
ABSTRACT

KISHORE, PINAK. An Antenna-Independent Approach to the Capacity of a Wireless

System. (Under the direction of Professor Brian L. Hughes.)

Information theory (IT) promises a huge increase in capacity for systems equipped

with multiple antennas at both the transmitter and receiver (called Multiple-Input

Multiple-Output or MIMO) in a rich multipath scattering environment relative to

single antenna systems (called Single-Input Single-Output or SISO). Since the first

results on capacities for MIMO systems were published by Telatar [2] and Foschini

et al. [3], there has been an extensive research effort to develop techniques and

algorithms to realize the gains promised by MIMO systems. Most of these studies

have focussed on particular antenna systems such as uniform linear arrays and have

derived channel capacities using a statistical signal-space approach under ideal fading

conditions. The number and locations of the antennas in such systems, however

constrains the information that is extracted from the underlying electromagnetic field

thereby giving antenna-dependent capacity results. To overcome these constrains

imposed by particular antenna systems and to find the true capacity of systems

limited only by their volume, we need to look at continuous-time systems in an

antenna-independent way. In this thesis, we look at one such system which consists

of a spherical volume at the transmitter having some arbitrary current distribution

and radiating an electric field around it. The receiver consists of a spherical shell



located in the far-field of the transmitter capturing all the signals radiated by it. We

then use electromagnetic theory to derive the input-output equation for this system

and use an orthonormal series expansion to reduce it to the form of a MIMO channel.

We then calculate the capacity and the spatial degrees of freedom for such a system

and look at how they vary with the size of the transmitting volume and the available

transmitter power. We show that the spatial degrees of freedom grow linearly with

the effective aperture of the spherical volume and the capacity grows even faster.

We also investigate the increase in spatial degrees of freedom and capacity that can

be achieved by using three-dimensional (tri-polarized) current distributions at the

transmitter instead of one-dimensional (uni-polarized) current distributions. We show

that capacity gains of 3 times can be achieved for a sufficiently large transmitter.

Lastly, we look at a more realistic complete transmit-receive system with an identical

spherical volume at the receiver and an ideal fully-scattered channel connecting the

transmitter to the receiver. We model the channel as a Rayleigh fading channel and

compare the results on capacity and spatial degrees of freedom with previous results.
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Chapter 1

Introduction

Claude E. Shannon [1] laid the foundations of Information Theory (IT) in his

seminal paper ‘A Mathematical Theory of Communications’ in 1948 which gives fun-

damental limits on the performance of communication systems. IT gives the maxi-

mum rate at which reliable communications is possible for a given channel, which is

called the channel capacity. Through technological advances and extensive research

in the area of coding theory over the years, researchers have been able to design com-

munication systems which perform within a fraction of a dB of Shannon’s capacity

limit for Additive White Gaussian Noise (AWGN) wireless channels [5]. However, the

demand for data rate over wireless systems has increased at such a pace, that even

optimal single-antenna systems ( called Single-Input Single-Output or SISO) have

been unable to keep up with it. The limited amount of radio spectrum restricts the
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data rates that we can achieve over SISO channels, which has motivated researchers

to look at other ways of increasing the data rate without increasing the spectrum

usage.

This research led to the discovery in the late 90’s of wireless communication sys-

tems equipped with multiple antennas at both the transmitter and receiver (called

Multiple-Input Multiple-Output or MIMO) that can achieve huge capacity gains over

conventional SISO systems in a rich multipath scattering environment. Telatar in [2]

and Foschini et al. in [3] gave the first results on the capacities of MIMO wireless

systems and showed that, under the assumptions of an ideal Rayleigh fading channel,

capacity scales linearly with the minimum of the number of antennas at the trans-

mitter and the receiver. Because of the phenomenal promise of MIMO systems in

increasing data rates without using any extra bandwidth, it has emerged as one of

the most significant technical breakthroughs in modern communications. Such has

been the impact of MIMO technology, that in just a few years after its invention the

technology has started to be incorporated into major commercial wireless standards

such as broadband wireless access systems, wireless local area networks (WLAN) and

third-generation (3G) networks.

MIMO systems can be defined simply as wireless communication systems which

are equipped with multiple-antenna elements at the transmitter as well as the re-

ceiver. A core idea in MIMO systems is space-time signal processing in which time

(the natural dimension of digital communication data) is complemented with the spa-
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tial dimension inherent in the use of multiple spatially-distributed antennas. A key

feature of MIMO systems is the ability to turn multipath propagation, traditionally

a pitfall of wireless transmission, into a benefit for the user. MIMO effectively takes

advantage of random fading [2, 3, 4] to multiply transfer rates. At high signal-to-

noise ratios (SNR’s), capacity actually increases linearly with the number of spatial

degrees of freedom. For the case of a MIMO system under independent and identically

distributed (i.i.d) fading conditions, the spatial degrees of freedom are equal to the

minimum of the number of antennas at the transmitter and the receiver and there-

fore the capacity for such systems scales linearly with the number of antennas. This

capacity increase, however, requires a scattering environment such that the channel

gain matrix is full rank and has independent entries. The channel matrix has random

entries corresponding to different channel realizations with each entry representing

the channel gain between a transmit-receive antenna pair for a particular channel

realization. Linear growth of capacity also requires perfect estimates of the channel

gain matrix at the receiver. Perfect estimates of the channel matrix at the trans-

mitter as well only increases the constant multiplier associated with linear scaling of

capacity [6].

The prospect of many orders of magnitude improvement in wireless communi-

cation performance at no cost of extra spectrum (only hardware and complexity is

added) has resulted in an extensive research effort to develop techniques and algo-

rithms to realize the gains promised by MIMO systems. The research effort has re-
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sulted in substantial progress in areas as diverse as channel modelling, signal process-

ing and coding theory specifically targeting multiple-antenna systems (Space-Time

Codes or STC), antenna design and multiple-antenna-aware cellular design. An ex-

cellent summary of the current state of affairs in MIMO research has been provided

by Gesbert et al. in [6] and Goldsmith et al. in [7].

Most of the prior studies of MIMO systems have focussed on particular antenna

systems such as uniform linear arrays and have derived channel capacities using a sta-

tistical signal-space approach under ideal fading conditions. It is not clear, however,

whether uniform linear arrays extract all of the useful information from the under-

lying electromagnetic field. It is therefore natural to ask whether capacity would

be increased by observing the entire electromagnetic field within the aperture of the

array. Recently, Poon et al. in [8] have considered the number of spatial degrees of

freedom available in a wireless system in which the transmitter and receiver capture

(or generate) an arbitrary current distribution within a given volume. Using some

heuristic methods, they argue that the number of spatial degrees of freedom tends

to a deterministic limit for a given propagation environment and physical constrains

of size and geometry at the antenna arrays. [10, 11, 12, 13] are a few other papers

which have looked at systems constrained only by the size of the transmitter and the

receiver.

In this thesis, we use numerical methods and an antenna-independent approach

to investigate the capacity and number of spatial degrees of freedom available in a
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wireless system in which the transmitter and receiver generate (or capture) the entire

current distribution within a given aperture. The system that we consider consists

of a spherical volume at the transmitter having some arbitrary current distributions

and radiating an electric field into the surrounding space. The receiver consists of a

spherical shell located in the far-field of the transmitter. In any realistic propagation

environment, of course, the receiver will observe only samples of the transmitter’s

far-field signal, corresponding to the locations of the significant scatterers. Since our

aim here is to understand the limitations imposed by the physical dimensions of the

transmitter, however, we will adopt the optimistic model of an all-powerful receiver

that is able to collect all the signals radiated by the transmitter in the far-field. We use

electromagnetic theory to derive the continuous-time input-output equation for this

channel and later use an orthonormal series expansion to reduce it to an equivalent

MIMO channel. We consider the spherical volume as a continuous array, which is

composed of an infinite number of antennas separated by infinitesimal distances.

This eliminates the need to specify a priori the number of antennas and their relative

positions on the antenna arrays. The spherical volume is constrained to have radius

a 1 making its effective aperture 2 A equal to πa2. We assume the receiver observes

all far-field signals, so that the solid angle |Ω| corresponding to the angular spread is

equal to 4π. We show using numerical simulations that for such a system the spatial

1Radius a is in terms of the wavelength λ of the sinusoidal electromagnetic field, explained further
in Section 2.2

2The effective aperture of an antenna is its capture area. For a receiving antenna it is the frontal
area from which the antenna extracts energy from passing electromagnetic waves.
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degrees of freedom increase linearly with the effective aperture A of the spherical

volume and the capacity increases at an even faster rate. We further investigate the

gain in capacity and spatial degrees of freedom that can be achieved by using three-

dimensional (3-d) current distributions in the antennas instead of one-dimensional

(1-d) current distributions. We again use numerical simulations to show that capacity

gains upto a factor of 3 can be achieved for a sufficiently large transmitter, with the

gain factor being between 2-2.8 for practically-sized spherical arrays having a radius

of a few wavelengths.

Finally we consider a more realistic complete transmit-receive system consisting of

the conducting spherical volume at the transmitter, an identical conducting spherical

volume at the receiver and a Rayleigh fading channel matrix connecting the two. We

again use electromagnetic theory to study the system and numerical simulations to

compute the capacity and spatial degrees of freedom for the system. Comparison of

results with the previous system show that the trends in capacity values and spatial

degrees of freedom observed by the previous system are also followed by this more

realistic complete transmit-receive system. Although our choice of a fully scattered

environment and an ideal Rayleigh fading channel for the complete system is a sim-

plifying assumption which does not always hold true in practice, we point to [9] which

provides a detailed analysis of the impact of various practical scattering environments

on channel capacity for linear arrays.

The rest of this thesis is organized as follows. In Chapter 2, we start by review-
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ing the mathematical model and the capacity derivations for MIMO systems based

on IT. These results are used later to compute capacities for the continuous-time

system considered in this thesis. Later in the chapter, we describe the signal model

for the continuous-time system and also derive an input-output relation for it using

electromagnetic theory.

In Chapter 3, we start by reducing the continuous-time system model to a discrete-

time equivalent to ease the analysis and numerical simulations for the system. An

orthonormal series expansion is used for system reduction and to derive the discrete-

time input-output expressions for the system. Using these expressions and an appro-

priate normalization, we give the capacity formulas for the system. We also model a

complete transmit-receive system by introducing the channel scattering matrix and

an identical spherical volume at the receiver.

In Chapter 4, we present the results of numerical simulations. Results on the eigen-

values, spatial degrees of freedom and capacities of the systems outlined in Chapter

3 are detailed and analyzed.

Finally, in Chapter 5, we summarize our conclusions and offer some possible re-

search directions for the future.
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Chapter 2

Background and Signal Model

In this chapter, we first give a background on MIMO systems and review their

mathematical models. We then review the definition and derivations of channel capac-

ity for MIMO systems based on IT. Later, we introduce a model of a wireless system

in which a transmitting spherical volume communicates with a receiving spherical

shell located in the far-field of the transmitter. We also derive a continuous-time

input-output relation for this system using electromagnetic theory in this chapter.

The following notation will be used in this thesis. Bold uppercase letters (H,C, . . .)

used in discrete-time equations represent matrices, whereas bold uppercase letters

used in continuous-time equations (E(r), J(r′), . . .) represent vector-valued functions.

Similarly, bold lowercase letters (y,x, . . .) in discrete-time equations represent column

vectors and bold lowercase letters in continuous-time equations (r, r′, . . .) represent
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location vectors. E(x) represents the expectation of random vector x. AT , A† and

Tr(A) represent the transpose, conjugate transpose and trace of matrix A, respec-

tively. Lowercase i denotes the square root of −1. Ik denotes the identity matrix of

size k. The notation n ∼ CN (n̄, Σn) indicates that n is a complex Gaussian distrib-

uted random vector with mean n̄ and covariance matrix Σn. The curl operator with

respect to r is represented by ∇r×.

2.1 MIMO System Model

MIMO systems are wireless communication systems which are equipped with mul-

tiple antennas at the transmitter as well as the receiver. Fig. 2.1 shows an Nr ×Nt

MIMO system with Nt antennas at the transmitter and Nr antennas at the receiver.

The signal that arrives at each of the Nr receive antennas is a superposition of the Nt

faded transmitted signals and noise. The use of multiple antennas at the transmitter

and the receiver thus provides a matrix channel to transmit data, where the entries of

the matrix give the complex fading path gain across various transmit-receive antenna

pairs. Since the fading conditions are random, the entries of the channel matrix are

also random with each outcome corresponding to a particular channel realization.

The probability distribution of these matrix entries depend on the fading character-

istics of the channel and are a crucial factor determining the performance of MIMO

systems.
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Figure 2.1: Nr ×Nt MIMO system

2.1.1 Channel Capacity for a MIMO System

Channel capacity is defined as the maximum rate at which information can be

sent over the channel with an arbitrarily low probability of error. In the information-

theoretic sense, it is the maximum mutual information between the channel input

and the channel output. Here we review the derivations for channel capacity of the

MIMO system defined above. These capacity formulas for MIMO systems were first

derived by Telatar and Foschini et al. independently in [2] and [3], respectively.

Before proceeding with capacity calculations, we state the underlying assumptions

for this system model. We assume that the delay spread of the multipath is small,

i.e. we have a frequency-flat fading scenario. We also assume slow fading conditions,

i.e. the symbol time is small compared to the coherence time of the channel. The

antennas at the transmit and receive arrays are assumed to be spaced so as to produce
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independent fading between each transmit-receive antenna pair. The individual path

gains and the noise variables are therefore independent and identically distributed

(i.i.d.) and are assumed to have a complex Gaussian distribution. The total average

transmit power available at the transmitter is P .

Denoting the Nr × Nt channel matrix by H, the input-output relation for the

MIMO system can be written [14, pp. 63] as

y =

√
P

Nt

Hx + n (2.1)

where y is the Nr×1 received signal vector, x is the Nt×1 transmitted signal vector, n

is CN (0, INr), i.e. all components of the noise vector are complex Gaussian distributed

and have a zero mean and unit variance. In order to constrain the total average power

transmitted over a symbol period the covariance matrix of x, Q = E{xx†}must satisfy

Tr(Q) = Nt.

Using the information-theoretic definition of capacity being equal to maximum

mutual information between the input and output vectors x,y, we have for the MIMO

system

C = max
Tr(Q)=Nt

I(x,y) (2.2)

where the maximization is performed over the distribution of input vector x subject

to the power constraint. It can be shown that the input distribution that maximizes

mutual information for a given power constraint is Gaussian [2].

Since the channel matrix H is random, the information rate in (2.2) is also a random
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variable taking on different values for different channel realizations. In analyzing the

capacity of fading channels, two commonly-used statistics are the ergodic capacity

(also called Shannon Capacity) and the outage capacity [14]. The ergodic capacity

is calculated by taking the ensemble average of the maximum information rate over

all channel realizations. Outage capacity analysis quantifies the level of performance

that is guaranteed with a certain level of reliability. For e.g., q% outage capacity

is defined as the information rate that is guaranteed for (100 − q)% of the channel

realizations. We will consider only the notion of ergodic capacity in this thesis.

Rewriting (2.2) in terms of the ergodic capacity, we have

C = max
Tr(Q)=Nt

E [I(x,y)] (2.3)

which on substitution of x and y easily reduces to

C = max
Tr(Q)=Nt

E
[
log2 det

(
INr +

P

Nt

HQH†
)]

bps/Hz. (2.4)

Now we look at two different cases for capacity calculations. In the first case, the

transmitter does not have the complete channel state information (NCSI case), while

in the second case the transmitter has complete channel state information (CSI case).

In both the cases, the receiver is assumed to have complete CSI.

NCSI Case

If the transmitter has no information about the channel, then under Rayleigh

fading conditions, i.e. H is CN (0, INt), the input vector x may be chosen to be
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non-preferential, i.e. Q = INt . This implies that all the transmit antennas send

independent and equal-power signals. Therefore, the capacity (2.4) for this case

becomes

C = E
[
log2 det

(
INr +

P

Nt

HH†
)]

bps/Hz. (2.5)

which easily reduces to

C = E
[

r∑
i=1

log2

(
1 +

P

Nt

λi

)]
(2.6)

where r is the rank of H and (λ1, . . . , λr) are the positive eigenvalues of HH†.

CSI Case

In the NCSI case we saw that equal-power allocation was a logical scheme to adopt

since the transmitter had no information about the channel. However, for the CSI

case, when the transmitter has knowledge about the channel, the capacity is increased

by employing a different strategy for power allocation. It has been shown in [2] and

[3] that, in the case when channel is known to the transmitter, the individual channel

modes may be accessed through linear processing at the transmitter and receiver.

Let the input signal vector x̃ be CN (0, INt). By the singular value decomposition

theorem, H can be written as H = UDV†, where U and V are unitary matrices and

D is a r × r diagonal matrix with (
√

λ1, . . . ,
√

λr) along the diagonal. If we pre-

multiply the input vector x̃ by V prior to transmission and pre-multiply the received
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signal vector y by U†, then the effective input-output relation for the system becomes

ỹ =

√
P

Nt

U†HVx̃ + U†n

=

√
P

Nt

Dx̃ + ñ (2.7)

where x̃ = V†x, ỹ = U†y and ñ is the transformed noise vector with covariance ma-

trix E(ññ†) = Ir. The vector x̃ must satisfy the power constraint Tr E(x̃x̃†) = Nt.

The expression above shows that, with channel knowledge at the transmitter, H can

be explicitly decomposed into parallel SISO channels

ỹi =

√
P

Nt

√
λix̃i + ñi i = 1, 2, . . . , r (2.8)

The capacity of such a system is the sum of the capacities of the individual SISO

channels and can be written as

C = maxP
Pi=Nt

E
[

r∑
i=1

log2

(
1 +

PPi

Nt

λi

)]
(2.9)

where Pi = E{|x̃i|2} is the transmit energy in the ith sub-channel and the maximiza-

tion is performed over the power distribution (Pi, . . . , Pr) subject to the total power

constraint
∑

Pi = Nt. From (2.9), it is easily seen that the optimal power alloca-

tion is the well-known water-pouring distribution [15, pp. 252]. The optimum power

distributions P opt
i satisfy

P opt
i =

(
µ− Nt

Pλi

)+

i = 1, . . . , r (2.10)

where µ is a constant satisfying the power constraint

r∑
i=1

P opt
i =

r∑
i=1

(
µ− Nt

Pλi

)+

= Nt (2.11)
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Figure 2.2: Water-pouring in space

and (x)+ is given by

(x)+ =





x, if x ≥ 0

0, if x < 0

(2.12)

The water-pouring scheme is illustrated in Fig. 2.2. The scheme can be interpreted

as pouring a volume Nt of water into a tank with blocks equal to Nt/P times the

inverse of eigenvalues (λi, . . . , λr). Substituting for P opt
i in (2.9), we obtain

C = E

 ∑

i:(Pλi/Nt)−1≤µ

log2

(
µ

P

Nt

λi

)
 (2.13)
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2.2 Signal Model for the Continuous-Time System

The current distributions generated in the antenna elements and the electric fields

due to it are continuous-time electromagnetic quantities. Multiple-antenna systems

like the one discussed in the previous section have the effect of sampling the electro-

magnetic field at the location of the antennas. A particular antenna system having a

certain number of antennas at specific locations would therefore restrict the amount

of information that is extracted from the electromagnetic field. To overcome this

restriction placed by the number and locations of the antennas, and to find the max-

imum information-exchange possible between the transmitter and the receiver from

the electromagnetic field, we need to look at a continuous-time system. By studying

one such system in this thesis, we seek to find an antenna-independent capacity a of

continuous-time system constrained only by the transmitters volume.

The system studied in this thesis is now described and a mathematical form is de-

rived for it using electromagnetic theory. This will form the basis for further analysis

in the next chapter.

We consider a transmitter that consists of a spherical volume which is a continuous

array composed of an infinite number of antennas separated by infinitesimal distances

as the transmitter as illustrated in Fig. 2.3. This eliminates the need to specify a priori

the number of antennas and their relative positions on the antenna arrays. Each

infinitesimal antenna is capable of generating an arbitrary 3-d current distribution.
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V’

r’

J(r’)

r

R
E(r)

Figure 2.3: Signal Model

The spherical volume is constrained to have radius a making its effective aperture A

equal to πa2 and its volume V ′ equal to (4/3)πa3. We assume that the radiated signals

propagate in all directions, so that the channel solid angle |Ω| corresponding to the

angular spread is equal to 4π. The current distribution generated by the antennas

and the electric fields produced by it are time-varying sinusoidal electromagnetic

quantities which can be represented as

J(r′, t) = Re{J(r′)eik0ct} and E(r, t) = Re{E(r)eik0ct} (2.14)

where J(r′) and E(r) are the complex-baseband representations for the current dis-

tribution at location r′ and electric field at location r respectively, k0 = 2π/λ with λ

being the wavelength of the sinusoids and c is the speed of the electromagnetic waves.

We will use the complex-baseband forms to represent the electromagnetic quantities

hereafter.

Consider an antenna contained within a sphere of volume V ′. We are interested

in the electric field E(r) at the receiver located at a point r in space due to the
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current distribution J(r′) generated by the antenna elements within the spherical

volume. We assume the receiver to be the entire surface of a sphere surrounding the

transmitter and having a radius r. From Maxwell’s equations, the electric field E(r)

due to current distribution J(r′) is given by the following expression [8]

(−∇r′ ×∇r′ ×+k2
0

)
E(r′) = ik0ηJ(r′) (2.15)

where η is the intrinsic impedance. The solution to this equation can be written as

an integral transform

E(r) =

∫

V ′
G(r, r′)J(r′)dV ′ (2.16)

for some kernel G(r, r′). The kernel G(r, r′) is often referred to as the Green’s function

in electromagnetic theory, where it is commonly derived for a particular coordinate

system. A coordinate-free kernel has been derived in [8] and is given by

G(r, r′) =
iηeik0R

2λR

[(
I− R̂R̂†

)
+

i

k0R

(
I− 3R̂R̂†

)
− 1

k2
0R

2

(
I− 3R̂R̂†

)]
(2.17)

where r = rr̂, r′ = r′r̂′, R = RR̂ with r̂, r̂′, R̂ being the respective unit vectors

and R equals r− r′. The Green’s function G(r, r′) gives the electric field at the

observation point r due to an impulsive current source at point r′. It has three terms:

far-field, intermediate-field and near-field. Since the electric field for the first term

falls off inversely with the distance from the transmitter R, its power follows the

inverse square law. The power of the remaining two terms falls off much faster than

R−2 (R−4 and R−6, respectively). Since in this thesis we are mainly interested in the

electric field at a receiver located far from the transmitter, the contributions from the
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near- and intermediate-field terms can be neglected. Neglecting the two terms, the

expression for G(r, r′) becomes

G(r, r′) =
iηeik0R

2λR

(
I− R̂R̂†

)
(2.18)

For r À r′ we have the following approximations

1/R ≈ 1/r, R ≈ r − r̂†r′, and R̂ ≈ r̂

Making these substitutions in (2.18), we get

G(r, r′) =
iηeik0r

2λr

(
I− r̂r̂†

)
e−ik0r̂†r′ (2.19)

and substituting for G(r, r′) in (2.16), we get

E(r) =
iηeik0r

2λr

(
I− r̂r̂†

) ∫

V ′
e−ik0r̂†r′J(r′)dV ′ (2.20)

The above expression gives the continuous-time relation between the radiated electric

field E(r) (the system output) and the current distribution J(r′) (the system input)

generated by the antennas inside the sphere of volume V ′. In the next chapter, we

will analyze this system in greater detail.
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Chapter 3

A Discrete-Time Equivalent

System and its Analysis

In order to find the capacity of a system in an antenna-independent way, we

introduced a continuous-time model in the previous chapter. We also derived a

continuous-time relation (2.20) between the system input (current distributions at

the transmitter) and the system output (electric field at the receiver) for that sys-

tem. However, the continuous-time formulation of the system makes it difficult to

perform the capacity analysis and carry out numerical simulations. Therefore, to

make the analysis more tractable, we will reduce the continuous-time system to an

equivalent discrete-time form in this chapter. Orthonormal basis expansions will be

used to reduce the continuous-time electromagnetic quantities to their discrete-time
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counterparts. The discrete-time system can then be represented in matrix form which

becomes equivalent to a MIMO system, thereby enabling us to use the capacity ex-

pressions for MIMO systems reviewed in the previous chapter.

In the next two sections we perform the discrete-time system reduction for two

different scenarios. First, we look at a system in which the transmitter antennas

have 3-d current distributions, i.e. the antennas excite all the three polarizations

and therefore the vector J(r′) consists of three components Jx(r
′), Jy(r

′) and Jz(r
′).

The receiver antennas in this case are such that they can capture information from all

three components Ex(r), Ey(r) and Ez(r) of the received electric field. It is important

to note here that since the magnetic field is given by the curl of the electric field [8] for

this system, we would not extract any more information by observing the magnetic

field also.

Since most of the existing antenna systems consist of dipoles which can only gen-

erate 1-d current distributions, we will also look at such a system in the second case.

For this system, the transmitter antennas can only generate 1-d current distributions,

however, the receiver is still capable of capturing the entire radiated electromagnetic

field in the far-field of the transmitter.
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3.1 An Orthonormal Basis for the Electric Field

3.1.1 3-d Current Distributions

Expanding the vectors E(r) and J(r′) in terms of their components Ex(r), Ey(r),

Ez(r) and Jx(r
′), Jy(r

′), Jz(r
′), respectively, and writing (2.20) in matrix form, we

get 


Ex(r)

Ey(r)

Ez(r)




=
(
I− r̂r̂†

)




k1

∫
V ′ e

−ik0r̂†r′Jx(r
′)dV ′

k1

∫
V ′ e

−ik0r̂†r′Jy(r
′)dV ′

k1

∫
V ′ e

−ik0r̂†r′Jz(r
′)dV ′




(3.1)

where k1 = iηeik0r

2λr
is a constant. Let us define

Fx(r) = k1

∫

V ′
e−ik0r̂†r′Jx(r

′)dV ′ (3.2)

with Fy(r) and Fz(r) defined similarly.

To evaluate the expression for Fx(r), we will write the terms e−ik0r̂†r′ and Jx(r
′)

in terms of their series expansions. To this end, it is helpful to express the problem

in spherical coordinates, r = (r, θ, ϕ) and r′ = (r′, θ′, ϕ′) with ϕ being the azimuth

and θ the elevation. Also r̂†r′ equals r′ cos ϑ where ϑ is the angle between r and r′,

which is given implicitly by cos ϑ = sin θ sin θ′ cos(ϕ− ϕ′) + cos θ cos θ′.

The term e−ik0r̂†r′ can be written in terms of the spherical Bessel functions [20,
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pp. 428]. Its series expansion is given by

e−ik0r̂†r′ = 4π
∞∑

n=0

n∑
m=−n

(−i)njn(k0r
′)Yn,m(θ, ϕ)Y ∗

n,m(θ′, ϕ′) (3.3)

where jn is the spherical Bessel function of first kind of order n and {Yn,m}, which is

the set of spherical harmonics, forms a complete orthonormal basis over the surface

of a unit sphere. The ∗ operator in the expression denotes complex conjugation. The

spherical harmonics {Yn,m} are defined as [19, pp. 244]

Yn,m(θ, ϕ) =

√
(2n + 1)(n−m)!

4π(n + m)!
Pm

n (cos θ)eimϕ, m = 0,±1,±2, . . . ,±n (3.4)

and satisfy the following orthonormal relations

∫ π

0

∫ 2π

0

Y ∗
n,m(θ, ϕ)Yn′,m′(θ, ϕ) sin θdϕdθ = δm,m′δn,n′ (3.5)

where Pm
n (.) is the associated Legendre function. For ease of notation, we will rep-

resent the double summation
∑∞

n=0

∑n
m=−n by

∑
|m|≤n and Yn,m(θ, ϕ) by Yn,m in the

rest of this thesis.

Now, let X be the space spanned by the set {jn′(k0r
′)Yn′,m′(θ′, ϕ′)} for n′ ∈

{0 . . .∞} and m′ ∈ {−n′, . . . , n′}. Then X forms a subspace of L2, where

L2 ≡ L2 ([0, a]× [0, π]× [0, 2π]) (3.6)

L2 is the space of all square-integrable functions over the domain ([0, a]×[0, π]×[0, 2π])

which represents a sphere of radius a. If Jx(r
′) is square-integrable over the domain,

then it lies in L2 and can be written as a sum of two components, Jx ∈ X and
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J⊥x ∈ X⊥, where X⊥ is the orthogonal space to X . Since J⊥x lies in the orthogonal

space of the operator at hand, it will not contribute to the system output and can be

neglected. Thus, we can write Jx(r
′) as

Jx(r
′) =

∑

|m′|≤n′
cx
n′,m′jn′(k0r

′)Yn′,m′(θ′, ϕ′) (3.7)

Now, substituting the series expansion of e−ik0r̂†r′ and Jx(r
′) from (3.3) and (3.7),

respectively, into the expression for Fx(r) in (3.2), we get

Fx(r) = 4πk1

∫

V ′

∑

|m|≤n

(−i)njn(k0r
′)Yn,m(θ, ϕ)Y ∗

n,m(θ′, ϕ′)

∑

|m′|≤n′
cx
n′,m′jn′(k0r

′)Yn′,m′(θ′, ϕ′)dV ′

= 4πk1

∫ 2π

0

∫ π

0

∫ a

0

∑

|m|≤n

(−i)njn(k0r
′)Yn,m(θ, ϕ)Y ∗

n,m(θ′, ϕ′) (3.8)

∑

|m′|≤n′
cx
n′,m′jn′(k0r

′)Yn′,m′(θ′, ϕ′)r′2 sin(θ′)dr′dθ′dϕ′

Using (3.5), the above expression reduces to

Fx(r) = 4πk1

∫ a

0

∑

|m|≤n

(−i)njn(k0r
′)Yn,m(θ, ϕ)

∑

|m′|≤n′
cx
n′,m′jn′(k0r

′)δnn′δmm′r′2dr′

= 4πk1

∑

|m|≤n

cx
n,mYn,m(θ, ϕ)(−i)n

∫ a

0

j2
n(k0r

′)r′2dr′

=
∑

|m|≤n

βx
n,mYn,m(θ, ϕ) (3.9)

where βx
n,m = cx

n,mαn and

αn = 4πk1(−i)n 1

k3
0

∫ k0a

0

j2
n(r′′)r′′2dr′′ (3.10)

with r′′ = k0r
′. Following the same procedure, the expressions for Fy(r) and Fz(r)
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are

Fy(r) =
∑

|m|≤n

βy
n,mYn,m(θ, ϕ) , Fz(r) =

∑

|m|≤n

βz
n,mYn,m(θ, ϕ) (3.11)

The relation between βx
n,m, cx

n,m and αn can be written in matrix form as follows.




βx
0,0

βx
1,−1

βx
1,0

βx
1,1

...

...

βx
nmax−1,nmax−1




︸ ︷︷ ︸
Bx

=




α0 · · · · · · 0

α1

α1
...

... α1
...

...
. . .

. . . 0

0 · · · αnmax




︸ ︷︷ ︸
A




cx
0,0

cx
1,−1

cx
1,0

cx
1,1

...

...

cx
nmax−1,nmax−1




︸ ︷︷ ︸
Cx

(3.12)

In the expression above, the index n which varies from 0 to ∞ has been restricted

to a finite number nmax. This truncation may result in some error. Using numerical

simulations in Section 4.1 and an analysis in Appendix B, we show that by choosing

nmax sufficiently large, the error caused due to truncation becomes very small and goes

to zero as nmax goes to ∞. By restricting n to nmax, Bx and Cx reduce to n2
max × 1

matrices and A reduces to an n2
max × n2

max matrix. Similarly, we have By = ACy

and Bz = ACz corresponding to the y, z components as well. Combining the matrix
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equations for the three components Bx, By and Bz we get




Bx

By

Bz




=




A 0 0

0 A 0

0 0 A







Cx

Cy

Cz




(3.13)

where 0 denotes an n2
max × n2

max matrix of zeros.

Let us next give the expansion for the 3× 3 matrix (I− r̂r̂†). Since

r̂ = (sin θ cos ϕ, sin θ sin ϕ, cos θ)T

(I− r̂r̂†) can be written as

(I− r̂r̂†) =




1− sin2(θ) cos2(ϕ) sin2(θ) sin(ϕ) cos(ϕ) sin(θ) cos(θ) cos(ϕ)

sin2(θ) sin(ϕ) cos(ϕ) 1− sin2(θ) sin2(ϕ) sin(θ) cos(θ) sin(ϕ)

sin(θ) cos(θ) cos(ϕ) sin(θ) cos(θ) sin(ϕ) 1− cos2(θ)




(3.14)

By substituting the expressions for Fx(r), Fy(r), Fz(r) from (3.9), (3.11) and the ex-

pansion for (I− r̂r̂†) from (3.14) into the matrix equation (3.1), we get




Ex(r)

Ey(r)

Ez(r)




=




r11 r12 r13

r21 r22 r23

r31 r32 r33







∑
|m|≤n βx

n,mYn,m

∑
|m|≤n βy

n,mYn,m

∑
|m|≤n βz

n,mYn,m




(3.15)

where the first matrix on the right-hand side with (r11, r12, . . .) has been used to

represent the (I− r̂r̂†) matrix for ease of notation.



27

From the expression above, the electric field component Ex(r) can be written as

Ex(r) =
∑

|m|≤n

βx
n,mr11Yn,m +

∑

|m|≤n

βy
n,mr12Yn,m +

∑

|m|≤n

βz
n,mr13Yn,m (3.16)

We now state two facts regarding the spherical harmonics Yn,m :

1. The mappings cos θYn,m , sin θe±iϕYn,m reduce to linear transformations from

the space formed by span{Yn,m} to itself because of recurrence relations.

2. All the terms of (I− r̂r̂†)Yn,m can therefore be written as successive transfor-

mations mentioned above.

Using these facts, we can write r11Yn,m, r12Yn,m and r13Yn,m as

r11Yn,m =
∑

|m′|≤n′
γn,m

11,(n′m′)Yn′,m′

r12Yn,m =
∑

|m′|≤n′
γn,m

12,(n′m′)Yn′,m′

r13Yn,m =
∑

|m′|≤n′
γn,m

13,(n′m′)Yn′,m′

where γ represent the new coefficients. In Appendix A, we give the recurrence rela-

tions and also a procedure for calculating the coefficient values using these recurrence



28

relations. Here we use γ only for notation. Therefore (3.16) becomes

Ex(r) =
∑

|m|≤n

βx
n,m

∑

|m′|≤n′
γn,m

11,(n′m′)Yn′,m′ +
∑

|m|≤n

βy
n,m

∑

|m′|≤n′
γn,m

12,(n′m′)Yn′,m′ +

∑

|m|≤n

βz
n,m

∑

|m′|≤n′
γn,m

13,(n′m′)Yn′,m′

=
∑

|m′|≤n′

∑

|m|≤n

βx
n,mγn,m

11,(n′m′)Yn′,m′ +
∑

|m′|≤n′

∑

|m|≤n

βy
n,mγn,m

12,(n′m′)Yn′,m′ +

∑

|m′|≤n′

∑

|m|≤n

βz
n,mγn,m

13,(n′m′)Yn′,m′

=
∑

|m′|≤n′


 ∑

|m|≤n

βx
n,mγn,m

11,(n′m′) +
∑

|m|≤n

βy
n,mγn,m

12,(n′m′) +
∑

|m|≤n

βz
n,mγn,m

13,(n′m′)




︸ ︷︷ ︸
dx

n′,m′

Yn′,m′

(3.17)

The electric field components Ey and Ez can be derived similarly and are given by

Ey(r) =
∑

|m′|≤n′
dy

n′,m′Yn′,m′ , Ez(r) =
∑

|m′|≤n′
dz

n′,m′Yn′,m′ (3.18)

where the dn′,m′ represent the coefficients in the discrete expansion of the electric field

components in terms of the basis functions Yn′,m′ .

The relationship between the d, γ and β coefficients can be written using (3.17)

in matrix form as 


Dx

Dy

Dz




=




Γ11 Γ12 Γ13

Γ21 Γ22 Γ23

Γ31 Γ32 Γ33







Bx

By

Bz




(3.19)

where Dx represents the coefficients dx
n′,m′ for |m′| ≤ n′ and n′ ∈ {0 . . .∞}. Similarly

Dy and Dz represent the dy
n′,m′ and dz

n′,m′ coefficients respectively. Also, Γ can be
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further expanded. For example, by varying (n′,m′) along the rows and (n, m) along

the columns, Γ11 can be written as,

Γ11 =




γ
(0,0)
11(0,0) γ

(1,−1)
11(0,0) γ

(1,0)
11(0,0) γ

(1,1)
11(0,0) · · · γ

(nmax−1,nmax−1)
11(0,0)

γ
(0,0)
11(1,−1)

. . .

γ
(0,0)
11(1,0)

. . .

γ
(0,0)
11(1,1)

...

...
. . .

γ
(0,0)
11(nmax−1,nmax−1) γ

(nmax−1,nmax−1)
11(nmax−1,nmax−1)




(3.20)

Expanding expression (3.19) by substituting for vector (Bx, By, Bz)
T using (3.13),

gives us the important system input-output equation in discrete form




Dx

Dy

Dz




=




Γ11 Γ12 Γ13

Γ21 Γ22 Γ23

Γ31 Γ32 Γ33




︸ ︷︷ ︸
Γ




A 0 0

0 A 0

0 0 A




︸ ︷︷ ︸
A




Cx

Cy

Cz




(3.21)

where the left-hand side coefficient vector (Dx, Dy, Dz)
T represents the radiated elec-

tric field E(r) due to current distributions J(r′), which is represented by the right-hand

side coefficient vector (Cx, Cy, Cz)
T in the above expression.
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3.1.2 1-d Current Distributions

We now consider the case of 1-d current distributions in which the current density

vector has only one non-zero component, say Jx(r
′). Then the matrix equivalent of

equation (2.20) for this case is




Ex(r)

Ey(r)

Ez(r)




=
(
I− r̂r̂†

)




k1

∫
V ′ e

−ik0r̂†r′Jx(r
′)dV ′

0

0




(3.22)

The analysis for 1-d current distributions is a particular case of the analysis for 3-d

current distributions. Since the components Cy and Cz are zero for the 1-d case, the

vector of coefficients representing the series expansion of the current density vector

becomes (Cx, 0, 0)T . Also since Cy and Cz are zero, the components By and Bz in

(3.13) also become zero. The coefficients in the series expansion of the electric field

for the 1-d case can therefore be written as



D1d
x

D1d
y

D1d
z




=




Γ11

Γ21

Γ31




[
Bx

]
(3.23)

and the discrete-system input-output equation for the 1-d case becomes




D1d
x

D1d
y

D1d
z




=




Γ11

Γ21

Γ31




[
A

] [
Cx

]
(3.24)



31

where again the left-hand side coefficient vector (D1d
x , D1d

y , D1d
z )T represents the radi-

ated electric field E(r) due to the current distribution J(r′), which is represented by

the right hand-side coefficient vector (Cx)
T in the above expression.

3.2 Normalization and Capacity Calculations

Before we move on to the capacity calculations for our system, we need to deter-

mine the power normalization to be applied to the capacity formulas derived in the

previous chapter to get meaningful results. The normalization is an important aspect,

both for analyzing the absolute capacity results as well as in comparing capacities for

different systems. The normalization is carried out with respect to the signal-to-noise

ratio (or SNR) at the receiver for the MIMO system. Therefore, we first derive the

SNR for the MIMO system and then work out the normalization.

3.2.1 Signal-to-Noise Ratio

To calculate the SNR at the receiver for the MIMO system we first rewrite the

MIMO system equation (2.1)

y =

√
P

Nt

Hx + n (3.25)

We assume the elements of H, hij (i = 1, . . . , Nr, j = 1, . . . , Nt) are normalized so that

E{|hij|2} = 1. We also assume equal power distribution at the transmitter antennas
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i.e. Q = INt . For a particular channel realization H = H, we can write

E{|y|2} =
P

Nt

Tr{H E(xx†)H†}+ Tr{E(nn†)}

=
P

Nt

Tr{HH†}+ Nr (3.26)

Averaging over various channel realizations, we get

E{|y|2} =
P

Nt

Tr{E(HH†)}+ Nr

=
PNtNr

Nt

+ Nr (3.27)

From the expression above we get the average SNR at the receiver to be P .

3.2.2 Normalization

Let us now look at a modified MIMO system model defined as

y = k

√
P

Nt

Hx + n (3.28)

where k is a constant and the entries hij of H in general do not satisfy E{|hij|2} = 1.

In this case, we would like to normalize the system by choosing the constant k in a way

such that the received SNR of the system remains the same as the previous system,

i.e. equal to P . Again assuming equal power distribution at the transmitter antennas

i.e. Q = INt and following the same procedure as we did in the previous section, the

received SNR for this modified system can be shown to be equal to k2P
NtNr

Tr{E(HH†)}.

Now, we want to calculate the normalization constant k such that the SNR is the
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same as in the previous case, i.e. we need to solve

k2P

NtNr

Tr{E(HH†)} = P (3.29)

The above expression gives us the value of k as

k =

√
NtNr√

Tr{E(HH†)}
(3.30)

3.2.3 Capacity Calculations for Our System

Let us now use the previous results on channel capacity and normalization to

analyze the capacities for our system. For the case of 3-d current distributions, recall

from equation (3.21), that ΓA connects the system input to the system output and

therefore can be thought of as being equivalent to the channel matrix H for the MIMO

system. However, it should be noted here that the ΓA matrix is a deterministic

quantity unlike H (which was random) for the MIMO systems considered in the

previous chapter and therefore the expectation operator E will fall out of the capacity

and normalization constant formulas. For our capacity calculations, we proceed as

follows. First, we define a baseline system. We use this system to calculate the

normalization constant k such that the received SNR is equal to P . The spherical

volume at the transmitter is assumed to have a radius of 1λ for the baseline system.

We also assume equal power distribution i.e. Q = INt at the transmitter for this

system. Let Γb, Ab denote the Γ, A matrices for this system. Then, from equation
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(3.30) and the fact that H = ΓbAb, we get

k =

√
NtNr√

Tr{ΓbAbA
†
bΓ

†
b}

(3.31)

Once we know k, we can now calculate the capacity for the baseline system from (2.6)

as

C =
r∑

i=1

log2

(
1 + k2 P

Nt

λi

)
(3.32)

where k is defined in (3.31), r is the rank of the hermitian matrix ΓbAbA
†
bΓ

†
b and

(λ1, . . . , λr) are its positive eigenvalues in decreasing order. It should be noted here

that since we assumed an equal-power distribution at the transmitter, the capacity

calculated here corresponds to the NCSI case. The capacity values corresponding

to the CSI case for this system would be larger. However, the purpose of this sys-

tem is only to find the normalization constant and to get a baseline capacity, which

would enable us to calculate capacities for other systems and to make meaningful

comparisons.

Having calculated the normalization constant and capacity for the baseline system,

we now consider other systems and compare how they perform with respect to this

baseline system. First, we calculate the capacity for a system having the same size

as the baseline system (a = 1λ), but now we use CSI case for capacity calculations,

i.e. power allocation is done using the optimal water-pouring scheme. The same

normalization constant is used that was calculated for the baseline system. This gives

us the true capacity of the system with radius 1λ. Next, we look at the capacities of
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systems of different sizes and see how they compare with the capacity of the system

having a radius of 1λ. To this end, we vary the radius a of the transmitter shell

between .5λ and 4λ and calculate the capacities using the optimal power distribution.

As we increase the size of the transmitter shell, we get more spatial degrees of freedom

and the received SNR also increases. Similarly a decrease in size would correspond

to fewer spatial degrees of freedom and received SNR. Since we want to correctly

capture the change in capacity due to the change in transmitter size, we use the same

normalization constant k as calculated for the baseline system. If instead we had

calculated a new normalization constant for each transmitter size, we would not have

captured the change in capacity due to a change in received SNR. Using the water-

pouring algorithm for power allocation, the capacity for the system can be written

using equation (2.13) as

C =
n?∑
i=1

log2

(
µ

k2P

Nt

λi

)
(3.33)

where n? = max{i : (k2Pλi/Nt)
−1 ≤ µ} is the number of eigenmodes getting positive

power allocation and µ is the constant satisfying

n?∑
i=1

(
µ− Nt

k2Pλi

)
= Nt (3.34)

Next, we calculate the capacities for the system with 1-d current distributions and

different sizes. Again, in order to make meaningful comparisons with the capacities

calculated for the 3-d counterparts, we use the same normalization constant k calcu-

lated earlier. The procedure for calculating the capacity for 1-d systems remains the

same.
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To proceed with the capacity calculations, we need to determine the Γ and A

matrices, which can be done using results from Section 3.1.1. Once we have these

matrices, we can proceed with the calculations.

3.3 Spatial Degrees of Freedom

Let us rewrite the input-output equation (3.21) for the system with 3-d current

distributions 


Dx

Dy

Dz




=




Γ11 Γ12 Γ13

Γ21 Γ22 Γ23

Γ31 Γ32 Γ33




︸ ︷︷ ︸
Γ




A 0 0

0 A 0

0 0 A




︸ ︷︷ ︸
A




Cx

Cy

Cz




(3.35)

This is the discrete equivalent of the continuous-time input-output system, with the

current distributions J(r′) being the input and the radiated electric field E(r) being

the output. Since we are representing the continuous quantities J(r′) and E(r) in

terms of the basis functions, the coefficient vectors (Dx, Dy, Dz)
T , (Cx, Cy, Cz)

T , and

therefore the matrix equation above is infinite-dimensional. Since the input-output

system is infinite-dimensional, we therefore have infinitely many eigenmodes or spatial

channels over which power can be transmitted. However, for a given size of the input

spherical volume, only a finite number of these eigenmodes correspond to significant

eigenvalues [9], with the number increasing with size of the input sphere. Therefore,

given a power constraint at the transmitter, and the fact that there are only a finite
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number of significant eigenvalues, we cannot allocate power to all of the eigenmodes.

If we use the water-pouring algorithm for power allocation at the transmitter, only

n? of the eigenmodes would receive power. We define the number of eigenmodes

receiving power n? as the number of spatial degrees of freedom for our system.

In [8], Poon et al. derive an upper bound on the spatial degrees of freedom for

linear arrays. They also give an upper bound for the spatial degrees of freedom for

spherical arrays, but use heuristic arguments based on the resolvability of spherical

arrays to derive the bound for spherical arrays. They claim that the spatial degrees

of freedom for spherical arrays are upper bounded by A|Ω|, where A = πa2 is the

effective aperture of the spherical array with a being the radius and |Ω| is a measure

of the angular spread due to scattering, with the maximum value being 4π in a

fully scattered environment. Therefore the upper bound on the number of spatial

degrees of freedom becomes 4π2a2, irrespective of the system SNR. Since this bound

is derived using heuristic arguments, we would like to compare this with the results we

get numerically using our system model. We show in the next chapter on simulation

results that, although the results closely follow the claim that the spatial degrees

of freedom is linearly dependent on the effective aperture, the scaling factor could

be more than one, making the number of spatial degrees of freedom more than the

claimed upper bound of 4π2a2. We also see an increase in the spatial degrees of

freedom as we increase SNR. This is intuitive also, since, as we increase the available

power at the transmitter, more of the infinitely many possible spatial channels would
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now get power and hence the number of spatial degrees of freedom will also increase.

Another important aspect treated in [8] is the increase in spatial degrees of freedom

by using 3-d current distributions (or tri-polarized antennas, as the authors call them)

at the transmitter instead of 1-d current distributions (or uni-polarized antennas).

The authors claim that the maximum increase in spatial degrees of freedom that

we could achieve by using 3-d current distributions is a factor of two. Here, our

simulation results tend to suggest that the spatial degrees of freedom can go up by

3 times using 3-d current distributions for sufficiently large spherical volumes. The

increase in spatial degrees of freedom is between 2 and 3 times for input shells on the

order of a few wavelengths.

As mentioned above, the true input-output system is infinite-dimensional, mak-

ing it difficult to evaluate numerically. To overcome this problem and to be able to

perform numerical calculations on the system, we reduce it to a finite-dimensional

one. Earlier, in Section 2.2 also, we had briefly mentioned this reduction to a finite-

dimensional system (equation 3.12). The system was reduced by truncating the num-

ber of α, β and c coefficients from infinity to nmax. Since this truncation leads to a

difference in the eigenvalues of the truncated system from those of the true system,

we would like to quantize this error and also its effect on capacity calculations. An

analysis is presented in Appendix B which shows that the truncation error goes to

zero as the dimension of the truncated system goes to infinity. A set of upper and

lower bounds on the capacity of the true system are also given in Appendix B. In
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the next chapter on simulation results, we demonstrate the accuracy of the truncated

system by comparing the eigenvalues of two systems truncated to different lengths.

We also compare the capacity calculated for the truncated system to the capacity

upper and lower bounds of the true system. The comparisons show that the reduced

system is a very accurate one.

In our numerical simulations, we truncate the system to a length, such that for

the maximum SNR and the largest spherical volume considered, we have enough

eigenmodes to perform the optimal power allocation.

3.4 Complete Transmit-Receive System

In Section 2.2, we considered a spherical volume with some arbitrary current

distributions J(r′) as the input and the radiated electric field E(r) in the far-field

region as the output. We then analyzed this input-output system mathematically

and derived capacity formulas for it. Now, we look at a more realistic complete

transmit-receive system which consists of a spherical volume with some arbitrary

current distributions as the transmitter, an identical spherical volume having the same

size as the receiver and a channel Hch connecting the transmitter to the receiver. The

described system is shown in Figure 3.1. Let J1(r
′
1) be the input current distributions

at the transmitter and E1(r̂1) be the radiated electric field in the direction r̂1. Also,

let J2(r
′
2) be the current distribution induced at the receiver due to electric field
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Transmitter ReceiverChannel

J (r ’)1 1 J (r ’)2 2
E (r )1 1 E (r )2 2Hch

Figure 3.1: Complete Signal Model with Transmitter, Receiver and Channel

E2(r̂2) from direction r̂2. Hch represents the channel matrix connecting electric field

intensities between all possible directions r̂1 and r̂2. The matrix Hch has random

entries with the values depending on the channel scattering and fading conditions. For

our system, we assume an ideal fully scattered channel and Rayleigh fading conditions.

Therefore the channel solid angle Ω is 4π and the channel matrix Hch is CN (0, INt).

Recall the input-output system equation (3.21) derived in Section 3.1.1. Let us

rewrite a shorthand notation for it

D1 = ΓAC1 (3.36)

with D1 representing the left hand side vector of coefficients (Dx, Dy, Dz)
T , C1 repre-

senting the right hand side vector of coefficients (Cx, Cy, Cz)
T and Γ, A having been

defined in equation (3.21). Now let us define the coefficient vectors for the discrete rep-

resentation of the electric field and the current distributions on the receiver side. This

discrete representation of the electric field and current distributions in terms of the

basis functions and corresponding coefficients can be derived in the same way as was

done at the transmitter side, and would give similar results. Let C2 = (C2
x, C

2
y , C

2
z )T
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be the coefficient vector for the electric field and D2 = (D2
x, D

2
y, D

2
z)

T be the coeffi-

cient vector for current distributions at the receiver side. Then from the reciprocity

theorem for antennas [21], we have the input-output equation at the receiver side

C2 = (ΓA)
†
D2 (3.37)

Let us now incorporate the channel matrix Hch introduced due to scattering in the

environment to derive the input-output equation for the complete system starting at

the transmitting volume and terminating at the receiving volume. The electric field

at the receiver side and the electric field at the transmitter side are related by

D2 = HchD
1 (3.38)

Now, using equations (3.36), (3.37) and (3.38) we can write the input-output equation

for the complete system as

C2 = (ΓA)†Hch(ΓA)C1

⇒ C2 = HnewC1 (3.39)

with C1 representing the discrete equivalent of current distributions on the trans-

mitter side, C2 representing the discrete equivalent of current distributions on the

receiver side, and Hnew = (ΓA)†Hch(ΓA) being the matrix connecting the two.
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3.4.1 Capacity Calculations and Normalization for the Com-

plete System

With the current distributions at the transmitting volume being the input and the

current distributions induced at the receiving volume being the output of our complete

system, we derived the input-output relation in equation (3.39). Now that we have

the input-output relation in the form of a MIMO system described in Section 3.2, we

can find the capacity for this system. Let us rewrite the MIMO system equation

y = k

√
P

Nt

Hx + n (3.40)

with k being the normalization constant which we determine next and the channel

matrix H being equal to Hnew = (ΓA)†Hch(ΓA) for this system. The channel capac-

ity formulas remain the same as described previously with the only change being the

new channel matrix Hnew. Reiterating the capacity formulas, we have for the NCSI

case,

C = E
[

r∑
i=1

log2

(
1 + k2 P

Nt

λi

)]
(3.41)

and for the CSI case,

C = E
[

n?∑
i=1

log2

(
µ

k2P

Nt

λi

)]
(3.42)

with r being the rank of matrix Hnew, (λ1, . . . , λr) the positive eigenvalues of HnewH†
new,

n? the number of eigenmodes getting positive power and µ a constant satisfying

∑n?

i=1

(
µ− Nt

k2Pλi

)
= Nt
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Normalization

Again, the normalization constant k needs to be defined appropriately to be able

to interpret the results that we get using the capacity formulas. Recall that in Section

3.2, we had defined a baseline system and then calculated the normalization constant

k such that we get a SNR of P at the receiver. We then used the same normalization

constant for systems with different radii a in order to capture the capacity increase

purely due to increase in size of the transmitter. For the more realistic complete

transmit-receive system, we are interested in seeing if the results on capacity and the

spatial degrees of freedom would follow the same trends as observed for the previous

system. Therefore, we calculate the normalization constant in the same way as was

calculated for the previous system, which is given by

k =

√
NtNr√

Tr{E(HnewH†
new)}

(3.43)

We can now use this new normalization constant k to calculate and compare the

capacities for the complete system.

In this chapter we started by reducing the continuous-time system to its discrete-

time equivalent. We then used the discrete-time equivalent system to derive the

formulas for capacity and spatial degrees of freedom. We also formulated a complete

transmit-receive system and analyzed it. Now we move on to numerical simulations

which are presented in the next chapter.
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Chapter 4

Simulation Results

In this chapter, we use numerical simulations to look at the behavior of the fol-

lowing. First, we look at the error caused due to system truncation by comparing

eigenvalues for two different systems. Then, we look at the spatial degrees of freedom

and how they vary with the size of the spherical volume and SNR. Next, we look at

capacity calculations and analyze its variations with the size of the spherical volume

and SNR. We then look at the gains in capacity and spatial degrees of freedom that

can be achieved by using 3-d input current distributions instead of 1-d current distri-

butions. We also compare the calculated capacity with the capacity upper and lower

bounds to verify the accuracy of the truncated system. Finally, we give simulation

results for the complete transmit-receive system.

We point out here that the radius of the spherical volume a used throughout this
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thesis has been normalized with respect to the wavelength λ. Therefore a = 1 would

mean that the spherical volume has a radius of 1λ. We use this notation in this

chapter as well.

4.1 Error Due to System Truncation

Here, we will look at the error caused due to truncation of our infinite-dimensional

system to a finite-dimensional one. To this end, we compare the eigenvalues of two

systems truncated to different lengths. The first system is truncated such that the

size of the H = ΓA matrix is 1875 × 1875. The second system is truncated such

that ΓA is a 2700 × 2700 matrix. Figure 4.1 plots the first 1000 eigenvalues for the

two systems described above and having a radius of 1. Similarly, Figure 4.2 plots

the first 1000 eigenvalues for the two systems having a radius of 3. In Figure 4.3,

we also plot the difference in eigenvalues of the two systems truncated to different

lengths. The figure gives the error plots for the radius varying from 0.5 to 3. The

three figures tend to suggest that for a sufficiently large size of the ΓA matrix, the

error due to truncation is small and the truncated system is converging to the true

continuous-time system. From Figure 4.3, we note that for the largest sized spherical

volume considered here, the maximum error in eigenvalues is on the order of 10−7

which is extremely small. Since the 1875×1875 has an extremely small error, we will

use this system for simulations hereafter.
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Figure 4.1: First 1000 eigenvalues for systems truncated to lengths of 1875 and 2700
respectively, and radius a = 1
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Figure 4.2: First 1000 eigenvalues for systems truncated to lengths of 1875 and 2700
respectively, and radius a = 3
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4.2 Spatial Degrees of Freedom

In this section we will look at the behavior of the spatial degrees of freedom with

respect to the size of the input spherical volume and the SNR. First, we look at how

the spatial degrees of freedom n?, vary with the size of the input spherical volume.

To this end, we plot two figures. The first one, i.e. Figure 4.4 plots n? for the 3-d

input current distributions (denoted by n?(3-d) here) against the wavevector-aperture

product A|Ω| = 4π2a2 for fixed SNR’s and radius a varying from 0.5 to 3. The two

plots in the figure are calculated at SNR’s 20 dB and 0 dB respectively. Similarly,

Figure 4.5 plots n?(1-d) for 1-d input current distributions. The two figures suggest

that the spatial degrees of freedom n? have a linear relationship with the effective

aperture A = πa2 of the input spherical volume.

Earlier in Section 3.3, we had mentioned an upper bound on the spatial degrees

of freedom that has been claimed by Poon et al. in [8]. The claim in [8] is that

for spherical arrays, the wavevector-aperture product A|Ω| = 4π2a2 forms an upper

bound on n?(1-d). Here, our simulation results tend to show that although n?(1-d)

follows a linear relationship with 4π2a2 (Figure 4.5), the factor of scaling could be more

than one making n?(1-d) greater than 4π2a2. Table 4.1 gives the ratio n?(1-d)/4π2a2,

for SNR varying from 0 dB to 20 dB and the radius varying from 0.5 to 3.

It can be seen from the table that n?(1-d) is varying between 1.3 to 2 times 4π2a2

for different values of the radius and SNR’s considered here. Although the results we
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Figure 4.4: Plot of n?(3-d) vs. 4π2a2 at SNR’s of 20 dB and 0 dB respectively

Table 4.1: Ratio n?(1-d)/4π2a2 for different SNR values and radius of the spherical
volume

``````````````̀SNR (dB)
Radius (a)

0.5 1 1.5 2 2.5 3

0 dB 1.31 1.39 1.36 1.42 1.41 1.36
4 dB 1.62 1.62 1.53 1.42 1.46 1.38
8 dB 1.62 1.62 1.62 1.53 1.46 1.48
12 dB 1.62 1.62 1.62 1.62 1.48 1.48
16 dB 1.62 1.62 1.62 1.62 1.61 1.48
20 dB 1.82 2.00 1.81 1.62 1.62 1.58
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Figure 4.5: Plot of n?(1-d) vs. 4π2a2 at SNR’s of 20 dB and 0 dB respectively
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Table 4.2: Spatial Degrees of Freedom n?(1-d) for different SNR values and radius of
the spherical volume

``````````````̀SNR (dB)
Radius (a)

0.5 1 1.5 2 2.5 3

0 dB 13 55 121 225 349 484
4 dB 16 64 136 225 361 492
8 dB 16 64 144 242 361 527
12 dB 16 64 144 256 367 529
16 dB 16 64 144 256 398 529
20 dB 18 79 161 256 400 562

have are not sufficient to exactly determine the ratio n?(1-d)/4π2a2 based on a given

radius and SNR, the results suggest that the number of spatial degrees of freedom

are not restricted to 4π2a2.

In Section 3.3, we mentioned that we expect n? to increase with SNR as well and

gave an intuitive reason for it. Here, we give the results for n?(1-d) in table 4.2. The

table gives n?(1-d) for SNR varying from 0 dB to 20 dB and radius a varying from

0.5 to 3. The table suggests that for any particular size of the spherical volume, the

spatial degrees of freedom continues to increase with SNR as well. However, the rate

of increase with SNR seems to be lesser than the rate of increase with size.

4.3 Channel Capacity

Now we move to the capacity plots for our system. Here again, we are interested

in looking at the behavior of capacity with respect to the SNR and the size of the
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0.5 to 3

spherical volume. First, we look at the variation in capacity with SNR. To this end,

we plot the capacity against SNR for a system having 3-d input current distributions

in Figure 4.6. The figure gives plots for the radius a varying from 0.5 to 3. Similarly,

we give the capacity plots for 1-d input current distributions in Figure 4.7. The

two figures tend to suggest that capacity values for the continuous-time system are

increasing linearly with the SNR in dB i.e. C ∝ log(SNR).

From the figures, we also notice that the capacity values are extremely high, on the

order of thousands of bps/Hz for high SNR. However, the reason for such high values
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is that the spatial degrees of freedom are also very high, on the order of hundreds.

Therefore, we also plot the capacities per signalling dimension in Figure 4.8 for 3-d

input current distributions which show the capacity values per dimension to be around

3-15 bps/Hz which is comparable to the capacity per signaling dimension achieved

over AWGN SISO channels.

Next, we look at the variation in capacity with the size of the spherical volume.

To this end, we plot the capacity values against the wavevector-aperture product

A|Ω| = 4π2a2 in Figure 4.9 with the radius of the spherical volume varying from 0.5
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to 3. The different plots in the figure give capacity results for SNR varying from 0 dB

to 20 dB. In this case, the figure tends to show a faster than linear rate of increase

in capacity with the effective aperture A of the spherical volume. Our simulation

results suggest that the capacity C seems to be proportional to (A)c with the value

of c varying between 1.1 and 1.3.



57

4.4 Increase in Capacity and Spatial Degrees of

Freedom on using 3-d Current Distributions

In this section, we look at the important aspect of the gain in capacity and spa-

tial degrees of freedom that can be achieved by using 3-d current distributions (or

tri-polarized antennas) instead of using 1-d current distributions (or uni-polarized

antennas). Here again, we compare our simulation results with the claim in [8] that

says that we could only achieve a maximum capacity gain of two times by using 3-d

current distributions instead of 1-d current distributions.

First, in Figure 4.10 we plot the ratio of capacities C(3-d)/C(1-d) for systems with

3-d input current distributions relative to systems with 1-d input current distributions

against the radius of the spherical volume at SNR’s of 0 dB and 20 dB respectively.

The figure suggests a monotonic increase in the capacity ratio with size which seems

to be approaching an asymptote. The ratio is around 2.6 for a = 3 and SNR of 20 dB

and we conjecture that for a sufficiently large input spherical volume, we could get

a capacity gain upto a factor of 3 times by using 3-d current distributions instead of

1-d current distributions. The figure also suggests an increase in the capacity ratio

with SNR.

Next, we look at the ratio, n?(3-d)/n?(1-d) of the spatial degrees of freedom due

to 3-d current distributions relative to the spatial degrees of freedom due to 1-d input
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current distributions. To this end, Figure 4.11 plots the ratio n?(3-d)/n?(1-d) against

the radius of the spherical volume at SNR’s of 0 dB and 20 dB respectively. Here, we

notice that the ratio of spatial degrees of freedom does not seem to follow a monotonic

increase with size or SNR. Since in our system, there are sets of eigenvalues having

almost identical values within a set, the water-pouring algorithm would allocate power

to all values in a set simultaneously, causing a sudden jump in the spatial degrees of

freedom. This behavior of the spatial degrees of freedom can also be noted in Table

4.2. These jumps in the number of spatial degrees of freedom for the two systems

seem to be the reason for the variations in the ratio n?(3-d)/n?(1-d). Despite these

variations, we see that the ratio is between 2-2.8 for the different radius and SNR’s

considered here. Based on these results, we would again expect the ratio to go 3 for a

sufficiently large spherical volume and at high SNR’s. On the other extreme, we also

expect this ratio to be 1 for a sufficiently small spherical volume, since there would

be only one significant eigenmode which is used for transmission, regardless of the

current distributions being 1-d or 3-d.

4.5 Impact of Truncation on Capacity

As we mentioned in Section 3.2, we now compare the capacity results with the

capacity lower and upper bounds (equation B.5) defined in Appendix B to look at

the impact of the truncation error on capacity calculations. Figure 4.12 plots the
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calculated capacity along with the capacity bounds vs. the SNR. The capacity lower

and upper bounds are calculated using the water-pouring algorithm on the eigenvalue

sets defined in (B.3) and (B.4) respectively. It can be seen from the figure that the

calculated capacity is almost identical to capacity bounds for low SNR’s with the

error in capacity increasing slightly at high SNR’s. However the capacity results are

still very accurate with the error being around 0.1 dB at an SNR of 18 dB as seen in

the enlarged version of the error plot.
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4.6 Results for the Complete Transmit-Receive Sys-

tem

Earlier in Section 3.4, we had introduced a receiving spherical volume along with

the channel scattering matrix to our system model to define a more realistic complete

transmit-receive system. The capacity formulations were then derived for the new

system along with appropriate expression for the normalization constant. In this

section we look at the results on the capacity and spatial degrees of freedom for the

complete system and see if they follow the same trends as were observed for our

previous system. For our calculations, we assume an ideal fully scattered channel and

Rayleigh fading conditions. Therefore the channel solid angle Ω is 4π and the channel

matrix Hch is CN (0, INt).

First, we plot the spatial degrees of freedom, n?(3-d) and n?(1-d) for 3-d and

1-d current distributions against the wavevector-aperture product A|Ω| = 4π2a2 in

Figures 4.13 and 4.14 respectively. The two figures suggest that as for the previous

system, the spatial degrees of freedom for the complete system increase linearly with

the effective aperture of the spherical volume.

Next, we give the capacity vs. SNR plots of the complete system for 3-d and 1-d

input current distributions in Figures 4.15 and 4.16 respectively. The capacity plots

are given for the radius of the transmitter and receiver volumes varying from 0.5 to
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Figure 4.13: Plot of n?(3-d) vs. 4π2a2 for the complete system at SNR’s of 20 dB
and 0 dB respectively

3. Here again, the plots suggest a linear relationship between capacity and the SNR

in dB, i.e. C ∝ log(SNR).

In Figure 4.17, we plot the capacity values against A|Ω| for SNR varying from

0 dB to 20 dB. Again, we see a slightly faster than linear growth in capacity values

with the effective aperture of the spherical volume.

Finally in Figure 4.18, we plot the capacity ratio C(3-d)/C(1-d) against the radius

of the spherical volume to observe the gains in capacity achieved on using 3-d current

distributions relative to 1-d current distributions. The two plots in the figure are at

SNR’s of 0 dB and 20 dB respectively. Although the gains achieved for this system
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Figure 4.18: Capacity Ratio C(3-d)/C(1-d) vs. a for the complete system at SNR’s
0db and 20db respectively

(1.7-2.3) seem to be slightly lesser as compared to the previous system (2-2.6), we still

observe the same trends i.e. the capacity ratio seems to be increasing monotonically

to an asymptote, which we conjecture to be 3 for sufficiently large systems.

In this section we saw that all the trends in capacity values and spatial degrees

of freedom that were observed for our previous system, seem to carry over to a more

realistic complete transmit-receive system also.
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Chapter 5

Conclusions

We now provide a summary of the results and also offer some pointers to open

problems that can be looked at in future.

We started this thesis by pointing out that at high SNR’s, the capacity for MIMO

systems increases linearly with the available spatial degrees of freedom, which in turn

scales linearly with the minimum of the number of antennas at the transmitter and the

receiver under i.i.d Rayleigh fading conditions and complete channel state information

at the receiver. However, the number and location of antennas in particular antenna

systems constrains the amount of information-exchange that takes place between the

transmitter and receiver through the electromagnetic waves, thus also reducing the

achievable capacity and spatial degrees of freedom for the system. To overcome these

limitations, we looked at a continuous-time system constrained only by its volume.



70

We studied a system which consists of a spherical volume at the transmitter

having some arbitrary current distributions and radiating an electric field around

it. A spherical volume in the far-field of the transmitter capable of capturing all

the radiated signals was taken to be the receiver. The current distributions in the

spherical volume were considered to be the system input while the radiated electric

field in the far-field region was considered to be the system output. The radius of

the spherical volume was constrained to be a, and the total power available at the

transmitter was P . We developed a mathematical model for this continuous-time

system using electromagnetic theory and later reduced it to a MIMO system form

with a matrix channel connecting the system input to the system output. Once in

the MIMO form, we were able to use standard capacity formulas to calculate system

capacities. Our numerical simulation results tend to suggest the following

1. The spatial degrees of freedom increase linearly with the effective aperture of

the spherical volume A = πa2. For the transmitter radiating into the entire

surrounding space i.e. Ω = 4π, the spatial degrees of freedom for the system

vary between 1.3 to 2 times the wavevector-aperture product AΩ = 4π2a2 for

different values of the radius and SNR considered in this thesis.

2. Capacity for the system shows a linear growth with the SNR in dB and a slightly

faster than linear rate of growth with the effective aperture of the spherical

volume. For spherical volumes having a radius on the order of a few wavelengths,
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the capacities achieved are on the order of thousands of bps/Hz.

3. For a sufficiently large system, capacity gains upto a factor of 3 can be achieved

by using 3-d current distributions at the transmitter instead of 1-d current distri-

butions. For spherical arrays having a radius on the order of a few wavelengths,

capacity gains of around 2-2.8 times can be achieved.

Finally, we considered a full transmit-receive system consisting of a spherical vol-

ume at the transmitter, an identical spherical volume at the receiver and a channel

matrix representing the scattering and fading conditions connecting the two. Here,

our simulation results suggest that the more realistic complete transmit-receive sys-

tem also follows the trends on capacity and spatial degrees of freedom observed by

the previous system.

Since such continuous-time systems constrained to a volume are just beginning to

be looked at, there are a quite a few open problems that need to be addressed. We just

point to some of those. First, it would be good to have an analytical solution to spatial

degrees of freedom and capacities as opposed to numerical solutions. Second, other

practical channel scattering and fading environments could be considered and their

impact on capacities studied. Another interesting problem that needs to be looked

at is the optimum number of antennas that should be used given the size constrains

on the transmitter and/or receiver to achieve most of the promised capacity. Various

other transmitter and receiver geometries could also be studied.
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Appendix A

Recurrence Relations for Spherical

Harmonics

It was mentioned earlier in Section 3.1.1 that we can write r11Yn,m as

r11Yn,m =
∑

n′,m′
γn,m

11,n′m′Yn′,m′

due to recurrence relations. Now we show in detail how this is done for one case. The

others can be derived similarly. We will only state the results for the other cases. We
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start by giving the recurrence relations [19, pp. 245],

cos θYn,m =

√
(n + m)(n−m)

(2n + 1)(2n− 1)︸ ︷︷ ︸
an,m

Yn−1,m +

√
(n + m + 1)(n−m + 1)

(2n + 1)(2n + 3)︸ ︷︷ ︸
bn,m

Yn+1,m

sin θejϕYn,m =

√
(n−m)(n−m− 1)

(2n + 1)(2n− 1)︸ ︷︷ ︸
cn,m

Yn−1,m+1 +

√
(n + m + 1)(n + m + 2)

(2n + 1)(2n + 3)︸ ︷︷ ︸
dn,m

Yn+1,m+1

sin θe−jϕYn,m =

√
(n + m)(n + m− 1)

(2n + 1)(2n− 1)︸ ︷︷ ︸
en,m

Yn−1,m−1 +

√
(n−m + 1)(n−m + 2)

(2n + 1)(2n + 3)︸ ︷︷ ︸
fn,m

Yn+1,m−1

(A.1)

We can write

r11Yn,m = (1− sin2 θ cos2 ϕ)Yn,m = Yn,m − (sin θ cos ϕ)(sin θ cos ϕ)Yn,m (A.2)

From the recurrence relations, we get

2 sin θ cos ϕYn,m = cn,mYn−1,m+1 +dn,mYn+1,m+1 + en,mYn−1,m−1 + fn,mYn+1,m−1 (A.3)

⇒ 4 sin2 θ cos2 ϕYn,m = cn,m2 sin θ cos ϕYn−1,m+1 + dn,m2 sin θ cos ϕYn+1,m+1 +

en,m2 sin θ cos ϕYn−1,m−1 + fn,m2 sin θ cos ϕYn+1,m−1

(A.4)
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Reapplying (A.3) to (A.4) and substituting in (A.2), we get

r11Yn,m =
∑

n′,m′
γn,m

11,n′m′Yn′,m′

= [(−1/4)en,men−1,m−1] Yn−2,m−2 +

[(−1/4)cn,men−1,m+1 + en,mcn−1,m−1] Yn−2,m +

[(−1/4)cn,mcn−1,m+1] Yn−2,m+2 +

[(−1/4)en,mfn−1,m−1 + fn,men+1,m−1] Yn,m−2 +

[1− (1/4)cn,mfn−1,m+1 + dn,men+1,m+1 +

en,mdn−1,m−1 + fn,mcn+1,m−1]Yn,m +

[(−1/4)cn,mdn−1,m+1 + dn,mcn+1,m+1] Yn,m+2 +

[(−1/4)fn,mfn+1,m−1] Yn+2,m−2 +

[(−1/4)dn,mfn+1,m+1 + fn,mdn+1,m−1] Yn+2,m +

[(−1/4)dn,mdn+1,m+1] Yn+2,m+2

(A.5)

From (A.5), we get the γ coefficients for the Γ11 matrix. Following a similar procedure

we can find the γ coefficients for the other Γ matrices also. We now state the coefficient
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values for the other matrices. For the Γ12 matrix, we have

γ12(n−2,m−2) = (1/4i) (−en,men−1,m−1)

γ12(n−2,m) = (1/4i) (−cn,men−1,m+1 + en,mcn−1,m−1)

γ12(n−2,m+2) = (1/4i) (cn,mcn−1,m+1)

γ12(n,m−2) = (1/4i) (−en,mfn−1,m−1 − fn,men+1,m−1)

γ12(n,m) = (1/4i)(−cn,mfn−1,m+1 − dn,men+1,m+1+

en,mdn−1,m−1 + fn,mcn+1,m−1)

γ12(n,m+2) = (1/4i) (cn,mdn−1,m+1 + dn,mcn+1,m+1)

γ12(n+2,m−2) = (1/4i) (−fn,mfn+1,m−1)

γ12(n+2,m) = (1/4i) (−dn,mfn+1,m+1 + fn,mdn+1,m−1)

γ12(n+2,m+2) = (1/4i) (dn,mdn+1,m+1)

For the Γ13 matrix, we have

γ13(n−2,m−1) = (1/2) (en,man−1,m−1)

γ13(n−2,m+1) = (1/2) (cn,man−1,m+1)

γ13(n+2,m−1) = (1/2) (fn,mbn+1,m−1)

γ13(n+2,m+1) = (1/2) (dn,mbn+1,m+1)

γ13(n,m−1) = (1/2) (en,mbn−1,m−1 + fn,man+1,m−1)

γ13(n,m+1) = (1/2) (cn,mbn−1,m+1 + dn,man+1,m+1)
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For the Γ22 matrix, we have

γ22(n−2,m−2) = (1/4) (en,men−1,m−1)

γ22(n−2,m) = (1/4) (−cn,men−1,m+1 − en,mcn−1,m−1)

γ22(n−2,m+2) = (1/4) (cn,mcn−1,m+1)

γ22(n,m−2) = (1/4) (en,mfn−1,m−1 + fn,men+1,m−1)

γ22(n,m) = 1 + (1/4)(−cn,mfn−1,m+1 − dn,men+1,m+1−

en,mdn−1,m−1 − fn,mcn+1,m−1)

γ22(n,m+2) = (1/4) (cn,mdn−1,m+1 + dn,mcn+1,m+1)

γ22(n+2,m−2) = (1/4) (−fn,mfn+1,m−1)

γ22(n+2,m) = (1/4) (−dn,mfn+1,m+1 − fn,mdn+1,m−1)

γ22(n+2,m+2) = (1/4) (dn,mdn+1,m+1)

For the Γ23 matrix, we have

γ23(n−2,m−1) = (1/2i) (−en,man−1,m−1)

γ23(n−2,m+1) = (1/2i) (cn,man−1,m+1)

γ23(n+2,m−1) = (1/2i) (−fn,mbn+1,m−1)

γ23(n+2,m+1) = (1/2i) (dn,mbn+1,m+1)

γ23(n,m−1) = (1/2i) (−en,mbn−1,m−1 − fn,man+1,m−1)

γ23(n,m+1) = (1/2i) (cn,mbn−1,m+1 + dn,man+1,m+1)

Finally, for the Γ33 matrix, we have

γ33(n−2,m) = (−an,man−1,m)

γ33(n+2,m) = 1− (an,mbn−1,m + bn,man+1,m)

γ33(n,m) = (−bn,mbn+1,m)
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Appendix B

Impact of Truncation Errors on the

Capacity Calculation

1 Earlier in Section 3.1.1, we had truncated our infinite-dimensional system to a

finite-dimensional one. In this section we are interested in looking at the error caused

due to truncation and also its effect on the capacity calculation.

We begin by restating equation (2.16) which gives the electric field due to the

current density vector in terms of an integral transform, with the Green’s function

being the integral kernel

E(r) =

∫

V ′
G(r, r′)J(r′)dV ′ (B.1)

Let us call the input space X and the output space Y , i.e. J(r′) ∈ X and E(r) ∈ Y .

1The proofs in this appendix were derived by Sandeep Krishnamurthy
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Also, let us define a linear compact operator T from the input space X to the output

space Y such that

E(r) = TJ(r′), T : X → Y (B.2)

corresponds to (B.1).

For the purpose of numerical simulations, we approximate the linear compact

operator T by a truncated series TN . This truncation can introduce errors in the

capacity calculation. Our aim here is to determine the impact of the truncation error

on the capacity calculation. To this end, we give upper and lower bounds for the

capacity of the true system here, which we compare with the calculated capacity in

Section 4.5 of simulation results.

Theorem : Let
√

λn be the n-th singular value of a linear compact operator A,

then

√
λn(A) = inf

ϕ1,...,ϕn−1∈X
sup

ϕ⊥ϕ1,...,ϕn−1

|ϕ|=1

|Aϕ|

The spectral radius of A, σ(A) =
√

λ1(A). It can be shown that for some linear

compact operators A and B,

√
λn(A + B) ≤

√
λn(A) +

√
λ1(B), n = 1, 2, . . .

Setting A = TN and B = T−TN , we get the inequality

√
λn(T) ≤

√
λn(TN) +

√
λ1(T−TN)
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Setting, A = T and B = −(T−TN), we get the inequality

√
λn(TN)−

√
λ1(T−TN) ≤

√
λn(T)

Combining the two inequalities above, we get

√
λn(TN)− σ(T−TN) ≤

√
λn(T) ≤

√
λn(TN) + σ(T−TN), n = 1, . . . , N

It can be easily shown that the capacity of the true system can be upper and lower

bounded by two systems defined by the eigenvalue sets (eigenvalues written in de-

creasing order)

S1 ≡
{(√

λN
1 − σN

)2

, . . . ,

(√
λN

N − σN

)2

, 0, 0, . . .

}
(B.3)

and

S2 ≡
{(√

λN
1 + σN

)2

, . . . ,

(√
λN

N + σN

)2

, (σN)2, (σN)2, . . .

}
(B.4)

where
√

λN
1 , . . . ,

√
λN

N are the N eigenvalues of TN and σN = σ(T−TN).

Let S0 ≡ {λ1, . . . , λn, . . .} be the set of eigenvalues corresponding to T. Then, we

have the following capacity inequality

C(S1; P ) ≤ C(S0; P ) ≤ C(S2; P ) (B.5)

where C(S1; P ) is the capacity of the system corresponding to the eigenvalue set S1

and having a total average power of P available at the transmitter. C(S0; P ) and

C(S2; P ) are described similarly. In Section 4.5, we plot these capacity upper and
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lower bounds along with the calculated capacity for the truncated system to demon-

strate the accuracy of capacity calculations for a system truncated to a sufficiently

large length.

Next, we consider the spectral radius of T−TN denoted by σN and show that it

goes to zero as the truncation length N goes to ∞.

σ(T−TN) =
√

λ1(T−TN)

= sup
|J(r′)|≤1

|(T−TN)J(r′)|

If we define, ξn = (
∫ a

0
j2
n(k0r

′)r′2dr′)1/2 and ψn,m(r′, θ′, ϕ′) = jn(k0r
′)Yn,m(θ′, ϕ′)/ξn,

we can then write the vector J(r′) in terms of the orthonormal basis set ψn,m(r′, θ′, ϕ′)

as

J(r′) =
∞∑

n′=0

n′∑

m=−n′
cn′,m′ψn′,m′(r′, θ′, ϕ′)

Now, using a similar analysis as we did in 3.1.1, we can write (T−TN)J(r′) as

(T−TN)J(r′) =

∫

V ′
[G(r, r′)−GN(r, r′)]J(r′)dV ′

=
(
I− r̂r̂†

)
4πk1

∞∑
n=N+1

∑
m

ξncn,mYn,m(θ, ϕ)

Using the orthonormal relations of the basis set and the fact that | (I− r̂r̂†
) | ≤ 1, we

can get the following upper bound on the spectral radius

sup
|J(r′)|≤1

|(T−TN)J(r′)| ≤ 4πk1

[ ∞∑
n=N+1

∑
m

ξ2
n|c2

n,m|
]1/2

It has been shown in [25] that

ξ2
n =

π2a2k3
0

2
J2

n+3/2(k0a) (B.6)
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Using (B.6) and the facts that ξ2
N+1 is the largest term and

∑∞
n=N+1

∑
m |c2

n,m| ≤ 1,

the upper bound for the spectral radius becomes

σ(T−TN) ≤ 4πk1ξN+1

=
4π2k1k

3/2
0 a√

2
JN+5/2(k0a)

≤ π3/2k1k
3/2
0 (k0a)N+5/2

2N+3/2(N + 5/2)N+3e−N+5/2
(B.7)

where we have also used the inequalities Jn(r) ≤ |r|n/(2nΓ(n + 1)) and Γ(n + 1) ≥
√

2πn(n/e)n. For large N , we can make the right hand side of (B.7) as small as we

please. Therefore, we have shown that limN→∞ σ(T−TN) → 0.
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