the Darcy/non-Darcy 
o w

literature, this term is either missingentirely from the 
o w model or assumedto be

negligible. The reasoningbehind this assumption is that porous media 
o w is, in

general,soslow that the term is insigni�cant in comparisonto the other terms in the
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equation [16, page104].

However, in this study we include the advective acceleration term in the 
o w

model (seeSection3.1) to more thoroughly examineits numerical contribution asthe

velocities of the systemincrease.In particular, we seeka more formal description of

the signi�cance of the nonlinearity in real systemsof interest. By \real systemsof

interest", we refer to heterogeneousporous media. Historically this aspect of non-

Darcy 
o w has beengiven little attention; in fact, the recent publications by Fourar

et al. comprisemuch of the relevant literature [47, 97] on heterogeneity of the media.

To meetthesegoals,the plethora of literature on the incompressibleNavier-Stokes

equations(seeChapter 2) is leveragedthroughout this document. Indeedthe Navier-

Stokesequationsinclude advective acceleratione�ects and the corresponding litera-

ture contains detailed analysisof the form of advective accelerationappropriate for

that context,

r � (u 
 u) : (1.17)

Accordingly, much of Section 3.3.3 involves melding the theory required to simu-

late non-Darcy 
o w through porousmedia with the advective accelerationaspectsof

Navier-Stokes 
o w. Moreover, notational conventions from the Navier-Stokes litera-

ture are adopted in the remainderof this document, as detailed in Chapter 2.



Chapter 2

Background Regarding the

Navier-Stok es Equations

This section usesthe Navier-Stokes equations as a forum to discussthe advective

accelerationterm. Moreover, this sectionwill provide a brief introduction to relevant

function spacesand the �nite element method. Most of the information presented in

this sectionis discussedby Gunzburger in [63, Chapters1 and 2].

2.1 Equations and Notational Conventions

Recall from Section1.4.3that the advectiveaccelerationterm, r �
�

� u 
 u
�

�
(alsoshown

in equation (1.16)), is ignored in the Darcy/non-Darcy 
o w literature. Section1.4.3

alsomentions that the literature regardingthe incompressibleNavier-Stokesequations

contains detailed analysisof the form of advective accelerationappropriate for that

23
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context, which (repeatedfrom equation (1.17)) is

r � (u 
 u) :

A perusalof articles regarding the incompressibleNavier-Stokesequationswill more

often than not referencethe advective form of this term expressedas

u � r u; (2.1)

rather than the conservation form from equation(1.17). This equivalencecomesfrom

combining the vector identit y [78, Page1154]

r � (a 
 b) = b � r a + a (r � b) (2.2)

with the assumption that the velocity is solenoidal (this assumption is formulated

mathematically in equation (2.3b)). A formulation of the incompressibleNavier-

Stokesequationsfollows.

� � � u + u � r u + r �p = f in 
 (2.3a)

r � u = 0 in 
 (2.3b)

u = 0 on � (2.3c)



CHAPTER 2. NAVIER-STOKES BACKGROUND 25

Equation (2.3a) is the Navier-Stokes momentum equation, equation (2.3b) is the

incompressibility constraint, and the homogeneousDirichlet boundary condition on

velocity is given by equation (2.3c). The body force per unit massis denotedby f ,

� is the constant kinematic viscosity, asdiscussedin Section1.3, and �p
�

L2

T 2

�
is equal

to the pressure,p, divided by the constant density, � . The domain, 
, is assumedto

be an open, boundedregion in Rn (n=2 or 3) with boundary denotedby �.

In the incompressibleNavier-Stokesliterature, vectorsare assumedto be oriented

as row vectors, the gradient operator is de�ned in [63, Page6] as

[r u]ij =
@uj

@x i
; (2.4)

and the vector Laplacian is de�ned by applying the Laplacian operator component-

wise to the vector such that

[� u]i = � ui : (2.5)

2.2 Relev ant Function Spaces

In order to discussthe �nite element approximation of equations(2.3), various func-

tion spacesand their associated norms must �rst be introduced. Functions that are

squareintegrableover 
 are denotedby L 2(
) and are associated with the following
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inner product (equation (2.6)) and norm (equation (2.7)).

(a;b) =
Z




abd
 (2.6)

kak0 = (a;a)1=2 : (2.7)

A similar inner product is de�ned for vector-valued functions in L 2 (
) (where each

component of the vector is an element of L 2 (
)) as

(a; b) =
Z




a � b d
 : (2.8)

This notation will be particularly useful in rewriting the weak form of the Navier-

Stokesequationsin a very compact form later in this section.

Additionally , a constraint can be applied to L 2(
) in order to yield another func-

tion space.Speci�cally, including the requirement that the function have zeromean

over 
 results in the constrainedfunction space

L2
0(
) =

8
<

:
a 2 L 2(
) :

Z




ad
 = 0

9
=

;
: (2.9)

From equations(2.3), it is apparent that the Navier-Stokespressure,�p, is only spec-

i�ed up to an arbitrary additive constant. Thus, one appropriate choice of solution

spacefor pressureis �p 2 L 2
0(
); another option is to look for solutions �p 2 L 2(
) with

an additional condition that �p is �xed at onepoint in 
.
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The squareintegrable functions whosederivatives of order lessthan or equal to

i (where i � 0 is an integer) are also squareintegrable are of interest as well. This

Sobolev spaceis denotedby

H i (
) =
�

a 2 L 2 (
) : D #a 2 L 2 (
) ; # = 1; : : : ; i
	

(2.10)

whereD # denotesany and all derivativesof order #. The norm associatedwith H i (
)

is

kaki =

 

kak2
0 +

X

#� i

kD #ak2
0

! 1=2

: (2.11)

For vector-valued functions whereeach component of the vector is an element of

H i (
), the vector itself is an element of

H i (
) =
�
H i (
)

� n
=

�
v : vj 2 H i (
) ; j = 1; : : : ; n

	
: (2.12)

The vector norm, denotedkvki , is de�ned by

kvki =

 
nX

j =1

kvj k2
i

! 1=2

: (2.13)

Just as a new function space(L 2
0 (
)) resulted from applying the zero-meancon-

straint to the L 2 (
) function space,a similar constraint processcan generatea new
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Sobolev spaceby constraining the spaceH 1 (
). Speci�cally,

H 1
0 (
) =

�
a 2 H 1 (
) : a = 0 on �

	
; (2.14)

whereelements of this constrainedspacenot only haveonesquareintegrablederivative

over the domain, but also vanish on the boundary of the domain. Of course,this

Sobolev spacealso has a vector extensionsuch that elements of H 1
0 (
) are vectors

with individual components in H 1
0 (
). The norm associated with H 1 (
) is

kak1 =

 

kak2
0 +

nX

i =1








@a
@x i








2

0

! 1=2

; (2.15)

and the semi-normfor functions belongingto H 1
0 (
) is de�ned to be

jaj1 =

 
nX

i =1








@a
@x i








2

0

! 1=2

: (2.16)

The dual spaceH � 1 (
) consistsof boundedlinear functionals on H 1
0 (
), i.e.

H � 1 (
) =
�

a : (a;v) < 1 for all v 2 H 1
0 (
)

	
: (2.17)

A norm for this spaceis given by

kak� 1 = sup
06= v2 H 1

0 (
)

(a;v)
jvj1

: (2.18)



CHAPTER 2. NAVIER-STOKES BACKGROUND 29

The trace spacesare also required for the analysisrelating to the incompressible

Navier-Stokes equations. The trace spacesconsist of the restriction of functions in

H i (
) to the boundary �. For example, H 1=2 (�) consists of traces of functions

belongingto H 1 (
), and the norm associated with this trace spaceis given by

kak1=2;� = inf
v 2 H 1 ( 
)

v= a on �

kvk1: (2.19)

2.3 The Weak Form

To write the weak form of equations(2.3) oneconsidersthe velocity u 2 H 1
0 (
) , the

pressure�p 2 L 2
0 (
), and the body forcef 2 H � 1 (
). Then each equationis multiplied

by an appropriate test function and integratedover the domainof interest. To specify

the Galerkin weak form, the test functions w and q (associated with velocity and

pressure,respectively) are chosento be elements of the samefunction spacesas their

unknown counterparts. This is contrasted with Petrov-Galerkin formulations where

each test function neednot comefrom the samefunction spaceas the unknown it is

associated with.

Nevertheless,executing the stepsjust described in the processof generatingthe
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Galerkin weak formulation of equations(2.3) results in

Z




� � � u � w d
 +
Z




u � r u � w d
 +
Z




r �p � w d
 =
Z




f � w d
 (2.20a)

for all w 2 H 1
0 (
)

Z




r � uqd
 = 0 in 
 for all q 2 L 2
0 (
) : (2.20b)

The boundary condition on velocity is accounted for by choosing u 2 H 1
0 (
); all

elements of that function spaceare identically zeroon the boundary of 
. To reduce

the regularity requiredof the unknown functions,oneintegratesthe termswith higher-

order derivativesby parts. For example,in equation (2.20a) the terms involving the

Laplacian of the velocity and the gradient of pressureare integrated by parts, and

the result is given in equations(2.21).

� �
Z

�

(r u � n) � w d� + �
Z




r u : r w d
 +
Z




(u � r u) � w d
 (2.21a)

+
Z

�

�pn � w d� �
Z




�pr � w d
 =
Z




f � w d


for all w 2 H 1
0 (
)

Z




r � uqd
 = 0 in 
 for all q 2 L 2
0 (
) (2.21b)

Note that n denotesthe unit outward normal vector to the boundary. New notation
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is introducedin equations(2.21), and the de�nitions follow.

r u : r v =
nX

i;j =1

@ui

@x j

@vi

@x j
(2.22)

(v � r u) � w =
nX

i;j =1

vj
@ui

@x j
wi (2.23)

The choiceof function spacesfor velocity and pressurecausethe boundary terms

in equation (2.21a) to vanish. Thus the weak form of the Navier-Stokes equations

can be simpli�ed to the following systemof equations.

�
Z




r u : r w d
 +
Z




u � r u � w d
 �
Z




�pr � w d
 =
Z




f � w d
 (2.24a)

for all w 2 H 1
0 (
)

Z




r � uqd
 = 0 in 
 for all q 2 L 2
0 (
) (2.24b)

Using the vector inner product from equation(2.8), two bilinear forms and a trilinear

form can be de�ned that allow the Navier-Stokesequationsto be written in a more

compact form.

a(u; w) = �
Z




r u : r w d
 for all u; w 2 H 1 (
) (2.25a)

b(w; q) = �
Z




qr � w d
 for all w 2 H 1 (
) and q 2 L 2 (
) (2.25b)

c(v; u; w) =
Z




v � r u � w d
 for all u; v ; w 2 H 1 (
) (2.25c)
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The weak form of the Navier-Stokesequationsfrom equations(2.24) can be written

more succinctly as

a(u; w) + c(u; u; w) + b(w; �p) = (f ; w) for all w 2 H 1
0 (
) (2.26a)

b(u; q) = 0 for all q 2 L 2
0 (
) : (2.26b)

2.4 Discrete System of Nonlinear Equations

To transition from the continuous, weak �nite element problem shown in equations

(2.26) to the discrete�nite element problem,onechoosesa family of �nite dimensional

spacesV �
0 and S�

0 for the velocity and pressure,respectively. Here, � is a measure

of the grid spacing associated with the discretization of the domain into elements

denotedby 
 e for e = 0: : : (ne � 1), wherene is the total number of elements in the

domain.

The �nite dimensionalproblem is to �nd u � 2 V �
0 and �p� 2 S�

0 which satisfy

a
�
u � ; w �

�
+ c

�
u � ; u � ; w �

�
+ b

�
w � ; �p�

�
=

�
f ; w �

�
(2.27a)

for all w � 2 V �
0

b
�
u � ; q�

�
= 0 for all q� 2 S�

0 : (2.27b)

The �nal step in the �nite element method is to choosebasesfor V �
0 and S�

0 in order

to transform the equationset in (2.27) into a systemof nonlinearalgebraicequations.
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Let f qj (x)g; j = 1; : : : ; J be a basisfor S�
0 , while f w i (x)g; i = 1; : : : ; I is a basis

for V �
0 . Using thesebases,the discreteunknowns �p� and u � can be written as

�p� =
JX

j =1

� j qj (x) (2.28)

u � =
IX

i =1

� i w i (x) (2.29)

with constant coe�cien ts � j and � i . With thesebasisexpansions,equations(2.27)

may be rewritten yet again as the following systemof equations. Note that the test

functions are chosento be the basisvectors.

IX

i =1

a(w i ; w � ) � i +
IX

i;m =1

c(wm ; w i ; w � ) � i � m +
JX

j =1

b(w � ; qj ) � j = (f ; w � ) (2.30a)

for � = 1; : : : ; I
IX

i =1

b(w i ; q� ) � i = 0 for � = 1; : : : J (2.30b)

The issueof how to choose the �nite dimensional spacesV �
0 and S�

0 remains

to be addressed. For a conforming method one would choose V �
0 � H 1

0 (
) and

S�
0 � L2

0 (
); in the nonconformingalternative, V �
0 6� H 1

0 (
) and/or S�
0 6� L2

0 (
).

For the Navier-Stokesequationsusingjust any choiceof conforming spacesmay result

in an unstablenumerical scheme. This is becausethe Navier-Stokesequationsare an

exampleof a mixed �nite element method.

A usefulde�nition, due to Roberts and Thomas [102, Page527],states that
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\...a �nite element method is a mixed method if it involvesthe simul-

taneousapproximation of two or morevector �elds de�ned on the physical

domain. Thesewill in generalbe the principal unknown and an expression

involving oneor more of its derivatives."

In the caseof the Navier-Stokesequations,the interplay betweenvelocity and pressure

meansthat the basesfor S�
0 and V �

0 cannot be chosenindependently. The two bases

must relate to each other in such a way that the Ladyzhenskaya-Babu�ska-Brezzi(LBB)

condition is satis�ed. This condition is namedfor the three researcherswho quanti�ed

the theoretical relationship betweenthe function spaces[5, 6, 7, 25, 83].

2.5 LBB Condition

The LBB condition ([79, Page 234] and [102, Pages567-573]),also known as the

inf-sup condition and the div-stabilit y condition [63, Pages10-13],providesguidance

on how to choosebasiscombinations for velocity and pressurethat will yield a stable

numerical scheme. The following mathematical statement is one way to expressthe

LBB condition. Given any q� 2 S�
0 ,

sup
06= w � 2 V �

0

 
b

�
w � ; q�

�

kw � k1

!

� � kq� k0; (2.31)

where� is a positive constant chosenindependent of both � and q� .

The referencesabove provide very detailed information regardingthe div-stabilit y
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condition; thus, only an overview of the condition and its applicability to the non-

Darcy 
o w model (shown in Section (3.1)) is provided here. As the name and the

appearanceof the bilinear operator b
�
w � ; q�

�
in equation (2.31) suggests,the div-

stabilit y condition is required due to the appearanceof the divergence-freevelocity

in the steady-statemassconservation equation (2.3b).

Gunzburger clearly states the essenceof the div-stabilit y condition as, \L oosely

speaking, thediv-stability condition ensures,ash ! 0 at least, that discretelysolenoidal

functions tend to solenoidal functions." [63, Page 13]. The referenceto \ h ! 0"

(� ! 0 using the notation of this document), is equivalent to \the computational

grid is re�ned". To ensurethe stableapproximation of a discretelydivergence-freeve-

locity, the div-stabilit y condition restricts the allowablecombinations of �nite element

spacesfor pressureand velocity. In particular onecannot usethe same�nite element

spacede�ned over the sametessellationof the computational domain to approximate

both pressureand velocity.

For thosemore familiar with �nite di�erence methods, considerusing a standard

central di�erence scheme to discretize the continuous equations in (2.3) under the

assumptionthat all unknowns are located at cell-centers. The equivalent idea from

the �nite element method is usingthe same�nite element spacede�ned over the same

grid, and in both casesunphysical pressureoscillations appear in the solution. One

way to remove theseoscillations for �nite di�erence schemesis to assumethat the

unknowns are located on a staggeredgrid, and apply the central di�erence scheme
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to the equations in that case. For the �nite element method one can remove the

unphysical oscillationsby choosinga combination of �nite element spacesfor velocity

and pressurewhich satisfy the LBB condition. As in the caseof �nite di�erences,

there exists more than one way to correct the oscillatory pressure�eld when using

the �nite element method. One way to circumvent this restrictive condition is to use

stabilization techniqueswhich are addressedin Sections2.6 and 3.3.3.

While the LBB condition is discussedhere within the context of the nonlinear

Navier-Stokesequations,it should be emphasizedthat it is the relationship between

the unknowns of the problem rather than the nonlinearity that placesa restriction

on the allowable function spaces. In the next section, stabilization techniques will

be illustrated in the context of a linear problem which is also subject to the LBB

condition.

2.6 Illustrating Stabilization Techniques Via the

Stok es Equations

Stabilization techniquesallow the useof any combination of basisfunctions, without

regardto the constraints imposedby the LBB condition. For stabilizedequations,the

samelow-orderbasisfunctions canapproximate both velocity and pressureand result

in a stablediscretesystem. In this casethe stepsrequiredto transform the continuous

partial di�eren tial equationsinto the correspondingdiscretelinear or nonlinearsystem
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are greatly simpli�ed.

This sectioncovers a variety of available stabilization techniquesat a high level,

but doesnot attempt to detail the extensive literature on this topic [23, 24,49,50, 51,

73, 75,76,77, 78, 89, 110]. While not exhaustive, this sectioncovershow stabilization

circumvents the LBB condition and focuseson multiscale residualstabilization. This

technique arisesagain in Section3.1 to stabilize the groundwater 
o w equations.

To simplify the introduction to stabilization, consider the linearization of the

Navier-Stokesequations,better known as the Stokesequations.

� � � u + r �p = f in 
 (2.32a)

r � u = 0 in 
 (2.32b)

u = 0 on � (2.32c)

As one can see,the Stokes equations only di�er from the Navier-Stokes equations

by the exclusionof the advective term. Furthermore, the samefunction spacesare

consideredfor approximating the solution to the systemof equations,namely those

satisfying the LBB condition shown in equation (2.31).

The weak form of the Stokesequationscan be derived in the samefashion as in

Sections2.3 and 2.4 for the weak form of the Navier-Stokesequations. Utilizing the

bilinear form notation introducedin equations2.26, the Stokesequationsin discrete
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weak form can be written as

a
�
u � ; w �

�
+ b

�
w � ; �p�

�
=

�
f ; w �

�
for all w � 2 V �

0 (2.33a)

b
�
u � ; q�

�
= 0 for all q� 2 S�

0 : (2.33b)

According to [26, Page3], linear problemsof the form

A
�

eu � ; ew �
�

= F
�

ew �
�

8ew � 2 V � (2.34)

where A (�; �) is a continuous, symmetric bilinear form on a spaceof admissible

functions, V � , and F (�) is a linear form on the samespacewill havea uniquesolution

if the bilinear form is coercive.

De�nition 2.1. A bilinear functional A (�; �) on a normed space E is called coerciv e

(or sometimeselliptic) if there existsa positive constant � suchthat

A (x; x) � � kxk2
E 8x 2 E: (2.35)

The Stokesproblem from equations(2.33) can be written as a linear problem of
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the form shown in equation (2.34), where eu � =
�
u � ; �p�

�
and ew � =

�
w � ; q�

�
.

A
�

eu � ; ew �
�

= F
�

ew �
�

8ew � 2 V �
0 � S�

0 (2.36a)

where

A
�

eu � ; ew �
�

� a
�
u � ; w �

�
+ b

�
w � ; �p�

�
� b

�
u � ; q�

�
(2.36b)

and

F
�

ew �
�

�
�
f ; w �

�
(2.36c)

The bilinear form A
�

eu � ; ew �
�

de�ned above is not coercive for just any combination

of function spacesin V �
0 � S�

0 . At this point, the LBB condition still must be

satis�ed. Stabilization techniquescircumvent the LBB condition by adding terms to

(2.36). Theseadditional terms are chosenin such a way that

1. the new bilinear form is coercive for any choiceof basisfunctions in V �
0 � S�

0 ,

2. and the solution to the new systemis consistent with the solution to the Stokes

equations.

As an example of how stabilization techniques satisfy these criteria, considera

residual stabilization technique for the Stokesequationsproposedby Hugheset. al.

in [75]. The description that follows is actually aligned with a simpli�cation of the

Hughestheory due to Gunzburger[63, Section3.5]; however, the simpli�ed versionis

still a valid stabilization strategy for the discreteStokesequationsin (2.33).

In the Hughesmethod, an integral term involving the Stokesdiscretemomentum
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equation is addedto the incompressibility constraint for each element in the domain.

The resulting modi�ed discretesystemis

a
�
u � ; w �

�
+ b

�
w � ; �p�

�
=

�
f ; w �

�
(2.37a)

for all w � 2 V �
0

b
�
u � ; q�

�
+ $

ne� 1X

e=0

� 2
e

Z


 e

�
� � u � � r �p� + f

�
� r q� d
 = 0 (2.37b)

for all q� 2 S�
0 ;

where$ is a constant and � e is the grid spacingassociatedwith element 
 e. Sincethe

momentum residual vanishesfor the solution, [u; p], of the Stokesproblem, equation

(2.37b) is satis�ed exactly and the method is consistent with the original Stokes

problem.

The modi�ed equation set in (2.37) represents a new linear problem,

A
�

eu � ; ew �
�

= F
�

ew �
�

8ew � 2 V �
0 � S�

0 (2.38)

where the associated bilinear form is denotedby A (�; �). The operators representing

the modi�ed problem are de�ned to be
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A
�

eu � ; ew �
�

� A
�

eu � ; ew �
�

� $
ne� 1X

e=0

� 2
e

�
� � u � � r �p� ; r q�

�

 e

F
�

ew �
�

� F
�

ew �
�

+ $
ne� 1X

e=0

� 2
e

�
f ; r q�

�

 e

;

wherethe subscript 
 e denotesthat the eth element is the limit of the integral of the

inner product.

Adding the above stabilization terms will circumvent the LBB restrictions aslong

as the choice of $ guaranteesA (�; �) is coercive over V �
0 � S�

0 with respect to the

norm [63, Page45]
q

ju � j21 + k�p� k2
0: (2.39)

Under a minor meshregularity assumption(see[27, Page226] for details), it can be

shown that for small $ , A (�; �) is coercive for piecewisecontinuouspolynomial basis

functions. From [27, Page 227] and [75, Page 90-91], the details required to prove

coercivity are as follows.

A
�

eu � ; eu �
�

= a
�
u � ; u �

�
+ b

�
u � ; �p�

�
� b

�
u � ; �p�

�

� $
ne� 1X

e=0

� 2
e

�
� � u � � r �p� ; r �p�

�

 e

= a
�
u � ; u �

�
� $

ne� 1X

e=0

� 2
e

� �
� � u � ; r �p�

�

 e

� kr �p� k2
0;
 e

�

The following assumptionsfrom [75, page90] are required to simplify this expression
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further.

� k� u � k
 e � Ce� � 1
e kr u � k
 e 8u � 2 V �

0 whereCe is a nondimensionalconstant

depending upon element type, and

� 0 < $ � $ e � C � 2
e ; e = 1; 2; : : : ; ne, where$ is a constant

The term $ � 2
e

�
� � u � ; r �p�

�

 e

can be boundedas follows.

j$ � 2
e

�
� � u � ; r �p�

�

 e

j �
$ � 2

e

2

�
1
�

k� � u � k2

 e

+ � kr �p� k2
0;
 e

�

�
$ � 2

e

2

�
C2

e � � 2
e

�
k� r u � k2


 e
+ � kr �p� k2

0;
 e

�

�
1
2�

k� r u � k2

 e

+
$ � 2

e�
2

kr �p� k2
0;
 e

The following is true for bC > 0.

a
�
u � ; u �

�
� $

ne� 1X

e=0

� 2
e

�
� � u � ; r �p�

�

 e

+

$
ne� 1X

e=0

� 2
ekr �p� k2

0;
 e
� a

�
u � ; u �

�
+

$
ne� 1X

e=0

� 2
ekr �p� k2

0;
 e
�

ne� 1X

e=0

1
2�

k� r u � k2

 e

�
ne� 1X

e=0

$ � 2
e�

2
kr �p� k2

0;
 e

�
�
2

ju � j21 +
bC$
2

ne� 1X

e=0

� 2
ekr �p� k2

0;
 e

For su�cien tly small $ > 0, there exists a constant eC > 0 independent of the mesh
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size,such that

A
�

eu � ; eu �
�

� eC
�
ju � j21 + k�p� k2

0

�
8eu � 2 V �

0 � S�
0 :



Chapter 3

Saturated Flo w through Porous

Media

3.1 Groundw ater Flo w Mo del Equations

The model for saturated, single-phasegroundwater 
o w is shown in equations(3.4)

below where it is assumedthat the domain of interest is 
 with boundary � = @
.

The boundary is partitioned into two regions;� N , whereNeumannvelocity boundary

conditions are applied and � D , where Dirichlet pressureboundary conditions are

enforced(seeequations(3.4c) and (3.4d)). Thesetwo regionspartition the boundary

44
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of the domain in the following way.

� N [ � D = � (3.1)

� N \ � D = ;

In addition to these geometric conventions, notational conventions must be set

with respect to the model equations. The standard notation set forth in the �nite

element literature for the incompressibleNavier-Stokesis followed in this document.

Gunzburger([63, Pages3-6]) providesan explicit description in which all vectorsare

assumedto be row vectorsand the gradient operator is de�ned such that

[r u]i;j =
@uj

@x i
: (3.2)

Within this context, the 
 operator in the advective acceleration term (equation

(1.16)) combinestwo row vectors into a matrix object de�ned by

a 
 b � aT b: (3.3)

More information on representing the advectiveaccelerationterm is provided in Chap-

ter 2.

Enough geometric and mathematical notation has been establishedto posethe

equationscomprising the saturated, single-phase
o w model. Equation (3.4a) is the
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massconservation equation and equation (3.4b) ensuresmomentum conservation.

@(�� )
@t

+ r � (� u) = S 2 
 (3.4a)

@(� u)
@t

+ r �
�

� u 
 u
�

�
+ � (r p � � g) = �

��
k

u � �� � kuk2u 2 
 (3.4b)

u � n = 0 2 � N (3.4c)

p = pD 2 � D (3.4d)

At this point, further notational explanation is warranted. In equation(3.4c), n is

the unit outward normal vector to the boundary � N . The Dirichlet boundary condi-

tions for pressureare denotedby pD . In equation (3.4a), external masssources/sinks

are represented by S. A preview of the scenarioconsideredin the numerical results

of this document (Chapter 4), aswell as the future work proposedin Section6.2 will

serve to illustrate possiblerepresentations for S.

The two-dimensionalnumerical exampleconsideredin Chapter 4 is 
o w from left

to right acrossa squaredomain,wherethe 
o w is inducedby a �xed pressuregradient

acrossthe domain. In this case,there areno external sourcesof mass,soS = 0. The

future work proposedin Section 6.2 concernsa three-dimensionaldomain in which


o w is induced acrossthe domain due to the interaction of two pumping wells (see

the overheadview of a three-dimensionaldomain in Figure 3.1). The black dot in

the �gure represents a production well, or a well that is pumping water (mass) out
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WELL

INJECTION 
WELL

PRODUCTION

Figure 3.1: Example of how injection and production wells induce 
o w acrossthe
domain. Wells are incorporated in the 
o w model through a non-zeromasssource
term (S) in equation (3.4a).

of the subsurfaceat a given rate. The other dot represents an injection well which is

pumping water (mass) into the subsurfaceat the samerate as the production well is

removing it. This set-up will produce a 
o w �eld in which the water will 
o w from

the injection well acrossthe domain to the production well. The generalexpression

for the masssourceterm takesthe form

S =
N WX

i =1

� i Qi � (x � x i ) (3.5)

where there are N W total wells in the domain. For the speci�c exampleshown in

Figure 3.1, N W = 2. Using this expressionmeansthat well i , which is pumping with

volumetric 
o w rate Qi , is modeled as a point sourceat x i in the domain using the

Dirac delta function, � (x � x i ). This function has the fundamental property that

1Z

�1

f (x)� (x � a) dx = f (a): (3.6)
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Note also that the right hand side of equation (3.4b) is the Forchheimer relation

discussedin Section1.4.2.

3.2 Incorp orating Heterogeneit y in the Mo del

3.2.1 Motiv ation

The momentum equation introducedin equation (3.4b) of section3.1 can be consid-

eredterm by term in the following way.

@(� u)
@t| {z }

acceleration term

+ r �
�

� u 
 u
�

�

| {z }
advective acceleration term

+ � (r p � � g) +
��
kf

u
| {z }

Darcy term

+ �� � ukuk2| {z }
Forchheimer term

= 0

In Chapter 4, all numerical simulations of the 
o w model shown in equations(3.4)

will deal with the steady-stateinstance. For the momentum equation, which is the

focus of this section, this meansthat one can ignore the accelerationterm which is

equal to zeroat steady-state.

As for the advectiveaccelerationterm, its contribution to the momentum equation

will increasewith the complexity of the 
o w �eld; however, the questionof whether

this term is \signi�can t" in comparisonto both the Darcy and Forchheimer terms

still remains to be answered. This question is important as we seekto determine

which nonlinear terms in the momentum equation have the greatest impact on the

solution to the 
o w model. For this section we determine that the advective term
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is \signi�can t" if it is of the sameorder of magnitude as either the Darcy or the

Forchheimer term.

The goal is to determine if, and when, the advective term becomessigni�cant

when modeling real systemsof interest. In particular, in two spatial dimensionsthe

examination will involve a block heterogeneousmedia in order to evaluate the e�ect

of advective accelerationover a more complicated
o w �eld.

While it is relatively easyto describe a block heterogeneoussystemherein words,

it is another matter to generateactual values of permeability which are both de-

scriptive of the above two-dimensionalproblem and can be provided as input to a

simulator. The �rst step in generating a \realistic" system is to assumethat the

hydraulic conductivity or permeability of most natural porousmedium systemsis (i)

log-normally distributed and (ii) spatially correlated [38, page38]. This meansthat

if X is a random variable distributed log-normally, then Z = ln(X) is a normally

distributed random variable with mean� Z and variance� 2 ( Z 2 N (� Z; � 2) ).

As for spatial correlation, Figure 3.2providesa basicsketch of this concept. If the

distancebetweentwo points x1 and x2 (denoted by d = jx1 � x2j where the metric

of choice is immaterial) is lessthan the correlation length, CL , then the correlation

between the two points increasesas the distance between them decreasesand vice

versa. On the other hand, if d > CL then there is no correlation between the two

points regardlessof how large d becomes.There are a variety of correlation formulas

available, but the simulations in Chapter 4 are basedon the Gaussianformulation
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shown in equation (3.7).

In the context of determining the permeability of the porous medium contained

in a speci�c domain of interest, two locations in the domain within one correlation

length of each other are more likely to have similar permeabilitiesthan if more than

onecorrelation length separatedthem. This doesnot rule out the possibility that two

locations far from each other in the domain could have similar permeabilities, it is

only stating that one is more likely to �nd localized\neighborhoods" having similar

hydraulic properties.

increasing correlation

1 2
|x  - x  |

0 C
L

correlation = 0

Figure 3.2: When the distancebetweentwo points is lessthan somecorrelation length,
then the distanceis inverselyproportional to the correlation betweenthe two points.
However, when the distancebetweenthe two points exceedsthe correlation length,
the two points are uncorrelated.

Several algorithms exist to generatea random �eld exhibiting a standard normal

distribution with spatial correlation; turning bands, sequential Gaussianalgorithm,

and the fast Fourier transform (FFT) are a few examples[37, pages147-148]. The

simulations in Chapter 4 usea sequential Gaussianalgorithm to generatedata from

a standard normal distribution. Postprocessingof the data is required before it ap-

proximates a permeability �eld with "realistic" meanand standard deviation.



CHAPTER 3. SATURATED FLOW THROUGH POROUS MEDIA 51

3.2.2 Random Field Generation

The sequential Gaussianalgorithm is explained in [37, sectionV.2.3], and a speci�c

implementation of this algorithm, sgsim, is distributed in the GeostatisticalSoftware

LIBrary (GSLIB). GSLIB sourcecode, documentation, and executablescan be found

at the website http://www.gslib.com/ , and further documentation is provided in

the text [37].
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Figure 3.3: GSLIB assumesthe data it generatesis located at cell centers (marked
by an \X"), while all numerical computations in Chapter 4 are performedwith nodal
(black circles) values. Therefore, an interpolation schemeis required as part of the
postprocessingstep. The computational domain for the 
o w simulator, 
, is repre-
sented by the squaredrawn using solid lines. The squareswith dashedboundaries
form a \ghost" cell border incorporated into only the GSLIB simulation so that dur-
ing postprocessingthere is enoughinformation to interpolate the data valuesfor the
nodeson the boundary of 
.

Table 3.1 provides an explanation of the input parametersrequired for sgsim in

the two-dimensionalcase. The goal is to generatea log-normally distributed and

spatially correlatedrandom �eld which will approximate a realistic permeability �eld

over the squaredomain of dimension[0; 1 km] � [0; 1 km]. Figure 3.3 illustrates how
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sgsim generatesdata at cell centers marked in the �gure by an \X"; however, all

computations in this document deal with unknowns located at nodes on cell edges

(represented in Figure 3.3 by black circles). For this reason,the GSLIB domain is

slightly larger than the �nal computational domain of interest so that cell-centered

valuescan be converted to nodal values;in fact, the dimensionof the GSLIB domain

is [� 5:0; 1005:0 m] � [� 5:0; 1005m].

By choosinga correlation length of 100 metersand 102 nodesper dimension,we

guarantee that there areapproximately ten correlation lengthsin each dimensionand

ten nodesper correlation length. A Gaussianmodel given by

G (d) = S
�
1 � exp

�
�

9d2

C2
L

��
(3.7)

is used to determine the correlation between two locations which are separatedby

the distanced. This model is de�ned by the sill, S , and correlation length CL .

3.2.3 Postpro cessing

The output from sgsim is a realization of the random variable Z 2 N (0; 1) at the

center of each cell on the grid. Thesevaluesare orderedin a vector such that the x

dimensionis cycledthrough �rst, then the y dimension,and �nally z if oneis working

in three spatial dimensions(seeFigure 3.4).

First the output vector is transformed into a vector of permeability valueswith

the ordering over the computational grid unchanged. Algorithm 3.1, outlining this
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Table 3.1: Input parametersfor sgsim to generatea �eld variable Z 2 N (0; 1) [37,
pages170-174,330-336].

Parameter De�nition Value
idbg integer debugginglevel between0 and 3 1
dbgfl debuggingoutput �le debug �lename
outfl the output grid is written to this �le output �lename
nsim number of simulations to generate 1
nx number of nodes in x direction, similarly for y 102
nz number of nodes in z direction 1
xmn location of �rst x node (origin of x axis), similarly for y and z -5.0
xsiz spacingof nodes in x direction, similarly for y and z 10.0
seed integer seedto the pseudorandomnumber generator 69069
nst number of nestedvariogram structures 1
c0 isotropic nugget e�ect 0
it integer 
ag specifying type of variogram model 3
cc sill (note: c0+ cc=1.0) 1.0
ang1 angle de�ning orientation of an ellipsoid in 3D 0.0
ang2 angle de�ning orientation of an ellipsoid in 3D 0.0
ang3 angle de�ning orientation of an ellipsoid in 3D 0.0
aahmax correlation range in horizontal maximum direction 100.0
aahmin correlation range in horizontal minimum direction 100.0
aavert correlation range in vertical direction 100.0

transformation following the notation of [44], results in a permeability �eld with

median value coinciding with the computational results of [96].

Algorithm 3.1. Transform sgsim output into the random�eld kf with the mean of

ln (kf ) denoted by � f , and the standard deviation of ln (kf ) denoted by � f .

1. Generate a realization of the random variable Z 2 N (0; 1) using sgsim

2. Convert valuesof Z to valuesof kf 2 log�N (� f ; � f ) where � f = log
�

ekf

�
( ekf

is speci�e d in [96, Page6]) and � f is the standard deviation. In this document
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Figure 3.4: GSLIB's scheme for transforming a 3 � 3 � 3 grid into a vector with
twenty-seven elements. The various layers represent the discretization in the vertical
(z) direction.

increasing levelsof heterogeneityare considered, corresponding to variances of

� 2
f = 0:25; 1; 2; 3; and 4:

The formula for converting realizations of a standard normal distribution to

realizations of a speci�e d lognormal distribution is [44, Page103]

log�N (� f ; � f ) � exp� f exp(� f N (0; 1)) (3.8)

In the last step of post-processing,the nodal valuesare generatedfrom the cell-

centered valuesby a simple average(the contribution of the four surrounding cell-

centered valuesare given equalweight).
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3.3 Discretization

This sectionwill cover issuespertinent to mixed �nite element methods, which were

de�ned on page33. In formulating an appropriate �nite element discretization of the


o w equationsshown in equations(3.4), onemust considerthe issuesthat follow.

1. How will the domain be decomposedinto elements? For example, in two di-

mensionswill triangles or rectanglesbe used? A combination of both is also

possible.

2. Given the above meshing strategy, what combination of �nite element basis

functions will result in a stable discretization in the sensethat the classical

LBB condition is satis�ed? (SeeSection 2.5 for more detailed information on

this condition.)

3. And if the appropriate basis functions are somehow inaccessible,what can be

doneto \�x" the basisfunction combination that is available?

The above questionswill be addressedin the remainderof this section.

3.3.1 Using Av ailable Soft ware to Triangulate the Domain

The question of how to tessellatethe continuous domain, 
, can be a di�cult one,

but in this casethe answer is clear once the computational framework is set. All

computations in this document usethe Sundance2.0 symbolic �nite element system

due to its easeof use in parallel; this software, along with several other software
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components required to build the 
o w simulator, is detailed in Chapter 5. Mesh

generationinternal to Sundanceis limited to the uniform tessellationof lines(1D) and

rectangles(2D). In 2D, the interior of the rectangleis divided into uniform triangular

elements with cell diameter denotedby �. Figure 3.5 provides a coarseexampleof

this case. For more complicated domainsor three spatial dimensionsthe capability

existsto reada meshgeneratedby an external sourceinto the simulator. In this case,

the elements still must be simplicial in shape.

Figure 3.5: Internally Sundancecan build a uniform triangulation of the domain of
interest as shown here in a coarsemeshexample.

In the remainderof this document the tessellationof the domainwill bedenotedin

the following way. The open,boundeddomain
 is subdivided into simplicial elements

denotedby 
 e for e = 0: : : (ne � 1), wherene is the total number of elements in the

domain. The domain of element interiors will be denotedby e
 = [
e

 e.
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3.3.2 Cho osing Basis Functions

Raviart-Thomas elements, introduced in [94, 100, 101, 111], are known to be an

appropriatebasisfunction pairing for solvingthe non-Darcy
o w equations(equations

(3.4)) over a meshof triangular elements (see[80, 98], [102, Page550]). The Raviart-

Thomas elements alsosatisfy the LBB condition, introducedin Section2.5.

While Raviart-Thomas elements are currently unavailable in Sundance2.0, stan-

dard Lagrangeinterpolating polynomialsare readily available and well-tested. These

polynomialsareelements of H 1 (
) and canbe computedusingthe following formula.

P (x) =
nX

j =1

Pj (x) ;

where

Pj (x) = yj

nY

m =1
m6= j

x � xm

x j � xm

The Lagrangepolynomialsof degreeonede�ned over a triangular element will be

denotedby P1 (
 e) (seeFigure 3.6). In this document the P1 � P1 combination of

�nite elements for velocity and pressure,respectively, will beusedin the discretization

of equations(3.4). The div-stabilit y condition is eluded by modifying the equation

set using stabilization techniques[23, Page324]. Note that the velocity and pressure

basisfunctions are de�ned over the samediscretization of 
.
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Figure 3.6: A triangular �nite element. The black circles represent the locations of
the degreesof freedomof the Lagrangeinterpolation polynomial (P1 basisfunctions).

3.3.3 Stabilization

The �nite element stabilization literature is extensive, although much of the work fo-

cuseson Stokesand Navier-Stokes
o w rather than 
o w described by the Darcy/non-

Darcy equations. Section2.6 was intended to provide the \big picture" information

regarding �nite element stabilization techniques for the Stokes equations, includ-

ing somerelevant literature and a basic exampleof how residual-basedstabilization

provides a work-around for the LBB condition. This section is devoted to details

necessaryto build a stabilization schemefor the non-Darcy 
o w model introducedin

Section3.1.

In [23], Bochev and Dohrmann provide a clear overview of several stabilization

methods available for the steady-stateDarcy 
o w model

r � u = S0 2 
 (3.9a)

r p +
�
k

u = 0 2 
 (3.9b)

u � n = 0 2 � : (3.9c)
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Thesemethods include (i) least-squaresformulations, (ii) polynomial pressurepro-

jection stabilization, (iii) a weighted averageof mixed and Galerkin principles for the

particular problem, and (iv) consistently stabilized methods.

These stabilization schemesare advantageous for several reasons. While they

provide a means to work around the restrictive div-stabilit y condition, using the

same �nite element approximations for both velocity and pressurealso simpli�es

the implementation of the �nite element method and reducesmemory usage. In

mentioning thesepositive features,nothing hasyet beensaidabout how the accuracy

of the solution is a�ected by adding stabilizing terms to the original equation set.

Through the years individuals in the �nite element community have questionedthe

accuracyof stabilizedGalerkin schemes,and in particular, the abilit y of theseschemes

to conserve mass. Several recent papers have addressedthis questionand show that

stabilized Galerkin and Petrov-Galerkin schemesdo conserve massboth globally and

locally [20, 31, 74]. Speci�cally, the correct way to test massconservation over a

region is to integrate the mass
uxes over all the elements which touch the boundary

of the region(seeFigure 3.7 ); if massis conserved the result will be zero. Seesection

3.5.1for a de�nition of the 
ux for the multiscale residual-basedstabilization method

usedin the computations in Chapter 4.

The consistently stabilizedmethod is usedin the computationsin Chapter 4; thus

it is the focus of the remainder of this section. The term \consistent" refers to the

fact that the stabilized equation set is equivalent to the original equation set at the
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Figure 3.7: To check massconservation over this region, the mass
uxes should be
integrated over the shadedelements.

exact solution. This is becausethe original equation set is modi�ed by stabilization

terms which include the residualof oneor more of the original model equations. For

example,the non-Darcy 
o w model in equations(3.4) will be altered by stabilization

terms containing the residual of the discretemomentum equation, denotedby

r � = u � � r u � + � 2r �p� + � 2 �
kf

u � + � 2� ku � k2u � : (3.10)

Another exampleis found in Section2.6, wherethe bilinear form associated with the

residual-stabilizedStokesequationsis shown to be coercive, and thereforestable, for

a variety of basisfunction pairings beyond thoseallowed by the LBB condition.

The remainder of this section will utilize notation developed in Chapter 2 with

respect to the Navier-Stokes/Stokesequationsto discusscommonstabilizedmethods.

Of particular interest are generalizedGalerkin methods applied to an abstract linear
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Dirichlet problem [73, Pages393and 397]. Given the Dirichlet problem

L eu = ef 2 
 (3.11)

eu = eg 2 � ; (3.12)

the generalizedGalerkin method takesthe form

�
ew � ; L eu �

�



+

ne� 1X

e=0

�
L ew � ; �

�
L eu � � ef

� �


 e

=
�

ew � ; ef
�



; (3.13)

where ew is the test function, � is a stabilization parameter [77, 110], L eu � � ef is the

residualof the original PDE appliedto the discreteapproximation to the solution, and

L is a di�eren tial operator which varies depending on the particular residual-based

stabilization strategy used.

Literature associated with Hughesgenerallyprovides the following three possibil-

ities for this di�eren tial operator [73, 78].

L �

8
>>>>>><

>>>>>>:

+ L Galerkin/least-squares(GLS) [76]

+ L adv Streamline-Upwind Petrov-Galerkin (SUPG) [28, 76]

�L y Multiscale (MS) [50, 78]

(3.14)

Again, L is a the linear operator associated with the original, continuousPDE, L adv

represents only the advective portion of the original linear operator, and L y denotes

the adjoint of L . This document focuseson the multiscale di�eren tial operator; thus,
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the formula for the adjoint of a linear operator and an extensionto nonlinearoperators

due to Bur�y�skov�a are reviewed in Appendix A.

At this point it is helpful to comparethis general form to the stabilized Stokes

problem detailed in Section 2.6. As in that section, ew � =
�
w � ; q�

�
are the test

functions associated with the unknowns eu � =
�
u � ; �p�

�
, and ew � ; eu � 2 V �

0 � S�
0 .

The integral term
�

ew � ; L eu �
�



represents the Dirichlet systemof equationsafter it

hasbeenmultiplied by the test functions and integrated over the domain, but before

any integration by parts is completed. For the Stokesproblem,

�
ew � ; L eu �

�



=

Z




�
� � � u � � w � + r �p� � w � + r � u � q�

�
d
 (3.15a)

�
ew � ; ef

�



=

Z




f � w � d
 : (3.15b)

The only di�erence betweenthe representation in equations(3.15) and the represen-

tation shown in equations(2.36) from Section2.6, i.e.

A
�

eu � ; ew �
�

= F
�

ew �
�

8ew � 2 V �
0 � S�

0

where

A
�

eu � ; ew �
�

� a
�
u � ; w �

�
+ b

�
w � ; �p�

�
� b

�
u � ; q�

�

and

F
�

ew �
�

�
�
f ; w �

�
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is that the �rst two terms in equations(3.15) have beenintegrated by parts, and the

boundary terms disappear basedon the choice of function spaces. The connection

betweenthe stabilization term

� $
ne� 1X

e=0

� 2
e

�
� � u � � r �p� + f ; r q�

�

 e

introducedin equation(2.37) from Section2.6and the generalizedGalerkin stabiliza-

tion term
ne� 1X

e=0

�
L ew � ; �

�
L eu � � ef

��


 e

from equation (3.13) remains to be shown. The residual of the Stokesproblem can

be written as

L eu � � ef =

2

6
6
4

� � � u � + r �p� � f

r � u � � 0

3

7
7
5 : (3.16)

This allows the consistent, residual-basedstabilization to be basedupon either the

momentum residualor the incompressibility residualor both, dependingon the de�ni-

tion of the � matrix. Assumingthat u � hasn components, the stabilization parameter

is de�ned as

� �
�

$ � 2
eI n� n 0n� 1

�
; (3.17)

and L ew � � L adv ew � = r q� according to the SUPG approach, then the Stokes

stabilization schemeintroducedin Section2.6hasbeenrecoveredusingthe generalized

Galerkin format.
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The non-Darcy 
o w model of interest (shown in equations(3.4)) is an extension

of the Darcy 
o w model from equations(3.9) via the inclusion of both the quadratic

Forchheimer term and the Navier-Stokesadvective accelerationterm. Sincethe non-

Darcy model clearly combinesterms from the Darcy and Navier-Stokesmodels, then

an appropriate stabilized non-Darcy model will combine the stabilization strategies

applicable to both Darcy and Navier-Stokes. The following section discussesthe

implementation of this stabilization strategy.

3.4 Weak Form

As all computationsin Chapter 4 areat steady-statewith constant density and poros-

it y, the non-Darcy 
o w model from equations(3.4) are rewritten hereas

r � u = S0 2 
 (3.18a)

u � r u + � 2 (r �p � g) = �
� 2�
kf

u � � 2� kuk2u 2 
 (3.18b)

u � n = 0 2 � N (3.18c)

�p = �pD 2 � D (3.18d)

where the new variable �p = p
� is introduced as in the Navier-Stokes literature, and

S0 is de�ned ason page10. Note that the Dirichlet boundary condition for pressure,

pD , hasalsobeenmodi�ed such that �pD = pD
� .

With the equationsin this form, the Navier-Stokesstabilization terms introduced
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in [78, page1156]directly apply to equations(3.18) while the Darcy and Forchheimer

stabilization techniquesdiscussedin Appendix A can easilybe modi�ed for this case.

3.4.1 Revisiting the Navier-Stok es Equations

In [78], Hughesand Wells discussstabilization techniquesfor the Navier-Stokesequa-

tions shown in (2.3),

� � � u + u � r u + r �p = f in 


r � u = 0 in 


u = 0 on � :

Using the bilinear and trilinear forms de�ned in equations(2.25), the multiscale,

residual-stabilizedincompressibleNavier-Stokesequationscan be written as

a
�
u � ; w �

�
+ c

�
u � ; u � ; w �

�
+ b

�
w � ; �p�

�
� b

�
u � ; q�

�
(3.19a)

+
ne� 1X

e=0

�
L ew � ; � r �

�


 e

(3.19b)

�
ne� 1X

e=0

�
w � ; � r � � r u �

�

 e

(3.19c)

+
ne� 1X

e=0

�
� r � � r w � ; � 0

�
� r � � r u �

��

 e

(3.19d)

=
�
f ; w �

�
; (3.19e)
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where

L ew � = u � � r w � + r q� + � � w � (3.20a)

r � = u � � r u � + r �p� � � � u � � f : (3.20b)

In equation(3.19), lines (3.19a)and (3.19e)combine to form the original unstabilized

equation set. Line (3.19b) is the multiscale residual-basedstabilization term written

in generalizedGalerkin form as discussedin Section3.3.3 and Appendix A. At this

point the terms on lines (3.19c) and (3.19d) are new additions to the stabilization

discussion.In [78, page1156]it is explainedthat the term on line (3.19c) is included

to guarantee momentum conservation, while the term on line (3.19d) is necessaryto

stabilize advection-dominated
o ws. Note that � 0 is a secondstabilization parameter,

di�eren t from � . Guidelinesfor specifying � 0 can be found in [110, page170].

3.4.2 Applying the Navier-Stok es Adv ection Stabilization Terms

to Non-Darcy Flo w

The non-Darcy 
o w model was rewritten in equations (3.18) to be as similar as

possiblein form to the Navier-Stokesequations. This step allows the Navier-Stokes

stabilization terms from lines (3.19b)-(3.19d)to directly apply in stabilizing the non-

Darcy model by merely changing the de�nition of L ew � and r � . The residual is
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de�ned in equation (3.10) as,

r � = u � � r u � + � 2r �p� + � 2 �
kf

u � + � 2� ku � k2u � ;

and the di�eren tial operator combinesNavier-Stokes,Darcy, and Forchheimeradjoint

results into

L ew � = u � � r w � + � 2r q� � � 2 �
kf

w � � � 2� ku � k2w � �
� 2� w � � u �

ku � k2
u � : (3.21)

Thus the weak form of the stabilized, steady-statenon-Darcy 
o w model is given

by

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d
 (3.22a)

+
Z




�
u � � r u �

�
� w � d
 +

Z

�

� 2 �p�
�
n � w �

�
d� (3.22b)

�
Z




� 2 �p�
�
r � w �

�
d
 +

Z




� 2�
kf

�
u � � w �

�
d
 (3.22c)

+
Z




� 2� ku � k2
�
u � � w �

�
d
 (3.22d)

+
ne� 1X

e=0

�
L ew � ; � � (x) r �

�


 e

(3.22e)

�
ne� 1X

e=0

�
w � ; � � (x) r � � r u �

�

 e

+
ne� 1X

e=0

�
� � (x) r � � r w � ; � 0

�
� � (x) r � � r u �

��

 e

;
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wherelines (3.22a)-(3.22d) comprisethe weak form of the non-Darcy 
o w model and

the remaining lines stabilize the weak form. The parameter � � (x) is introduced,

explained,and formulated in Appendix A.5. Computations in Chapter 4 usevalues

of � 0 and 
 (from the de�nition of � � (x) in Appendix A.5) which are O
�

� e
kr � k2

�
.

3.5 Theory

In this section we prove several theoretical results regarding the stabilized two-

dimensional discrete 
o w model shown in equation (3.22). Speci�cally, local and

global massconservation, and momentum conservation are proven for the discrete

nonlinear equation set containing both the Forchheimer and advective nonlinearities

(seesections3.5.1-3.5.3). This follows the standard practice in the �nite element

literature.

What remains to be shown is that the stabilization terms serve their intended

purposeand result in a stableweakform even whenthe basisfunctions do not satisfy

the LBB condition. The samestepsapplied to the linearizedNavier-Stokesequations

(i.e. the Stokesproblem) in section2.6 are applied here to the linearizednon-Darcy


o w model. It is standardpractice in the �nite element literature to provestabilit y for

the linearizedproblem. Moreover, aswe aresolving the nonlinearsystemof equations

with Newton's method in Chapter 4, the linearized problem is exactly the equation

set involved in the Newton iteration.

In this case,two-dimensionalcomputational resultsshow that the advective accel-
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eration term is negligiblewhencomparedto the contributions of the Darcy and Forch-

heimer terms. Thus, to prove stabilit y of the equation set for the two-dimensional

problem we ignore the advective accelerationterm and its associated stabilization

terms altogether. In section 3.5.4 we begin with the linearization of the following

nonlinear discreteequation

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d


+
Z

�

�p�
�
n � w �

�
d� �

Z




�p�
�
r � w �

�
d
 +

Z




�
kf

�
u � � w �

�
d


+
Z




� ku � k2
�
u � � w �

�
d
 +

ne� 1X

e=0

�
L ew � ; � � (x) r �

�


 e

;

where

L ew � � r q� �
�
kf

w � �
1
2

� ku � k2w � �
�

�
w � � u �

�

2ku � k2
u �

and

r � � r �p� +
�
kf

u � + � ku � k2u � ;

and from there we prove that the stabilization terms associated with the linearized

problem do in fact stabilize the systemand result in a coercive bilinear operator.

3.5.1 Lo cal Conserv ation of Mass

In [20], Berger and Howington prove that mass is conserved locally by the SUPG

stabilization approach when the unique mass
ux is de�ned such that it is consistent
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with the discreteequations.Herewe will prove that local massconservation holds for

the Multiscale stabilization approach when the discrete mass
ux, F �
e , through the

boundary of element 
 e is de�ned by

F �
e �

Z


 e

�
� u � � r q�

e � � � (x) � 2r q�
e � r �

�
d
 (3.23)

whereq�
e is a pressuretest function whosesupport contains the element 
 e and r �

is de�ned in equation (3.10) as

r � = u � � r u � + � 2r �p� + � 2 �
kf

u � + � 2� ku � k2u � :

As in [20], the motivation for this de�nition of 
ux is basedon a one-dimensional

example. Then the result will be shown in two spatial dimensions. Note that the

results for three dimensionsare identical to thoseshown for two dimensions.

One-dimensional Result

The pressuretest function, q, is associated with massconservation sinceit multiplies

the incompressibility equation. The portion of the weak 
o w equation from (3.22)

that involvesq and its derivativesis

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d
 +
ne� 1X

e=0

�
� 2r q� ; � � (x) r �

�

 e

:
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Figure 3.8: One-dimensionalP1 basisfunctions. The intervals 
 i � 1 = x i � x i � 1 and

 i = x i +1 � x i provide the support of test function qi .

When translated into a onedimensionalsystemwhere
 = (0; L) and � = f 0; Lg this

reducesto

0 = u� (L)q� (L) � u� (0)q� (0) �

LZ

0

u� dq�

dx
dx +

ne� 1X

e=0

Z


 e

� 2� � (x) r � dq�

dx
dx; (3.24)

wherer � is the one-dimensionalversionof the momentum residualin equation(3.10).

To developthe mass
ux formula at a particular point, x i , wefocuson the equation

associated with the test function, q�
i . As shown in �gure 3.8, this test function is

equal to one at x i and is equal to zero at every other point in the domain. The

superscripts + and � will be usedto denote approaching a point from the right or

the left, respectively.

The portion of equation (3.24) that holdsover the support of the test function q�
i
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(i.e. over the region (x i � 1; x i +1 )) is

0 = u� (x �
i )q� (x �

i ) � u� (x i � 1)q� (x i � 1) �

x iZ

x i � 1

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx

+ u� (x i +1 )q� (x i +1 ) � u� (x+
i )q� (x+

i ) �

x i +1Z

x i

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx

= u� (x �
i )q� (x �

i ) �

x iZ

x i � 1

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx

� u� (x+
i )q� (x+

i ) �

x i +1Z

x i

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx

= F �
i � 1(x �

i )q� (x �
i ) �

x iZ

x i � 1

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx

� F �
i (x+

i )q� (x+
i ) �

x i +1Z

x i

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx;

where the equation has beensplit into two portions that correspond to the left and

right piecesof the test function. Again, the mass
ux acrossthe boundary of element

e is denoted by F �
e . We require that the 
ux jump be zero for a single equation

constructedfor the test function q�
i . Sincethe test function is continuous,

F �
i � 1

�
x �

i

�
� F �

i

�
x+

i

�
� 0

must be enforced through the �nite element statement. This results in the 
ux
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de�nition

F �
i � 1 (x i ) � �

x iZ

x i � 1

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx (3.25a)

F �
i (x i ) �

x i +1Z

x i

�
u� dq�

dx
� � 2� � (x) r � dq�

dx

�
dx: (3.25b)

It doesn't matter whether onechoosesthe de�nition corresponding to the element to

the left of node x i or the de�nition corresponding to the element to the right of node

x i . Theseare the unique 
uxes entering and exiting node x i as determined by the

discreteequations.

By applying this sameprocessin the time-dependent caseand using the facts

that within a single element
i +1P

j =1
q�

j = 1 and
i +1P

j =1

dq�
j

dx = 0 one can prove that massis

conserved locally via the equation

x i +1Z

x i

@�
@t

dx + F �
i (x i +1 ) � F �

i (x i ) = 0 (3.26)

where

F �
i (x j ) �

x i +1Z

x i

"

q�
j

@�
@t

� �u � dq�
j

dx
+ � 2� � (x) �

dq�
j

dx
r �

#

dx; j = i; i + 1:

Equation (3.26) shows that the masschangein a generalelement over a time step is

exactly balancedby the mass
ux over the element faces.
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Tw o-dimensional Result

In two spatial dimensions,the test function at node x 3 which multiplies the incom-

pressibility equation is q�
3 , and its support is shown in �gure 3.9. The equation

corresponding to test function q�
3 is

4X

e=1

Z


 e

�r q�
3 � u � d
 +

4X

e=1

Z


 e

� 2� � (x) r q� �
�
u � � r u � + � 2

�
r �p� +

�
kf

u � + � ku � k2u �

��
d
 = 0:

As in the 1D case,the �nite element equation is decomposedto estimate the 
ux.

W1

W2

W4

W3

1 2

54

3

Figure 3.9: The support in 2D for the P1 basisfunction associated with node 3, q�
3 .

The test function, q�
3 , is equalto oneat node 3 and equalto zeroat every other node

in the domain.

For the 2D case,this decomposition requires the introduction of the unit outward

normal vector for element e (denoted by ne) and F1, the discrete 
ux distribution

along the boundary of 
 1. The contributions from element 
 1 are separatedfrom

the rest of the summation and mass
uxes acrossthe portion of the 
 1 boundary

that intersects the support of the test function q�
3 are introduced. Recall that the
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boundary of element 
 e is denotedby @
 e. At this stage,the �nite element equation

is

Z


 1

�r q�
3 � u � d
 +

4X

e=2

Z


 e

�r q�
3 � u � d
 +

Z

@
 1

q�
3 F1 � n1 dl +

4X

e=2

Z

@
 e

q�
3 F1 � ne dl +

Z


 1

� 2� � (x) r q� �
�
u � � r u � + � 2

�
r �p� +

�
kf

u � + � ku � k2u �

��
d
 +

4X

e=2

Z


 e

� 2� � (x) r q� �
�
u � � r u � + � 2

�
r �p� +

�
kf

u � + � ku � k2u �

��
d
 = 0:

Thus the unique partial 
ux through the interface @
 1 for test function number 3,

denotedby P1
3 , can be computedby either oneof the following equivalent formulas.

P 1
3 �

Z


 1

r q�
3 � u � � � 2 � � (x) r q� �

�
u � � r u � + � 2

�
r �p� +

�

kf
u � + � ku � k2u �

��
d


P 1
3 � �

4X

e=2

Z


 e

r q�
3 � u � � � 2 � � (x) r q� �

�
u � � r u � + � 2

�
r �p� +

�

kf
u � + � ku � k2u �

��
d


As in 1D, summing the partial 
uxes for each test function around an element will

result in a 
ux measurewhich balancesthe temporal masschangewithin the element.
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3.5.2 Global Conserv ation of Mass

We prove that massis conserved for the weak form of the Forchheimer 
o w model by

substituting
�
w � ; q�

�
= (0; 1) and showing that any internal sources/sinksof mass

are balancedby the 
o w over the boundary. This procedureis set forth in the work

of Hughesand Wells [78, page1153].

For the two-dimensionalheterogeneous
o w problem in which 
o w is induced by

the �xed pressuregradient acrossthe domain there are no internal sources/sinksof

mass.The mass
o w over the boundary in this caseshouldbe zero;thus, we want to

show that
Z

�

�
u � � n

�
d� = 0:

Pro of:

We begin with the weak form of the equationsfrom equation (3.22).

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d


+
Z




�
u � � r u �

�
� w � d
 +

Z




� 2� ku � k2
�
u � � w �

�
d


�
Z




� 2 �p�
�
r � w �

�
d
 +

Z




� 2�
kf

�
u � � w �

�
d


+
ne� 1X

e=0

�
L ew � ; � � (x) r �

�


 e

�
ne� 1X

e=0

�
w � ; � � (x) r � � r u �

�

 e

+
ne� 1X

e=0

�
� � (x) r � � r w � ; � 0

�
� � (x) r � � r u �

��

 e
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Now substitute
�
w � ; q�

�
= (0; 1).

0 =
Z

�

�
u � � n

�
(1) d� �

Z




u � � r (1) d


+
ne� 1X

e=0

�
r (1); � � (x) r �

�

 e

=
Z

�

�
u � � n

�
d�

As there are no internal sourcesor sinks of mass in the domain for the two-

dimensional
o w problem,
Z

�

�
u � � n

�
d� = 0

implies that massis conserved. �

3.5.3 Conserv ation of Momen tum

We prove that massis conserved for the weak form of the Forchheimer 
o w model

by substituting
�
w � ; q�

�
= (ei ; 0) = ee where ei ; i = 1; : : : ; n denotesthe standard

orthonormal basis for Rn . Again we want to show that any momentum 
ux across

the boundary is balancedby momentum sourcesand sinks.

In the derivation of the momentum conservation equation in Appendix B.1, the

dynamic momentum exchangeterm, � w , is postulated to have the form � w = �R u

(recall that the superscript w denotesthe 
uid phase,just as the superscript s would

represent a solid phasequantit y). To describe slow 
o w conditions (i.e. the Darcy
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regime), setting R equal to a constant will su�ce. However, as the velocities across

the domain increase,a model for R which dependson the magnitude of the velocity

is more appropriate. This document focuseson the Forchheimermodel, where

R =
�
kf

+ � kuk2:

So for the momentum equation, the Darcy and Forchheimer terms play the role of

momentum source/sink terms [59]. Thus we want to show that the momentum 
ux

acrossthe boundary is balancedby the momentum source/sink terms (i.e. the Darcy

and Forchheimer terms). Mathematically this is expressedby

0 =
Z

�

�
� u � � n

�
u �

i d� +
Z




� 2�
kf

u �
i d
 +

Z




� 2� � ku � k2u �
i d
 ;

or equivalently in the casewheredensity is constant

0 =
Z

�

�
u � � n

�
u �

i +
Z




� 2�
kf

u �
i d
 +

Z




� 2� ku � k2u �
i d
 :

As the equation usesthe advective form of the advective accelerationterm rather

than the conservative form, we alsoneedthe following identit y.

r � (u 
 u) = u � r u + ur � u

This identit y shows that the conservative form of the advective accelerationterm
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would contribute the following terms to the weak form of the momentum equation.

Z




r �
�

u � 
 u �
�

� w � d
 =
Z




�
u � � r u �

�
� w � d
 +

Z




�
u � r � u �

�
� w � d


Z

�

�
u � � n

� �
u � � w �

�
d� �

Z




�
u � 
 u �

�
: r w � d
 =

Z




�
u � � r u �

�
� w � d
 +

Z




�
u � r � u �

�
� w � d


Thus,

Z




�
u � � r u �

�
� w � d
 =

Z

�

�
u � � n

� �
u � � w �

�
d� (3.27)

�
Z




�
u � 
 u �

�
: r w � d
 �

Z




�
u � r � u �

�
� w � d
 :

Pro of:

We begin with the weak form of the equationsfrom equation (3.22).

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d
 +
Z




�
u � � r u �

�
� w � d


�
Z




� 2 �p�
�
r � w �

�
d
 +

Z




� 2�
kf

�
u � � w �

�
d


+
Z




� 2� ku � k2
�
u � � w �

�
d
 +

ne� 1X

e=0

�
L ew � ; � � (x) r �

�


 e

�
ne� 1X

e=0

�
w � ; � � (x) r � � r u �

�

 e

+
ne� 1X

e=0

�
� � (x) r � � r w � ; � 0

�
� � (x) r � � r u �

��

 e
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Substitute the right hand sideof equation (3.27) into the above weak form.

0 =
Z

�

�
u � � n

�
q� d� �

Z




u � � r q� d


Z

�

�
u � � n

� �
u � � w �

�
d� �

Z




�
u � 
 u �

�
: r w � d


�
Z




�
u � r � u �

�
� w � d
 �

Z




� 2 �p�
�
r � w �

�
d


+
Z




� 2�
kf

�
u � � w �

�
d
 +

Z




� 2� ku � k2
�
u � � w �

�
d


+
ne� 1X

e=0

�
L ew � ; � � (x) r �

�


 e

�
ne� 1X

e=0

�
w � ; � � (x) r � � r u �

�

 e

+
ne� 1X

e=0

�
� � (x) r � � r w � ; � 0

�
� � (x) r � � r u �

��

 e

Substitute
�
w � ; q�

�
= (ei ; 0) = ee.

0 =
Z

�

�
u � � n

� �
u � � ei

�
d� �

Z




�
u � 
 u �

�
: r ei d
 �

Z




�
u � r � u �

�
� ei d


�
Z




� 2 �p� (r � ei ) d
 +
Z




� 2�
kf

�
u � � ei

�
d
 +

Z




� 2� ku � k2
�
u � � ei

�
d


+
ne� 1X

e=0

�
u � � r ei � � 2 �

kf
ei � � 2� ku � k2ei �

� 2� ei � u �

ku � k2
u � ; � � (x) r �

�


 e

�
ne� 1X

e=0

�
ei ; � � (x) r � � r u �

�

 e

+
ne� 1X

e=0

�
� � (x) r � � r ei ; � 0

�
� � (x) r � � r u �

��

 e

Now usethe facts that
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1. r � = 0 is the residual of the momentum equation,

2. r ei = 0, and

3. r � ei = 0.

0 =
Z

�

�
u � � n

�
u �

i d� �
Z




u �
i

�
r � u �

�
d
 +

Z




� 2�
kf

u �
i d
 +

Z




� 2� ku � k2u �
i d


Assuming that the incompressibility constraint is solved in such a way that the dis-

cretevelocity is divergence-freeeverywherein the domain, the aboveequationreduces

to

0 =
Z

�

�
u � � n

�
u �

i +
Z




� 2�
kf

u �
i d
 +

Z




� 2� ku � k2u �
i d
 ;

which says that the momentum 
ux acrossthe boundary is balancedby the momen-

tum exchangewith the solid matrix. �

3.5.4 Stabilit y

The steady-stateForchheimer
o w model linearizedabout the point ez = (z; �s) is given

by

r �p� +
�
kf

u � + � u � kzk2 +
�

�
z � u �

�
z

kzk2
= � zkzk2

r � u � = 0:
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The di�eren tial operator associated with this systemis

L ew � � r q� �
�
kf

w � � � w � kzk2 �
�

�
z � w �

�
z

kzk2
;

thus, the stabilization term is given by



X

e

� e

 

r q� �
�

kf
w � � � kzk2w � �

�
�
z � w �

�
z

kzk2
; r �p� +

�

kf
u � + � kzk2u � +

�
�
z � u �

�
z

kzk2

!


 e

:

The stabilization parameter, � e, is assumedto be constant over individual elements

but varying over the entire domain as de�ned in sectionA.4.2. As in Section2.6, we

show that the linear operator A is coercive over the spaceV�
0 � S�

0 with respect to

the norm
q

ku � k2
0 + kr �p� k2

0:

Pro of:

A
�

eu � ; eu �
�

=
Z




�
�
kf

+ � kzk2

�
�
u � � u �

�
d
 +

Z




�
�
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� 2

kzk2
d


+
X

e

Z


 e


 � e
�
r �p� � r �p�

�
d
 e

�
X

e

Z


 e


 � e

�
�
kf

+ � kzk2

� 2 �
u � � u �

�
d
 e

�
X

e

Z


 e


 � e

�
3� 2 +

2� �
kzk2kf

�
�
z � u �

� 2
d
 e
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Using (1) the fact that
R



ad
 �

P

e

R


 e

ad
 e, and (2) the de�nition of norm, changes

the above equality to the following inequality.

A
�

eu � ; eu �
�

�
X

e

�
�
kf

+ � kzk2

�
ku � k2

0;
 e
�

X

e


 � e

�
�
kf

+ � kzk2

� 2

ku � k0;
 e

+
X

e


 � ekr �p� k2
0;
 e

�
X

e


 � e

Z


 e

�
3� 2 +

2� �
kzk2kf

�
�
z � u �

� 2
d
 e

Applying the Cauchy-Schwarz inequality, j (a; b) j � kakkbk, to the terms involving

�
z � u �

� 2
results in

A
�

eu � ; eu �
�

�
X

e

�
�
kf

+ � kzk2

�
ku � k2


 e
+

X

e


 � ekr �p� k2
0;
 e

�
X

e


 � e

" �
�
kf

+ � kzk2

� 2

+
�

3� 2 +
2� �

kzk2kf

�
kzk2


 e

#

ku � k2

 e

:

Sincekak2 � kak
 e ,

A
�

eu � ; eu �
�

�
P

e

� �
�

kf
+ � kzk2

�
� 
 � e

�
�

kf
+ 2� kzk2

� 2
�

ku � k2

 e

+
P

e

 � ekr �p� k2

0;
 e
:

Let Ce �
�

�
kf

+ � kzk2

�
� 
 � e

�
�

kf
+ 2� kzk2

� 2
. If Ce > 0 8e 2 0; 1; : : : ; ne � 1,

then A
�

eu � ; eu �
�

is coercive over V �
0 � S�

0 . To show this, it is helpful to separate

ne� 1P

e=0
Ceku � k2


 e
into two sums,oneover elements in the Darcy regimeplus anotherover

elements in the Forchheimer regime(abbreviated in the following summation limits

as \F orch."). Recall from its de�nition that in the Darcy regime� e = kf

� while in the
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Forchheimer regime� e = 1
� kzk2

.

X

e

Ceku � k2

 e

+
X

e


 � ekr �p� k2
0;
 e

=
X

e


 � ekr �p� k2
0;
 e

+
X

e2 Darcy

Ceku � k2

 e

+
X

e2 Forch.

Ceku � k2

 e

Note that in the Darcy regime, kf

� < 1
� kzk2

, while the opposite is true in the Forch-

heimer regime. This fact can be usedto bound the stabilization tuning parameter 


such that Ce is positive on every element.

X
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5

Thus, the bilinear form A
� �

u � ; �p�
�

;
�
u � ; �p�

��
is coercive over V �

0 � S�
0 for � e as

de�ned in sectionA.4.2 as long as 
 < 1
8 . �



Chapter 4

Numerics

The domain of interest, 
, for all two-dimensionalcalculationsis shown in Figure 4.1

asa squareof dimension[0; 1 km]� [0; 1 km]. The top, right, bottom, and left bound-

aries of the domain are denoted� T ; � R ; � B ; and � L respectively. The �xed pressure

boundaries,� D , are � L and � R , while a homogeneousNeumannboundary condition

on velocity is applied on � N = � T + � B . In particular, for the two-dimensionalcal-

culations, equation (3.4c) implies that there is no 
o w acrossthe top and bottom

boundaries.

The model parametersfor the two-dimensionalsimulations are shown in Table

4.1. In this case,the �xed pressuregradient acrossthe domain ( pin � pout (Pa)
1km ) induces


o w. To determinea physically reasonablepressuregradient to start with, considera

1% hydraulic headgradient over the domain asa realistic upper bound. By equation

(1.7), a 1% headgradient over a kilometer converts to pin � pout � 0:1MPa.

85
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G

WG G
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(1000,0)(0,0)

(0,1000) (1000,1000)

Figure 4.1: Two-dimensionalProblem Domain

Table 4.1: Parametersvaluesto be speci�ed in the two-dimensional
o w model.

Mo del Parameters and Numerical Values

Variable De�nition Value Units
S0 Source term 0 1

s
g Gravit y vector 0 m

s2

� constant density 1000 kg
m 3

� inertial coe�cien t 90.6 mm � 1 [96, Page 6]
kf intrinsic permeabilit y median

�
kf

�
=4.08e-05 mm2 [96, Page 6]

� dynamic viscosity at 1atm and 25� C 8.91e-4 Pa-sec

� kinematic viscosity at 1atm and 25� C 8.91e-7 m 2

s
� porosit y 0.45 dimensionless

�gD Diric hlet Pressure Boundary Condition

( p in
� 2 � L

pout
� 2 � R

m
s2

This pressuredi�erence acrossthe domain is usedto induce 
o w in Simulation A

(Section4.1). The results will illustrate

1. the pressurecontours and velocity �eld,

2. the magnitudeof the Darcy, Forchheimer,and advective terms over the domain,

3. and the Reynold's number over the domain.

In Simulation B (Section 4.1), the pressuredi�erence is increasedin order to in-
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creasethe magnitudeof the velocity, and accordinglythe Reynold'snumber, over the

domain. The point of increasingthe pressuredi�erence beyond physically realistic

valuesis to examinethe magnitudeof the terms at higher Reynold'snumbers,specif-

ically on the order of 100. Theseresultswill be usedto justify the implementation of

three-dimensionalwell simulations which include vertical gradients.

All three simulations use the sameintrinsic permeability �eld, shown in Figure

4.2. The medianvalue of the permeability over the domain is listed in Table 4.1, and

the varianceis 4.

(a) (b)

Figure 4.2: (a) Intrinsic permeability �eld (in millimeters) usedin Simulations A, B,
and C; (b) Illustrating the variabilit y in ln (kf ).
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4.1 Simulation A: 1% Hydraulic Head Gradien t

(Re<< 1)

Figure 4.3(a) shows the pressurecontours and velocity �eld at the solution. The

Reynold's number, shown in Figure 4.3(b), is much lessthan one; thus, the velocity

�eld is well within the Darcy regime over the entire domain. The comparisonof

the Darcy and Forchheimer terms supports this observation; the magnitude of the

Forchheimer term is much lessthan the magnitude of the Darcy term over the entire

domain.

Despite these results, the goal of this dissertation is to examine the e�ect of

the advective accelerationterm on the solution to the non-Darcy equations. Figure

4.5(a)showsthe magnitudeof the advectiveaccelerationterm over the domain. When

comparedto the magnitude of both the Darcy and Forchheimer terms as shown in

Figure 4.4, the advective accelerationterm is clearly much smaller. There is no point

in the domain wherethe magnitude of the advective accelerationterm is larger than

the other terms in the equation.

In Sections4.2 and 4.3, the 
o w �eld is induced by a higher pressuregradient

such that the Reynoldsnumber has a maximum of O (10) and O (100), respectively.

For both simulations the samequantities areplotted asin this sectionto examinethe

relationship amongthe Darcy, Forchheimer,and advective terms.
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(a) (b)

Figure 4.3: (a) Pressurecontours and velocity �eld. Note that the colorbar label p
actually refersto �p from the non-Darcy equations(3.18). The simulation hasunits of

meters,kilograms,and seconds;(b) Contours of the Reynold'snumber, Re =
p

kf kuk2

�

(a) (b)

Figure 4.4: (a) Contours of the magnitudeof the linear Darcy term � 2 � u
kf

; (b) Contours
of the magnitude of the quadratic Forchheimer term � 2� kuk2u
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(a) (b)

Figure 4.5: (a) Contours of the magnitude of the advection term, u � r u; (b) Com-
paring the contribution of the Darcy term to that of the Forchheimer term over the
domain
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4.2 Simulation B: Flo w for Re= O (10)

The pressuregradient over the domain has been increasedby four orders of mag-

nitude (pin � pout � 103MPa) in order to illustrate a 
o w �eld with a O (10) max-

imum Reynold's number. Figure 4.9 illustrates that in this casefor regionsof the

domain where the Reynolds number is approximately less than 3, the Darcy term

predominantly contributes to the 
o w solution. For Re > = 3, the magnitude of the

Forchheimer term is larger than the magnitude of the Darcy term. Still in this case,

the magnitudeof the advective accelerationterm is smaller than both the magnitude

of the Darcy term and the magnitude of the Forchheimer term.

(a) (b)

Figure 4.6: (a) Pressurecontours and velocity �eld. Note that the colorbar label p
actually refersto �p from the non-Darcy equations(3.18). The simulation hasunits of

meters,kilograms,and seconds;(b) Contours of the Reynold'snumber, Re =
p

kf kuk2

�
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(a) (b)

Figure 4.7: (a) Contours of the magnitudeof the linear Darcy term � 2 � u
kf

; (b) Contours
of the magnitude of the quadratic Forchheimer term � 2� kuk2u

Figure 4.8: Contours of the magnitude of the advection term, u � r u
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(a) (b)

Figure 4.9: (a) Comparing the contribution of the Darcy term to that of the Forch-
heimer term over the domain; (b) Illustrating that the Darcy term is larger than the
Forchheimer term in regionswherethe Reynold's number is small.
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4.3 Simulation C: Flo w for Re= O (100)

The pressuregradient over the domain has been increasedto pin � pout � 105MPa

which correspondsto a maximum Reynold'snumber of O (100). Figure 4.13illustrates

the regionswhich exhibit Darcy 
o w behavior, as well as the portions of the domain

wherethe Forchheimerterm hasmoreof a contribution. Again, the magnitudeof the

advective accelerationterm is smaller than both the magnitude of the Darcy term

and the magnitude of the Forchheimer term.

(a) (b)

Figure 4.10: (a) Pressurecontours and velocity �eld. Note that the colorbar label p
actually refersto �p from the non-Darcy equations(3.18). The simulation hasunits of

meters,kilograms,and seconds;(b) Contours of the Reynold'snumber, Re =
p

kf kuk2

�
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(a) (b)

Figure 4.11: (a) Contours of the magnitude of the linear Darcy term � 2 � u
kf

; (b) Con-
tours of the magnitude of the quadratic Forchheimer term � 2� kuk2u

Figure 4.12: Contours of the magnitude of the advection term, u � r u
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(a) (b)

Figure 4.13: (a) Comparing the contribution of the Darcy term to that of the Forch-
heimer term over the domain; (b) Illustrating that the Darcy term is larger than the
Forchheimer term in regionswherethe Reynold's number is small.



CHAPTER 4. NUMERICS 97

4.4 Conclusions: 2D Flo w

The two dimensionalresultshave supported the generalbelief that Darcy's law holds

for Re << 1 (seeSection4.1 for a simulation in the Darcy regime). Sections4.2 and

4.3 show that the quadratic Forchheimer term, � 2� kuk2u, contributes more to the


o w equationthan the Darcy term in regionsoutsidethe Darcy regime. The advective

accelerationterm hasbeennegligiblein all two-dimensional
o w casespresented. It is

hypothesizedthat for three-dimensional
o w the additional complexity dueto vertical

velocity gradients will causethe advectiveaccelerationterm to besigni�cant in certain

physically realistic 
o w scenarios.



Chapter 5

Soft ware

5.1 In tro duction to Ob ject-Orien ted Programming

Programming practices have progressedover the years from an unstructured style,

whereall code to completea task is contained in onemain program; to proceduralor

structured programming. This programdesignstyle resultsin a programcomposedof

interacting functions. The Matlab programminglanguageis an exampleof a language

lending itself to a structured programming style; a program can be partitioned into

smaller, more manageabletasks using the function keyword.

While a procedural design is better than an unstructured one, the state-of-the

art in program design,and the focus of this section, is object-oriented programming

(OOP). An object-oriented designis better for large programming projects as it in-

creases
exibilit y and makes code reuseeasier. This section serves as an overview

98
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of object-oriented programming with an assumptionof Matlab familiarit y and will

introducetopics we refer to in the software descriptionsin Sections5.2 and 5.2.3.

Several programminglanguageshave beencreatedfor the expresspurposeof sup-

porting the object-oriented designprinciples. In this chapter we focus on software

packageswritten in C++, and discussthe many advantagesof C++ and OOP, in-

cluding data abstraction, inheritance, and dynamic binding. Of these three topics,

inheritance and dynamic binding are unique to object-oriented programming.

While procedural programming involves interacting procedures(or functions in

Matlab), object-oriented programs have interacting objects, with each object con-

trolling its own state. An object is a self-contained entit y containing both data and

operationson that data, calledmethods. Thesemethods are the only way an object's

data can be modi�ed or accessedby another object. In this way an object-oriented

program is composedentirely of interacting objects, communicating by passingmes-

sagesvia methods.

There are a number of designprinciples which characterizeobject-oriented pro-

gramming. When combined, the principles describe OOP; however, individually each

is an exampleof abstraction [92, Page9].

� Divide and Conquer : A division of labor occurswherecomplextasksarebro-

ken up into smaller, more manageableunits. This strategy increasesthe likeli-

hood that each task will becompletedcorrectly. This OOP ideais closelyrelated

to the divide and conqueralgorithm inherent in computerscience.Basially, once
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the overal problem hasbeendivided into well-de�ned subproblems,an object is

designedto solve each subproblem.

� Encapsula tion : Each object is designedto ful�ll a given type of task, and

it contains all the data and methods required to complete its task in a self-

contained fashion.

� Interf ace: An object's calling sequenceor interface determineshow a single

object is usedand how multiple objects interact with each other.

� Inf orma tion Hiding : The implementation of a procedure can be changed

without modifying any of the code which calls the procedure, as long as its

interface remains the same. The details of how an object completesa task is

immaterial to other objects it communicateswith, which increasesthe 
exibilit y

of the entire project.

� Generality : Objects are designedto ful�ll a certain generaltask so that as

much code as possiblecan be reusedin di�eren t speci�c situations.

� Extensibility : The conceptof inheritance is important here, as we hope to

inherit as much functionality as possiblefrom other objects in order to extend

the capabilities of new object to solve a related task.
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Figure 5.1: OOP Schematic

5.2 Trilinos: Solver Framew ork

This sectiondiscussessoftware status as of August 2004.

Trilinos, currently under development at Sandia National Laboratories, is an

object-oriented product designedto aid the development of parallel solvers and li-

braries [70, 106]. It is organizedinto multiple packages,with each packagedesigned

to stand alone as an independent piece of software with its own requirements and

designteam (although there are a small number of dependencies).Someexamplesof

Trilinos packagesinclude ML, a multigrid preconditioning packagefor solving large,

sparse,linear systems;AztecOO, an object-oriented interface to Aztec, a massively

parallel solver for sparse,linear systems;NOX, a nonlinear solver package; LOCA,

a library of continuation algorithms; and Epetra, a default linear algebralibrary for

all Trilinos solvers. Trilinos alsoprovidesa New_Packageclassto aid the inclusion of

new packagesin future releases.

While each packageis stand-alonesoftware, many packageshave default options
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that use tools contained in other Trilinos packages. For example,LOCA usestools

in NOX to solve the nonlinear systemsgeneratedby the continuation algorithms. To

represent the nonlinear systemand associated linear subsystem,NOX communicates

with speci�c implementations of vectorsand matrices indirectly through a variety of

linear algebrainterfaces.Also, AztecOO contains iterativ e linear solversimmediately

available to NOX.

It is important to understand the di�erence between a linear algebra interface

and a linear algebraimplementation. A linear algebrainterfaceis able to manipulate

vectors without any knowledge of the underlying data structure or storage. For

example,the Trilinos Solver Framework (known asTSF [12, 14,87]) is a linear algebra

interfacewhich contains many methods for performing vector and matrix operations

(seeSection5.2.1 for examples). Thesemethods are independent of the underlying

implementation of the linear algebra object; as an example, one should be able to

write high level code for a sparsematrix-vector product with no knowledgeof how

the sparsematrix is stored in memory. That speci�c fact is entirely dependent upon

the user's linear algebra implementation. Speci�c linear algebra implementations

include LAPACK [2, 39]; SandiaNational Laboratories' Epetra [69, 71]; and Argonne

National Laboratory's PETSc [8, 9, 10]).

General software engineeringtools required by all packagesare located at the

Trilinos level and, of these,the most important are the GNU Autoto ols [52, 53] used

con�gure and compile the code. Autoconf automatically generatesthe appropriate,
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machine-dependent scripts to con�gure all Trilinos packagesfor the user'sparticular

platform, and Automake automatically generatesthe Make�les for each package.

Trilinos is freely available under the GNU LesserGeneral Public Licensefrom

http://software.sandia.gov/trilinos .

5.2.1 Linear Algebra In terfaces: TSF Core and TSFExtended

Interest in generalabstract linear algebra packagesgrew in 1996 with the appear-

anceof the Hilbert ClassLibrary (HCL) written by Symesand Gockenbach [54, 55].

The progressionfrom there, as it relatesto Trilinos, involvesa concretevector repre-

sentation called Epetra written by Mike Heroux from SandiaNational Laboratories.

Epetra is currently the default linear algrebra represention distributed with Trilinos.

In 2001,the addition of the TSF packageto the development version of Trilinos

expanded the capabilities of the framework through more abstract linear algebra

interfaces. Kevin Long from Sandia National Laboratories wrote the original TSF,

and over the yearsit hasgrown to account for the needsof its users.Recent work has

split TSF into three moremanageablepackagesthat arecurrently part of the Trilinos

framework: TSFCore, TSFCoreUtils, and TSFExtended.

The TSFCorepackagecontains an abstract interfaceto basiclinear algebraopera-

tions on vectors,linear operators,and nonlinearoperators. It attempts to support the

minimum functionality required to build abstract numerical algorithms (ANAs). In

this way, requirements commonto ANAs areseparatedfrom speci�c implementations
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of the linear algebra. Thus, the user is able to use any linear algebra implementa-

tion that can interface with the abstract numerical algorithm. The nonlinear solver

NOX wasdesignedto be an ANA, and other examplesinclude iterativ e linear solvers,

stabilit y/bifurcation methods, uncertainty quanti�cation methods, and simultaneous

analysisand design(SAND) optimization [12, 15].

Since TSFCore is an interface to a linear algebra library, it requires accessto

a concrete linear algebra implementation. Epetra is the concrete implementation

distributed with Trilinos; thus, it is the linear algebra library most Trilinos users

choosein practice. As mentioned earlier, LAPACK and PETSc are other options.

Utilities required for e�cien t parallel implementation of TSFCore methods are

located in the TSFCoreUtils package. One of the most important features is the

RTOpPack namespace,which contains e�cien t templated code for performing reduc-

tion and transformation operations [15]. Reduction and transformation operations

are important becauseonecan combine them to perform all the standard BLAS op-

erations [2], in addition to any nonstandardoperations required by an optimization

algorithm or an algorithm for solving nonlinear equations.An exampleof a nonstan-

dard operation provided in [15] is

di  

8
>>>>>>>>>><

>>>>>>>>>>:

(b� u)1=2
i if wi < 0 and bi < + 1

1 if wi < 0 and bi = + 1

(u � a)1=2
i if wi � 0 and ai > �1

1 if wi � 0 and ai = �1

for i = 1: : : n:
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The abilit y to easilyhandlecomplicatedconditional statements is a major selling

point for TSFCore. Furthermore, the implementation of reductionand transformation

operationsin TSFCorestrivesto reducethe overall number of temporary vectorcopies

required to computecomplicatedoperations.

Examplesof Reduction/Transformation Operations:

1. element-wise transformation: opT
�
i; v0

i ; : : : ; vp� 1
i ; z0

i ; : : : ; zq� 1
i

�
! z0

i ; : : : ; zq� 1
i

Examples : vector addition, linear combinations, scaling

2. element-wise reduction: opR
�
i; v0

i ; : : : ; vp� 1
i ; z0

i ; : : : ; zq� 1
i

�
! �

Examples : norm, dot product

3. reduction of intermediates: opRR

�
�̂ ; ~�

�
! ~�

Here v0; : : : ; vp� 1 2 Rn are p non-mutable input vectors; z0; : : : ; zq� 1 2 Rn are q

mutable input/output vectors;i = 1: : : n; and � is a reduction target which can be a

simplescalar,a morecomplicatednon-scalar(e.g. a setof scalars),or NULL. Mutable

is a C++ keyword, which allows the modi�cation of a data member belonging to a

constant object.

The TSFExtended package provides an abstract interface to vectors, operators,

and solvers through wrappers and extensionsto TSFCore [12, 14]. A goal of TS-

FExtended is Matlab-lik e syntax, yielding intuitiv e syntax and more readablecode.

Moreover, TSFExtended's use of handle classesmakes TSFCore and TFEXtended

interchangeableand memory management automatic.
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Essentially a handle classcontains both a pointer to the object being handled as

well as a counter that tracks the number of valid referencesto the object that are in

the code at any given time. As soon asthe object is no longerreferencedat any point

in the code, the handle will recognizethat the counter is currently at zero, and the

spaceallocated for the object will automatically be deleted. Thus the user will use

the newcommandto allocate space,but will never deleteobjects or deallocate space.

This idea will be familiar to Java users.

In TSFExtended,the handleclasswrapsa pointer to a TSFCoreobject, sothe user

is not responsible for the minute details of pointer syntax. Also TSFExtended code

has minimal explicit useof pointers, so the code is more readableand user-friendly.

A �nal bene�t of the handleclassesin TSFExtended is that they allow TSFCoreand

TSFExtended to be interchangeable. For example, assumea user has accessto a

TSFCore object, but would like to perform a TSFExtended operation on the object.

First, the TSFCore object is usedto construct the equivalent TSFExtended object.

Then the TSFExtended operation is applied to this new object.

On the other hand, considerthe casewhere the user wants to perform TSFCore

operations,but only hasaccessto TSFExtendedobjects. The handleclasscomesinto

play in this instance, as every handle to a TSFExtended object contains a pointer

to the equivalent underlying TSFCore object. The pointer can be usedto accessthe

TSFCore object and perform TSFCore operations on it.
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5.2.2 NO X

NOX is an object-oriented software package designedto e�cien tly solve nonlinear

problemsof the form

F (x) = 0; F : Rn ! Rn ;

using any available linear algebra package which conforms to the NOX calling

sequence.NOX doesnot require information about the Jacobian,F 0, although when

this information is available the performanceof the nonlinear solver improves. Here

F 0
i;j = @F i

@x j
(x).

The methods a linear algebrapackagemust support are de�ned through the NOX

abstract baseclasses(ABCs) NOX_Abstract_Vector and NOX_Abstract_Group. All

standard vector operations that NOX expectsa linear algebrapackageto handle are

de�ned within the Vector class.All other nonlinearsolver operationsareencapsulated

in the Group class.

For example,the concreteimplementation of the NOX_Abstract_Groupclasscon-

tains speci�c methods to computeF (x) at a particular point x 2 Rn , aswell asF 0(x),

if available. AssumingJacobianinformation is provided, a method shouldbespeci�ed

for computing the Newton direction and possibly the gradient for the problem. The

Newton direction is the solution, s, of F 0s = � F , which can be computedwith either

a direct linear solver or an iterativ e method like GMRES. If the nonlinear problem is
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formulated as the optimization problem,

min f (x) =
1
2

kF (x)k2
2;

NOX will computeand store the gradient, g = (F 0)T F , of f (x).

In order for NOX to communicate with a particular linear algebrapackage,con-

crete implementations of the required methods must be coded by the user in classes

derived from the abstract baseclasses. To allow NOX to communicate with vec-

tors implemented by the linear algebra package LAPACK, for example, the class

NOX_LAPACK_Vectormust be derived from NOX_Abstract_Vector and implement all

required vector methods using LAPACK. Similarly, NOX_LAPACK_Groupmust derive

from NOX_Abstract_Groupand implement all of its pure abstract methods.

5.2.3 My Con tribution to Trilinos

Sundance2.0 is a high-level C++ software package under development at Sandia

National Laboratories. Its purposeis to provide a partial di�eren tial equation(PDE)

simulation/optimization framework using the �nite element method (FEM), which

hides most of the FEM details from the user. The code is object-oriented, allowing

the user to describe the �nite element problem in terms of objects like a mesh, the

weakform of the PDE, and function spaces,rather than by computing each individual

entry of the sti�ness matrix or load vector [85, 86].

Sundancedepends upon Trilinos, Sandia's parallel solver framework, for linear
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algebra and solver support. This dependencerequires the user to �rst successfully

install Trilinos on their system before installing Sundance. The current version of

Sundancecontains interfacesto TSFExtendedvectors,linear and nonlinearoperators,

linear solvers, and preconditioners. There are also interfacesto more sophisticated

linear solvers and preconditionersin AztecOO and nonlinear solvers basedin NOX,

as well as hooks for preconditioning with ML and IFPACK.

Sundanceis available for download under the GNU LesserGeneral Public Li-

cense(LPGL) from http://software.sandia.gov/sundance . The current version

of Sundancesupports only equal-orderelements. This is not a hindrance for most

applications;however, whensolving nonlinear 
uid 
o w applicationsspuriousoscilla-

tions in the pressure�eld will appear unlessmixed-orderelements are usedto satisfy

the LBB compatibilit y condition (seeSection3.3.2). Adding a pressure-stabilization

term to the 
uid 
o w model is a feasiblework-around to Sundance'scurrent restric-

tion to equal-orderelements. Information on stabilization techniques for the �nite

element method is included in Section3.3.3.

The following information provides sometechnical details regardingSundance.

� Sundancetakes advantage of a hybrid symbolic-automatic functional di�er en-

tiation schemeto allow usersto write high-level, yet computationally e�cien t

code. Derivativesare computed at evaluation time rather than requiring sym-

bolic expressionsin expandedform.

Automatic di�eren tiation, detailed in [13, 21, 22, 72, 112], is included in Sun-
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dancewith a variety of bene�cial results. For optimization problems,adjoints

can be computedautomatically for the user. More pertinent to this document

is the question of how to handle the Jacobian when solving a system of non-

linear equations. Can the Jacobian be speci�ed exactly or does it have to be

approximated by somemeanslike �nite di�erences? If it can be approximated,

is it computationally feasible to do so? With Sundance,these questionsbe-

comeinsigni�cant; the Jacobian is always computed e�cien tly using symbolic

automatic di�eren tiation.

� Handle classesare used throughout Sundanceto simplify user-level code and

yield automatic and intelligent memory management. For example,Sundance

symbolic objects are represented with the Expr (Expression)handle class.The

di�eren t symbolic typesall derive from the baseclassExprBase, but after being

constructedthey are all usedthrough the Expr handle only.

Expr x = new CoordExpr(0);

Expr f = x + 3.0*sin(x);

Expr dx = new Derivative(0);

Expr df = dx*f;

The Expr handle assumestotal responsibility for the \p ointers" createdabove,

including any required copying, memory management, and eventual deletion.

Large data structures like meshes,matrices, and degree-of-freedommaps are
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shallow-copied (original and copy refer to the samechunk of memory) rather

than deep-copied(the copy occupiesa portion of memoryentirely separatefrom

the original object). Referencecounted \smart pointers" are usedto keeptrack

of the number of referencesto a given object so that the object is deletedonly

when there are no more referencesto it in the entire program.

� One goal in developing Sundanceis to make parallelism as transparent as pos-

sible to the user. The only necessarydi�erences between a serial code and a

parallel one is the useof parallel linear algebraand a partitioned mesh.

� To solve time-dependentpartial di�eren tial equations,the userwrites the PDE

in terms of the weak form for the spatial derivatives and the �nite di�erence

approximation to all time derivatives. The useris then responsiblefor coding a

standard C++ loop structure to evolve the equationsin time, while Sundance

solves the spatial portion of the equation at each time step. Thus, it is up to

the user to implement �xed or adaptive time-stepping and satisfy the stabilit y

condition on the ratio of time step to meshwidth.

� The object-oriented nature of Sundanceenablesthe user to generatea �nite

element mesh with any available meshing tool, with Sundanceaccessingthe

meshinformation through the MeshSourceinterface. The default meshreading

capability within Sundancereadstext-basedNetCDF format; however, reading

any other meshformat is as simple as the userwriting a routine, derived from
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the MeshSourceBaseclass,to do so.

� There is built-in functionality through the FieldWriter classfor writing solu-

tions to a �le for easiervisualization. Two default FieldWriters are VTKW riter

which writes to a *.vtu �le (visualized with any VTK viewer like Paraview)

and MatlabWriter which writes to a Matlab *.dat �le. Of course,a user can

write other FieldWriter classeswhich extend from the FieldWriterBase classas

needed.
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Conclusions

6.1 Tw o-Dimensional Finite Elemen t Simulation

Wehavesimulated regionalgroundwater 
o w through heterogeneousporousmediaus-

ing stabilization techniquesimplemented in the �nite element simulation framework,

Sundance. We have found that the practice of simplifying the momentum balance

equationby excludingthe advective accelerationterm, u � r u, is valid for this type of


o w regime. When comparedto the magnitude of both the Darcy and Forchheimer

terms over a range of Reynold's numbers (Re 2 (0; O (100))), the magnitude of the

advective accelerationterm is much smaller.

Focusingon the stabilization strategy implemented in this work, we have applied

the work of Bur�y�skov�a on generaladjoint operators to expressthe negative adjoint

of the quadratic Forchheimer term. The negative adjoint is what setsthe multiscale

113
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stabilization method apart from other residual-basedstabilization schemes,like GLS

and SUPG.

6.2 Future Work: Three-Dimensional Finite Ele-

ment Simulation

We will extend the two dimensionalwork shown in Chapter 4 to three spatial dimen-

sionswhere
o w through the domain is inducedby a production well (seeFigure 1.3).

We hypothesizethat vertical 
o w gradients which can only be identi�ed in 3D will

contribute to increasingthe magnitudeof the advective accelerationterm. It remains

to be seenif the contribution of the advective term will be increasedenoughfor it to

be signi�cant to the simulation when comparedto both the Darcy and Forchheimer

terms.

A two-dimensional \Quarter Five Spot" simulation will provide the boundary

conditions for the three-dimensionalsimulation. The 3D grid can be generatedusing

CUBIT, a mesh generation tool developed at Sandia National Laboratories. This

meshingtool waschosenbecauseSundancealready includesan interfaceto CUBIT.
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App endix A

Deriving Linear and Nonlinear

Adjoin ts for the Generalized

Galerkin Stabilization Metho d

Recall the generalizedGalerkin stabilization method from equation (3.13) in the dis-

cussionof stabilization strategiesfrom Section3.3.3.

�
ew � ; L eu �

�



+

ne� 1X

e=0

�
L ew � ; �

�
L eu � � ef

� �


 e

=
�

ew � ; ef
�



;
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The expressionfor L dependsupon the speci�c implementation of stabilization in the

following way (again, seeSection3.3.3 for details).

L �

8
>>>>>><

>>>>>>:

+ L Galerkin/least-squares(GLS)

+ L adv Streamline-Upwind Petrov-Galerkin (SUPG)

�L y Multiscale (MS)

The multiscaleversionof L is usedto stabilize the Darcy and Forchheimerterms from

the non-Darcy 
o w equations(3.4) as shown in Section3.4. This appendix provides

the derivation of the adjoint for both the linear Darcy and quadratic Forchheimer

terms.

A.1 Linear Adjoin t Op erator

According to [3, Page 622],the adjoint operator of a linear, second-orderordinary

di�eren tial operator of the form

La(x) = b0 (x)
d2a(x)

dx2
+ b1 (x)

da(x)
dx

+ b2 (x) a (x) ; (A.1)

is given by

L ya (x) = b0 (x)
d2a (x)

dx2 +
�

2
db0 (x)

dx
� b1 (x)

�
da (x)

dx
+

�
d2b0 (x)

dx2 �
db1 (x)

dx
+ b2 (x)

�
a (x) :

(A.2)
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To �nd the adjoint of the linear Darcy portion of the non-Darcymomentum equation

shown in (3.4b) (i.e. the momentum equation from the Darcy problem, shown in

equation3.9b), this one-dimensionalexampleis extendedto higherspatial dimensions

in the following way. As in previoussections,ew � =
�
w � ; q�

�
.

L y ew � =
�
Lw �

� y
+

�
Lq�

� y

=
h�

k
w �

i y
+

�
r q�

� y

=
�
k

w � � r q� (A.3)

The negative of this expressionis shown by Masud and Hughesin [89, Page4345]to

be the multiscale di�eren tial operator required in the residual-basedstabilization of

the Darcy equations(shown in equations(3.9)).

The extension of the above ideas to a nonlinear adjoint operator is necessary

stabilizethe nonlinearForchheimerterm, � � kuk2u, in the non-Darcy
o w model. The

work of Bur�y�skov�a providesa formula for computing the nonlinear adjoint, provided

someinitial conditions are satis�ed [30].

A.2 De�nition of the Nonlinear Adjoin t Op erator

In [30], Bur�y�skov�a discussesthe adjoint, F y, of a generaloperator, F . The operator

F associates an element of a Banach spacewith an element of the respective dual

space. The details required to treat adjoint operators in the full generality neces-
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sary to achieve results over arbitrary Banach spacesare left to the given reference.

They are not necessaryto determine the adjoint of the nonlinear operator associ-

ated with Forchheimerportion of the nonlinearnon-Darcy 
o w model in three spatial

dimensions,namely

F (eu) =

2

6
6
4

r p + �
kf

u + � � ukuk2

�r � u

3

7
7
5 : (A.4)

Furthermore, the stabilization of the Forchheimerportion of the model is determined

separatelyfrom the stabilization for the advective accelerationterm. For this reason,

the advective accelerationterms can be left out of equation (A.4) with no ill e�ects.

From [30, De�nition 1.6], in order for the adjoint operator F y (eu) to exist for the

given operator F (eu), it must be true that

1. F (0) = 0, and

2. the directional derivative of F (eu) evaluated at Teu (T 2 [0; 1]) is integrable for

arbitrary (but �xed) eu in any direction.

Assumingthat the velocity vector u is boundedaway from zeroover the entire domain


, the operator de�ned in equation (A.4) hasan adjoint operator which is de�ned by

F y ( �x) =

1Z

0

[F 0(Tx)]y ( �x) dT; (A.5)

whereF 0 is the standardJacobianof the nonlinearoperator (F 0
i;j = @F i

@x j
). The assump-

tion that the velocity is nonzeroover the entire domain is valid for the groundwater
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o w application at hand.

Table A.1: Multiscale Residual-BasedStabilization. The linear problem is given by
L eu = ef , while the nonlinear problem is speci�ed by F (eu) = 0.

Multiscale Linear Stabilization Term

ne� 1P

e=0

�
�L y ew � ; � e

�
L eu � � ef

��


 e

Multiscale Nonlinear Stabilization Term

ne� 1P

e=0

�
� F y ( ew) ; � eF

�
eu �

� �


 e

Now the adjoint formula from equation(A.5) canbeput in the context of the �nite

element discretizationwith unknowns eu and test functions ew. The linear stabilization

term was reiterated at the beginningof this appendix as

ne� 1X

e=0

�
L ew � ; �

�
L eu � � ef

��


 e

;

where the linear di�eren tial operator, L , acting on the test functions is equal to

�L y ew � in the linear multiscale case. In the nonlinear case,L ew � = � F y ( ew), as

shown in Table A.1. Note that the nonlinear adjoint formula

F y ( ew) =

1Z

0

[F 0(Teu)]y ( ew) dT;

approximates the directional derivative of F (eu) in the direction of the test functions.
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A.3 Computing the Adjoin t Op erator of � � kuk2u

Considerthe three-dimensionalsteady-statemodel equationsshown in (3.4) written

component-wise. If contributions from advective accelerationare ignored, then

F (eu) =

2

6
6
4

r p + �
kf

u + � � ukuk2

�r � u

3

7
7
5 :

Assumingthe variable order to be eu = [u; p]T and assumingthat density is constant,

the Jacobianof the nonlinear operator is

F 0(eu) =

2

6
6
6
6
6
6
6
6
6
6
4

�
kf

+ � � kuk2 + � �u 2
1

kuk2

� �u 1u2
kuk2

� �u 1u3
kuk2

@
@x

� �u 1u2
kuk2

�
kf

+ � � kuk2 + � �u 2
2

kuk2

� �u 2u3
kuk2

@
@y

� �u 1u3
kuk2

� �u 2u3
kuk2

�
kf

+ � � kuk2 + � �u 2
3

kuk2

@
@z

�r� 0

3

7
7
7
7
7
7
7
7
7
7
5

:
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F y ( ew ) =

T=1Z

T=0

[F 0(Teu)]y

2

6
6
4

w

q

3

7
7
5 dT

=

T=1Z

T=0

2

6
6
6
6
6
6
6
6
6
4

�
k f

+ T� � kuk2 + T� �u 2
1

ku k 2

T� �u 1 u 2
ku k 2

T� �u 1 u 3
ku k 2

� @
@x

T� �u 1 u 2
ku k 2

�
k f

+ T� � kuk2 + T� �u 2
2

ku k 2

T� �u 2 u 3
ku k 2

� @
@y

T� �u 1 u 3
ku k 2

T� �u 2 u 3
ku k 2

�
k f

+ T� � kuk2 + T� �u 2
3

ku k 2
� @

@z

r� 0

3

7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

w1

w2

w3

q
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7
7
7
7
7
7
7
7
7
5

dT

=

T=1Z

T=0

2

6
6
6
6
6
6
6
6
6
4

�w 1
k f

+ T� �w 1kuk2 + T� �u 2
1 w 1

ku k 2
+ T� �u 1 u 2 w 2

ku k 2
+ T� �u 1 u 3 w 3

ku k 2
� @q

@x

�w 2
k f

+ T� �w 2kuk2 + T� �u 2
2 w 2

ku k 2
+ T� �u 1 u 2 w 1

ku k 2
+ T� �u 2 u 3 w 3

ku k 2
� @q

@y

�w 3
k f

+ T� �w 3kuk2 + T� �u 2
3 w 3

ku k 2
+ T� �u 1 u 3 w 1

ku k 2
+ T� �u 2 u 3 w 2
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� @q
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r � w

3
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7
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7
7
7
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dT

=

2
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6
6
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6
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4

T �w 1
k f

+ T2
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1 w 1

2ku k 2
+ T2 � �u 1 u 2 w 2
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+ T2 � �u 1 u 3 w 3

2ku k 2
� T @q

@x

T�w 2
k f

+ T2
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2 w 2
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+ T2 � �u 1 u 2 w 1
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+ T2 � �u 2 u 3 w 3
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� T @q
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T�w 3
k f

+ T2
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3
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�
�
�
�
�
�
�
�
�
�
�
�
�
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�

T=1

T=0

=

2

6
6
6
6
6
6
6
6
6
4

�w 1
k f

+ 1
2 � �w 1kuk2 + � �u 2

1 w 1
2ku k 2

+ � �u 1 u 2 w 2
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+ � �u 1 u 3 w 3
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�w 2
k f
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�w 3
k f

+ 1
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3 w 3
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+ � �u 1 u 3 w 1
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+ � �u 2 u 3 w 2
2ku k 2
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r � w

3

7
7
7
7
7
7
7
7
7
5

=

2

6
6
4

�r q + � w
k f

+ 1
2 � � kuk2w + 1

2
� � w �u
ku k 2

u

r � w

3

7
7
5 (A.6)
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A.4 Cho osing the Stabilization Parameter �

Equation (A.6) provides � L ew which is required to stabilize the non-Darcy model.

The stabilization for the Darcy and Forchheimer terms takesthe form

ne� 1P

e=0

�
L ew � ; � r �

�


 e

=

ne� 1P

e=0

��
� �

kf
w � + r q� � 1

2 � � ku � k2w � � 1
2

� � w � �u �

ku � k2
u �

�
; � r �

�


 e

;

wherer � is de�ned in equation (3.10).

It remains to specify the stabilization parameter, � . For the Darcy equations,

Masud and Hughesshow that � = k
2� , and they also illustrate how � changesfor a

di�eren t model. As an example,they considerthe Brinkman model [89, Pages4345

and 4348].

�
k

u + r p = � � u (A.7a)

r � u = 0 (A.7b)

A.4.1 Example: Brinkman Mo del

For the linear Brinkman model, the di�eren tial operator Lw � = � �
k w � + r q� +

� � w � , and the stabilization parameter becomeselement dependent (� = � e). Thus
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the stabilization term becomes

ne� 1X

e=0

�
L ew � ; � r �

�


 e
=

ne� 1X

e=0

� �
�

�
kf

w � + r q� + � � w �
�

; � e

� �
k

u � + r p� � � � u �
� �


 e

;

(A.8)

where

� e = min
x2 
 e

�

 � 2

e

2� (x)
;

k (x)
2� (x)

�
: (A.9)

The non-dimensionalconstant 
 dependsupon the element type. One can seethat

the pattern is to choose � e by looking at the reciprocal of the coe�cien t of each

velocity term and setting the parameter to be one-half of the minimum value over

each element. The grid spacing,� e, is included to balanceany derivative terms; thus,

the term 
 � 2
e

� (x) can be viewed as the reciprocal of the coe�cien t of a �nite di�erence

approximation to the secondderivative, � � u � .

A.4.2 The Darcy/F orchheimer Stabilization Parameter

Considerthe coe�cien ts of the Darcy and Forchheimer terms in the non-Darcy 
o w

model (3.4), namely �
kf

and � kuk2, respectively. Following the Brinkman example

developed in SectionA.4.1, the appropriate stabilization parameterfor the non-Darcy

model is

� e = min
x2 
 e

�

 kf (x)

�
;



� ku (x) k2

�
: (A.10)

One can seethat in the Darcy regimewhere the velocities are assumedto be small

in magnitude, � e = 
 kf (x)
� (x) and the Darcy stabilization has been recovered. On the
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other hand, outside the Darcy regime the magnitude of the velocities increase,the

Forchheimer term will impact the non-Darcy model, and there will be regionsin the

domain where

1
� ku (x) k2

<<
kf (x)

�
:

A.5 Appro ximating � in Sundance

While the formula for the non-Darcystabilization parametershown in equation(A.10)

is correct for the problemat hand, it is not computationally feasiblewithin the current

Sundanceframework. While both 
 kf (x)
� and 


� ku (x)k2
can be computed at each point

in the computational domain, Sundancedoesnot have the functionality to determine

the minimum of the two functions over each element.

To avoid this limitation, the stabilization parameter � e will be replacedby � � (x),

a di�eren tiable approximation to the min function. This formulation combines the

di�eren tiable approximation to the maxfunction from [32, Page255]and [18, 82]with

the fact that

minf a;bg = � maxf� a; � bg:

The form of � � (x) implemented for the numerical results in Chapter 4 �nds the

minimum of 
 kf (x)
� and 


� ku (x)k2
at each node in the computational grid. Thus � � (x) is

a function associated with the nodesrather than a piecewiseconstant function over

the elements as Masud and Hughesintended � e to be. The parameter � is equal to
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10� 2 or 10� 3.

� � (x) = � � ln
�

exp
�

� 
 kf (x)
��

�
+ exp

�
� 


�� ku (x) k2

� �
(A.11)

Further details on specifying � can be found in [110, page170].



App endix B

TCA T Single Phase Flo w Mo del

B.1 Deriv ation

We make useof the following constitutive forms and variable de�nitions [68, pages

35 and 36], where the compressibility coe�cien ts � w and � s describe how the 
uid

and solid densities,respectively, changein responseto an isothermal changein 
uid

pressure[16, page37].

@� w

@pw
= � w � w (B.1)

@� s

@pw
= � s� s (B.2)

�
@pw

@t
= r � v s (B.3)

Let C, the porous medium compressibility coe�cien t, equal �� w + (1 � � ) � s + �,

and recall that the Darcy velocity is given by uw = � (vw � v s). Here the velocity is

145
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referencedwith respect to the velocity of the solid matrix.[16]

B.1.1 Flo w Equation

Conservation of Massfor the water phase,� = w:

@(� w � w)
@t

+ r � (� w � wvw) = � wS0 (B.4)

The conservation of massequationfor the solid is similar, with w superscriptsreplaced

with s superscriptsand no sourceterm. For singlephase
o w, the volume fraction of

the water phase,� w , is equivalent to the porosity, � , of the porousmedium. Therefore,

we can write the massconservation equationsfor the 
uid and the solid as

@(�� w)
@t

+ r � (�� wvw) = � wS0 (B.5)

@[(1 � � ) � s]
@t

+ r � ((1 � � ) � sv s) = 0 (B.6)

Applying the product rule to equations(B.5) and (B.6), we �nd that

�
@� w

@t
+ � w @�

@t
+ r � (�� wvw) = � wS0 (B.7)

� s @�
@t

= (1 � � )
@� s

@t
+ (1 � � ) v s � r � s + � sr � [(1 � � ) v s] : (B.8)

(B.8) shows that the changein porosity canbedueto either the compressibility of the

solid matrix or the movement of the solid grainswith respect to each other. Both are
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determined by the state of stressand the stress-strainrelationship within the solid

matrix. Eliminate the time derivative of porosity using (B.8) along with (B.7).

�
@� w

@t
+

� w

� s

�
(1 � � )

@� s

@t
+ (1 � � ) v s � r � s + � sr � [(1 � � ) v s]

�
(B.9)

+ r � (�� wvw) = � wS0

Applying the following constitutive forms (B.1)-(B.3) to the above equation (B.9)

yields

�
@� w

@pw

@pw

@t
+

� w

� s

�
(1 � � )

@� s

@pw

@pw

@t
+ (1 � � ) v s � r � s + � sr � [(1 � � ) v s]

�

+ r � (�� wvw) = � wS0

[�� w � w + � w (1 � � ) � s]
@pw

@t
+

� w

� s
(1 � � ) v s � r � s + � wr � [(1 � � ) v s]

+ r � (�� wvw) = � wS0

[�� w � w + � w (1 � � ) � s]
@pw

@t
+

� w

� s
(1 � � ) v s � r � s + � wr � v s � � wr � (� v s)

+ � wr � (� vw) + � vw � r � w = � wS0

[�� w + (1 � � ) � s]
@pw

@t
+

(1 � � ) v s

� s
� r � s + �

@pw

@t
+ r � [� (vw � v s)]

+
� vw

� w
� r � w = S0

[�� w + (1 � � ) � s + �]
@pw

@t
+

(1 � � ) v s

� s
� r � s + r � [� (vw � v s)]

+
� vw

� w
� r � w = S0
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Introducing the porous medium compressibility coe�cien t and the Darcy velocity

de�ned earlier, we have

C
@pw

@t
+ r � uw +

(1 � � ) v s

� s
� r � s +

� vw

� w
� r � w = S0

C
@pw

@t
+ r � uw +

(1 � � ) v s

� s
�

@� s

@pw

@pw

@x j
+

� vw

� w
�

@� w

@pw

@pw

@x j
=

C
@pw

@t
+ r � uw + [(1 � � ) � sv s + �� wvw ] � r pw =

Sincethe compressibilitiesand velocities are generallysmall, the term

[(1 � � ) � sv s + �� wvw ] � r pw

is usually neglected.

Thus the 
o w equation is given by

C
@pw

@t
+ r � uw = S0:

B.1.2 Momen tum Conserv ation

D w (�� wvw)
Dt

+ �� wvwdw : I + � (r pw � � g) = � � w
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A valid assumptionis that the solid matrix is relatively immobile, so only the 
uid

contributes to momentum conservation in the system.

D w (� wuw)
Dt

+ � wuwdw : I + � (r pw � � g) = � � w

The following notation de�nition is required:

dw : I = r � vw = r �
uw

�
=

1
�

r � uw �
uw

� 2
� r �

For an isotropic mediumthe Darcy-typeapproximation yieldsthe constitutiverelation

� w = �R wuw

where� w is the dynamic momentum exchangeterm [62], and Rw incorporatesprop-

erties of both the 
uid and porous medium, but not the 
o w conditions. For high

velocity 
o w it can be shown that

Rw = r + a
�
�
�uw � us

�
�
�

wherer and a are properties of the 
uid and porousmedium. Thus the momentum

equation becomes

D w (� wuw)
Dt

+ � wuwdw : I + � (r pw � � g) = � �R wuw
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B.2 Mo del Represen tations

The following model representations werecompletedwith Bill Gray [58].

B.2.1 Three-dimensional Mo del

The single-phase,singlespeciesTCAT groundwater 
o w model is given by

C
@p
@t

+ r � u =
N WX

i =1

Qi � (x � x i ) (B.10)

@(� u)
@t

+ r �
�

� u 
 u
�

�
+ � (r p � � g) = � �R u;

(B.11)

wherethe �rst equation in the systemhasunits of 1
time and the two remaining equa-

tions have units of mass
length 2 time 2 . In this formula and all thosethat follow, the resistance

tensor, R, hasunits of mass
length 3 time

.

B.2.2 Tw o Dimensional Mo del

In order to solve the two dimensional\Quarter of Five Spot" problem in Section6.2,

we derive the two dimensionalmodel by integrating the PDE system(B.10)-(B.11)
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over the vertical direction, z.

8
>>><

>>>:

R

z

�
C @p

@t + r � u
�

dz =
R

z

N WP

i =1
Qi � (x � x i ) dz

R

z

h
@(� u)

@t + r �
�

� u 
 u
�

�
+ � (r p � � g)

i
dz = �

R

z
[�R u] dz

Thus, 8
>><

>>:

`zC @p
@t + `zr � u =

N WP

i =1
Qi � (x � x i )

`z
@(� u )

@t + `zr �
�

� u 
 u
�

�
+ `z� (r p � � g) = � `z�R u;

where`z is the thicknessof the aquifer in the vertical (z) direction and � (x � x i ) now

hasunits of 1
length 2 rather than 1

length 3 as in the three-dimensionalcase.In two spatial

dimensionsthe �rst equation has units of length
time , while the units of the momentum

equation are mass
lengthtime 2 .

B.2.3 One Dimensional Mo del

For the onedimensionaltest caseof groundwater 
o w through a column packed with

porousmediumfrom Section1.3,wederivean appropriateversionof the TCAT model

by integrating the PDE system(B.10)-(B.11) over two horizontal spatial directions,

x and y. We alsoneglectthe well sourceterms sincethey do not apply in onespatial

dimension.

8
>>><

>>>:

R

x

R

y

�
C @p

@t + r � u
�

dy dx = 0

R

x

R

y

h
@(� u)

@t + r �
�

� u 
 u
�

�
+ � (r p � � g)

i
dy dx = �

R

x

R

y
�R u dy dx
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Thus, 8
>><

>>:

`x `yC @p
@t + `x `y

@u
@z = 0

`x `y
@(�u )

@t + `x `y

�
2�u @u

@z
�

�
+ `x `y �

� @p
@z � �g

�
= � `x `y �R u;

where `x `y is the cross-sectionalarea of the column. The equations have units of

length 2

time and mass
time 2 , respectively.

B.2.4 Dimensionless Mo del

In certain instancesdealingwith a dimensionlessversionof the model can lend insight

into the physics of the model and simplify its implementation and analysis. The

derivation of the dimensionlessversion of the two-dimensionalsteady-stateTCAT

model follows.

We �rst considerhow to transform

`zr � u =
N WX

i =1

Qi � (x � x i ) (B.12)

into its dimensionlessequivalent.
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Let

r = r � 1
L

(B.13)

`z = ` �
z`z (B.14)

� = � � 1
L2

(B.15)

u = u � h
t r

(B.16)

Qi = Q�
i
B3

t r
(B.17)

whereL, h, `z, and B denotegenericlength scalevariables,t r is a representativ e time

scalevariable, and the superscript � denotesa dimensionlessquantit y.

We substitute the de�ned dimensionlessvariablesinto (B.12) in the following way.

r � u =
N WX

i =1

Qi

`z
� (x � x i )

r � � u � h
t rL

=
N WX

i =1

Q�
i B3

` �
z`zt rL2

� � (x � x i )

r � � u � =
N WX

i =1

Q�
i � � (x � x i )

` �
z

�
B3

`zLh

�

The following are reasonablechoicesfor variable relationships.

h = L : sinceboth are horizontal lengths

B3 = `zL2� : the volume B3 is equal to the void volume available for 
o w

Using theseequivalent relations and the fact that ` �
z = 1 in (B.14), we have the
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dimensionlessformulation of (B.12).

r � �u �

� =
P N W

i=1 Q�
i � � (x � x i ) (B.18)

Moving on to the momentum equation, we have

`zr �
�

� u 
 u
�

�
+ `z� (r p � � g) = � `z�R u

`zu
�

� r (� u) + `z� ur �
�

u
�

�
+ `z� (r p � � g) = � `z�R u

Usingour choicesfor h and B 3 to simplify someof the de�nitions in (B.13)-(B.15),

we have

u = u � L
t r

(B.19)

Qi = Q�
i
`zL2�

t r
(B.20)

p = p� P (B.21)

Substituting (B.13)-(B.15) and (B.19)-(B.21) into the two-dimensionalsteady-state

momentum equation yields

` �
zu �

�
� r � (� u � )

`zL

(t r)2 + �` �
zu � r � �

�
u �

�

�
`zL

(t r)2 + ` �
zr � p� �` zP

L
� �` z� g` �

z =

� �R ` �
zu � `zL

(t r)
(B.22)
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Multiply (B.22) by (t r )2

��` z L , recall that ` �
z = 1, and simplify to �nd

u �

�
� r �

�
u �

�

�
+

u �

�
r � �

�
u �

�

�
+ r � p� P(t r)2

� L2
� g

(t r)2

L
= � �R

u � (t r)
��

: (B.23)

Substitute the following de�nition of the actual pore velocity into (B.23).

�u =
u �

�

Now we have a simpli�ed equation in which e denotes the unit vector in the

direction of gravit y.

�u � r � �u + �ur � � �u + r � p�

"
P(t r)2

� L2

#

� ge

"
(t r)2

L

#

= � R�u
�

� (t r)
�

�
: (B.24)

The following are reasonablechoicesfor variable relationships.

(t r) = �` z L2

Q i
: void volume divided by the volumetric 
o w rate yields the

residence time, or the averagelength of time it takesfor a particle

of water to travel through the system

P = �g L : so the samecoe�cien t multiplies the pressureand gravit y terms

�u � r � �u + �ur � � �u + r � p�
h

g`2
z � 2L3

Q2
i

i
�

h
g`2

z � 2L3

Q2
i

i
e = � R�u

h
`z � 2L2

�Q i

i
(B.25)

The unknowns of the system are now p� = p
�g L and �u = u`z L

Q i
, and we know the

conversionsbetween the dimensionlessvariables p� and �u and their corresponding

original variablesp and u. Now we have to considercomputing the resistancetensor
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in a dimensionlessfashion.

For the resistancetensor we considerthe modi�ed Ergun formulation from [95]

R =
�

A + B
Re

Re+ Re0

Re
1 � �

�  
� (1 � � )2

D 2� 4

!

which shouldallow the model to account for transitions from linear to nonlinear 
o w

behavior since

� R�u
�

`z� 2L2

�Q i

�
� C1�u + C2�uj �uj: (B.26)

Here C1 is a constant coe�cien t while C2 will vary over the domain as it depends

upon the Reynoldsnumber. The Reynoldsnumber formula will changeslightly based

upon the variable de�nitions set in this derivation.

Re =
�D juj

��
=

�D ju � jL
�� (t r)

=
�D j�ujL
� (t r)

=
�D j�ujQi

��` zL
(B.27)

we needto transform the resistancetensor term from equation(B.25) into a form like

(B.26) such that the coe�cien ts C1 and C2 can be speci�ed.

R�u
�

`z� 2L2

�Q i

�
=

�
A + B

Re
Re+ Re0

Re
1 � �

�  
� (1 � � )2

D 2� 4

!

�u
�

`z� 2L2

�Q i

�

= A�u

 
� (1 � � )2 `zL2

��D 2Qi

!

+
BRe2�u

(Re + Re0)

�
� (1 � � ) `zL2

��D 2Qi

�
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Let our coe�cien ts be A � and B � as de�ned below.

A � = A� (1� � )2 `z L2

��D 2Q i
(B.28)

B � = B � (1� � )`z L2

��D 2Q i
(B.29)

From (B.20), we know that Q�
i = Q i (t r )

`z L2 � , and sincethe residencetime, (t r), has been

de�ned to be �` z L2

Q i
, the dimensionlesspumping rate Q�

i will always equalone.

Therefore,the dimensionlessmodel simpli�es to specifying three parameters,A � ,

B � , and

C � = g`2
z � 2L3

Q2
i

; (B.30)

which leavesus with the following dimensionlesssystem

8
>><

>>:

r � � �u =
P N W

i=1 � � (x � x i )

�u � r � �u + �ur � � �u + C � r � p� � C � e = � A � �u � B � Re2 �u
Re+Re 0

The only parameter that is free to vary is the pumping rate Qi .



App endix C

GSLIB Input File

Parameters for SGSIM
********************

STARTOF PARAMETERS:
../data/empty.dat \ file with data doesn't exist;

\ sgsim will skip to debug level
1 2 0 3 5 0 \ columns for X,Y,Z,vr,wt,sec.var.
-1.0 1.0e21 \ trimming limits
0 \ transform the data (0=no, 1=yes)
sgsim.trn \ file for output trans table
0 \ consider ref. dist (0=no, 1=yes)
histsmth.out \ file with ref. dist distribution
1 2 \ columns for vr and wt
0.0 15.0 \ zmin,zmax(tail extrapolation)
1 0.0 \ lower tail option, parameter
1 15.0 \ upper tail option, parameter
1 \ debugging level: 0,1,2,3
file.dbg \ file for debugging output
file.out \ file for simulation output
1 \ number of realizations to generate
102 -5.0 10.0 \ nx,xmn,xsiz
102 -5.0 10.0 \ ny,ymn,ysiz
1 -5.0 10.0 \ nz,zmn,zsiz
69069 \ random number seed
10 10 \ unused ndmin and ndmax
12 \ number of simulated nodes to use, ncnode
0 \ unused sstrat
0 3 \ multiple grid search (0=no, 1=yes),num
0 \ maximumdata per octant (0=not used)
100.0 100.0 100.0 \ a_hmax, a_hmin, a_vert
0.0 0.0 0.0 \ angles for search ellipsoid
0 0.60 1.0 \ ktype: 0=SK,1=OK,2=LVM,3=EXDR,4=COLC
../data/empty.dat \ file with LVM, EXDR,or COLCvariable

158
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4 \ column for secondary variable
1 0 \ nst, nugget effect
3 1.0 0.0 0.0 0.0 \ it,cc,ang1,ang2,ang3
100.0 100.0 100.0 \ a_hmax, a_hmin, a_vert


