
ABSTRACT

LUO, Xiaohui. Tuning Variable Selection Procedures and Score Tests for Dose

Effect in the Presence of Non-Responders. (Under the direction of Professors Dennis

D. Boos and Leonard A. Stefanski).

There are two topics in this dissertation. The first topic is variable selection in

linear regression, and the second topic is hypothesis testing in a regression setting

with nonresponders.

In the literature, there are many variable selection methods for linear regression

whose performance depends critically on the stopping rule. But it appears that many

of the rules used in practice do not adequately adapt to each particular data set.

Thus we propose a general approach based on adding additional noise to the response

variable that allows us to “tune” the stopping rule so that the selection method

is not too greedy or too parsimonious and results in choosing a good model. We

focus on a forward selection method due to an interest in handling large numbers

of explanatory variables. Because the method is analytically intractable, we study

it by Monte Carlo methods, compare it with some other methods, and find that it

works very well except that it underfits models with large number of active predictors.

For a mixture model where both the logit of the response rate and the response

mean are linear functions of the covariate (dose level), we propose new score test

statistics for treatment effect. If the linear coefficient for the logit response rate is



β and d is the linear coefficient for the mean, then score statistics are derived for

H0 : β = d = 0 versus H1,β : β 6= 0, d = 0, H0 versus H1,d : d 6= 0, β = 0, and

H0 versus H1 : β2 + d2 6= 0, respectively. For H0 versus H1 we propose a 2-degree-

of-freedom score statistic and also the maximum of the individual score statistics

for H0 versus H1,β and H0 versus H1,d, respectively. Permutation critical values

are used, and the tests are compared with the simple linear regression method. A

simulation study shows that under most of the circumstances considered, the 2-degree-

of-freedom statistic gives the best performance, while the simple linear regression is

very competitive when β is large relative to d. The five methods are also applied to

several real data sets, and the 2-degree-of-freedom score statistic provides satisfactory

results.
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Chapter 1

Tuning Variable Selection

Procedures

1.1 Introduction

Consider a linear regression model

Y = µ+ ε =X β + ε (1.1)

where Y = (y1, y2, . . . , yn)
T is a vector of dependent variables, µ = E(Y ) = Xβ, X

is the design matrix with n observations and pmax predictors, ε ∼ N(0, σ2 In) with

σ2 unknown and In the n×n identity matrix, and β is the coefficient vector possibly

with some elements equal to 0. The predictors with nonzero coefficients are called

important variables.
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1.1.1 Bias versus Variance

Variable selection has two main tasks: interpretation and prediction. In order to

give the data under study an appropriate interpretation, the model selected should be

both parsimonious and meaningful. This contrasts with the goal of prediction where

the utility of the selected model is often evaluated by prediction error (PE), defined

as

PE =
1

n
E((Y new − Ŷ )T (Y new − Ŷ ))

= ME + σ2 (1.2)

where the expectation is taken only with respect to Y new, and

ME =
1

n
(Ŷ − µ)T (Ŷ − µ) (1.3)

where Ŷ is the least squares estimate of Y (all the estimates in this dissertation are

given by least squares methods unless otherwise mentioned), Y new is a random vector

independently and identically distributed as Y , and ME is called model error.

E(ME) =
1

n
E(Ŷ − E(Ŷ ) + E(Ŷ )− µ)T (Ŷ − E(Ŷ ) + E(Ŷ )− µ)

=
1

n
((E(Ŷ )− µ)2 + var(Ŷ )) (1.4)

Because the expectation of ME is equal to the squared bias plus the variance, the

prediction aspect of variable selection involves a trade-off between bias and variation.

2



By introducing additional variable(s) into the model, we can further reduce the bias

until all the important variables are included. For example, the full model (assuming

that there are more observations than predictors) always yields unbiased estimates of

the coefficients and hence unbiased prediction. But on the other hand, as we put more

variables into the model, we introduce variation by estimating more coefficients and

consequently increase model error. In addition, using more variables than necessary

reduces the interpretability of the fitted model. Taylor and Siqueira (1996) showed

that on average the variance of a predicted value is proportional to the model size.

That is the price we need to pay for the possible gain in bias reduction. On Page 7 of

Miller (1990), he says “The prediction variance will be of order n−1, while the biases

from omitting variables will be of order 1 (independent of n). Hence the number of

variables in the best prediction subset will tend to increase with the size of the sample

used to calibrate the model.”

1.1.2 Information Criteria

There exist many model selection criteria based on estimating statistical informa-

tion. Among them the most popular are the Akaike Information Criterion (AIC) and

the Bayesian Information Criterion (BIC). The crucial idea behind any information

criterion is to penalize the likelihood for the model complexity and select a model

by minimizing the penalized likelihood. Essentially such methods balance bias and

variation as seen in the generalized information criterion (GIC)

GIC = −2Lp + f(n) p, (1.5)
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where Lp is the log-likelihood, p is the complexity of the model (in the regression

context, p is the number of independent predictors), and f(n) is a positive increasing

function in n, the sample size.

When f(n) = 2, we get the well-known AIC. We get BIC with f(n) = log(n). As

perhaps the standard in model selection, AIC is well studied and compared with other

methods in terms of consistency, finite sample properties, and prediction performance

(Atkinson (1980, 1981), Nishii (1984), Efron (1986), Li (1987) and Shao (1997)).

Stone (1977, 1979) compared the asymptotic properties of AIC with those of BIC,

and showed that asymptotically AIC was equivalent to ordinary cross-validation.

Atkinson (1981) claimed that AIC was asymptotically equivalent to forward selection

with a significance level 0.157. Nishii (1984) claimed that BIC is consistent (in the

sense that the probability of selecting the best predictive model converges to 1 as

the sample size goes to infinity), but AIC is not. Some consistent procedures were

proposed by Rao and Wu (1989) and Zheng and Loh (1995) by adjusting the penalty

factor.

Under linear regression with normal errors, AIC has an asymptotically equivalent

form to Mallows Cp statistic, and thus Atkinson (1980) proposed a generalized Cp

statistic given by

GMCa(J) =
SSE(J)

σ2
− n+ a p (1.6)

where J is a subset model, p is the number of independent predictors in J , SSE(J) is

the residual sum of squares of Model J , a is the penalty factor for model complexity,

4



and in practice σ2 is usually estimated by σ̂2
F , the residual mean square from the

full model. For a given penalty factor a, a subset model is selected by minimizing

GMCa(J) over all the subset models. But different models may be selected due to

different choices of penalty factors. The simulations in Atkinson (1980) showed that

the appropriate a varies between 2 and 6. By considering the “parsimony principle”

which assigns simple models priority whenever possible, Zhang (1992) suggested that

a should be chosen between 1.5 and 5. Mallows Cp, with a = 2, is used widely and

abused as well. It was pointed out by Mallows (1973) and reemphasized by Mal-

lows (1995) that E(PE) = E(σ̂2Cp) if the additive error is independently distributed

with mean 0 and variance σ2, σ̂2 is an unbiased estimator of σ2, and the model is

selected independently of the data under study. But the last assumption is usually

conveniently violated in practice. Hence selecting a model by minimizing Cp tends to

overfit, which is verified in our Monte Carlo study. By adjusting Mallows Cp statistic,

Gilmour (1996) proposed a new statistic Cp with expectation equal to p and suggested

a procedure to test if the model selected by minimized Cp could be further simplified.

A robust version of Mallows Cp was proposed by Ronchetti and Staudte (1994).

Many other criteria exist in this large literature. Good reviews can be found in

Hocking (1976), Thompson (1978), Miller (1984), and Miller (1990).

1.1.3 The Inherent Problem in Data-Driven Procedures

By specifying a model a priori, least squares methods always give us unbiased es-

timates under the assumption that the specified model is, or includes, the true model.
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But in practice, we often use the same data for both searching and evaluating the

model, which inevitably introduces bias, and hence often underestimates the resid-

ual variance and overestimates the coefficient of determination. Consequently, tests

and decisions based on the optimistic estimates are suspect. This downward bias

was studied by Efron (1986). The goal in prediction is to minimize the prediction

error, while what least squares methods achieve is the minimization of residual sum

of squares which is not a monotone function of the prediction error. It is an inher-

ent problem of any data-driven procedure. Hence the p-values after model selection

should be viewed differently from the traditional hypothesis testing frame.

In forward selection, the model F-statistic of the chosen model is a maximum

statistic of a number of F statistics. Under the assumption of orthogonal predictors,

Draper, Guttman and Kanemasu (1971) derived the theoretical distribution of this

maximum F statistic for cases with two, three and four predictors. Some numerical

results were given in Pope and Webster (1972). Because the p-value under the null hy-

pothesis is smaller than its nominal level, a variable is more likely to be selected. The

selection effect on p-values is further studied by Freedman, Pee and Midthune (1992).

Their simulation study showed that the effect is minor when the error variance is

known. But when it is unknown, the effect is determined by the ratio of the number

of predictors to the number of observations, and gets more serious when this ratio is

greater than 0.25 (which is one of the cases in our simulation study). Grechanovsky

and Pinsker (1995) studied the distribution of the maximum F statistic in forward

selection by re-specifying the null hypothesis at each step, conditioned on the already

6



selected variables and their estimated coefficients.

Theoretically, a good procedure is expected to find all (and only) the important

variables. This presents a dilemma, because we desire a good model and consequently

a good prediction for the data under study, but on the other hand, the model selected

should not depend on the given data.

1.1.4 Alternatives to Data-Driven Procedures

One of the plausible solutions to solve the above dilemma is to use principal com-

ponents. That is, based on the eigenvectors of the variance-covariance matrix of

the original covariates, construct a set of orthogonal variables (called principal com-

ponents) and then select the first several principal components that explain a high

proportion of the variation of the original variables. The selected principal compo-

nents are often very helpful in interpreting the data. But the principal components

are selected based on the predictors only, without considering the dependent variable.

In addition, there is no dimensionality reduction. Though it seems that the model

selected contains only a small number of variables, these variables are actually linear

combinations of all the original variables. In effect, the principal components method

fits the full model by putting some constraints on the coefficients in a complicated

way. Hence all the variables are required for prediction.

Another alternative to data-driven methods is to use independent testing data to

evaluate the selected model. If the sample size is big enough, it is possible to split

7



the data set randomly into three parts (fitting, validating and testing) or two parts

(fitting and testing). But unfortunately we are often not so lucky, and sometimes we

even have more variables than observations under certain circumstances such as data

mining and drug discovery.

1.1.5 Data Reuse Procedures

Data reuse methods such as cross-validation and bootstrap are often suggested

to solve model selection problems. These methods all try to replicate the original

data in some way so as to get a better (unbiased with small variance) estimate of the

model error. Picard and Cook (1984) suggested assessing prediction error by employ-

ing cross-validation in variable selection circumstance. A multifold cross-validation

procedure was studied by Burman (1989) and Zhang (1993). Shao (1993) argued that

by leaving nv cases out each time, the deficiency that the ordinary cross-validation is

inconsistent can be rectified if nv/n→ 1 as n→∞, where n is the number of observa-

tions. A robust linear model selection by cross-validation was proposed by Ronchetti,

Field and Blanchard (1997). Shao (1996) pointed out that the inconsistency of the

variable selection procedure by employing the traditional bootstrap sampling plan of

n bootstrap observations in estimating model error could also be rectified by drawing

fewer bootstrap samples.

Breiman (1992) proposed a procedure called “Little Bootstrap (LB)” which esti-

mated model error by adding additional white noise to the dependent variable. We

will give a short introduction on LB in Section 1.3.

8



1.1.6 Stepwise Methods

Information criteria such as AIC are usually minimized over all the subset models.

For small numbers of candidate variables, it is feasible to look over all the subsets.

But when the number of candidate variables is large (greater than 60 in our experi-

ence), standard computer programs can not handle all-subset model selection within

a tolerable period. Stepwise methods have the good feature of adding or removing

variables one at a time. In this way, only a very small proportion of all the subset

models are considered instead, and it becomes possible to search the best among the

candidate models in a timely way even when the number of candidate variables is

huge. There are three main kinds of stepwise methods: forward selection, backward

elimination and stepwise regression. Forward selection starts with no variables in the

model and builds up the model consecutively by adding each time the variable which

offers the largest increase in regression sum of squares among those still outside the

model when combined with the variables already in the model. Once a variable is

included into the model, it will never be removed. At each step, an F-test is exe-

cuted and the procedure stops if the test is nonsignificant or there is no variable left.

Backward elimination proceeds in the opposite way. It starts with the full model and

at each step identifies the variable that will give minimum increase in residual sum

of squares if excluded. At each step, an F-test is executed and the procedure stops

if the test for each variable is significant or if there is no variable left in the model.

Stepwise regression starts with no variables. As a combination of forward selection

and backward elimination, stepwise regression first tries to introduce a variable to the

model and then remove a variable from it based on F tests. These two processes are

9



alternated until no variable is added or removed or the maximum number of steps is

reached.

Some other rules in stepwise methods were studied and compared by Bendel and

Afifi (1977). Broersen (1986) proposed a “stepwise directed search” in order to find

the subset with the minimum Cp. Bjørnstad (1988) proved that “the usual backward

elimination method based on partial correlations is equivalent to the multiple com-

parison statistics for the corresponding regression coefficients.” Mantel (1970) favored

backward elimination because it required least squares fitting only pmax times while

forward selection required pmax (pmax+1)/2 times of fitting. He further pointed out

and showed by an artificial example that forward selection would not select the right

combination which as a group gave a good fit to the data but each individual variable

fitted the data very poorly. But the problem with backward elimination is that if

there are two, or more than two, competing groups of variables with equal predictive

ability, those variables will be removed as a group. The removing order is decided by

the order of the first variable removed in each group. Hence the variables remaining

at the end may not give the best fit, since an important variable might already be

removed because it is in a group with an unimportant variable. The appeal of forward

selection is that it is straightforward and applicable in the case where there are more

candidate variables than observations (pmax > n). Also experience indicates that it

is more likely to identify a parsimonious model.

The disadvantage of stepwise methods is that because they only focus on sequences

10



of models, the one selected might not be optimal or nearly optimal. Bertrand (1988)

showed that for two variables it is possible for the regression sum of squares of the

two variables fitted together to be greater than the sum of the regression sum of

squares when they are fitted separately. This suggests a defect of stepwise methods.

Miller (1990, P. 79) mentioned that “ The ‘cheap’ methods of variable selection usually

perform badly when the ratio of the number of observations to the number of variables

is less than or close to 1. In such cases, the best-fitting subset of p variables often does

not contain the best-fitting subset of p−1 variables, sometimes they have no variables

in common, and methods which add or drop one variable at a time either cannot find

the best-fitting subsets or have difficulty in finding them.” One straightforward fix is

to add or remove two, or more than two, variables at each step. This provides more

candidate models with the cost of a substantial increase in search time and hence is

not used widely in practice.

1.2 Procedures Based on Residual Mean Squares

Our goal is to estimate β and predict Y new. If we fit a subset model J (J gives

the columns of X included in the subset model; without loss of generality, suppose

the design matrix XJ is full-rank), then the usual residual mean square is given by

MSE =
Y T (In − PJ)Y

n− pJ
(1.7)

where n is the number of observations, pJ is the number of predictors in the subset

model, In is an n× n identity matrix, and PJ =XJ (XJ
T XJ)

−1XJ
T is the projec-

11



tion matrix of XJ .

If a subset model contains all the important variables, (n − pJ)MSE/σ2 follows

a χ2
n−pJ

distribution and hence E(MSE) = σ2. We call such a model an “Inclusive”

model. Otherwise, (n− pJ)MSE/σ2 follows a noncentral χ2
n−pJ

distribution with an

expectation larger than n − pJ , and hence E(MSE) > σ2. Such a model is called

a “Non-Inclusive” model. If the coefficients of the important variables are not too

small and the predictors are uncorrelated, then we will have a very good separation

between Inclusive models and Non-Inclusive models. Consequently we can find the

true model by intersecting all the Inclusive models. An example is given as follows.

Suppose there are 6 important variables (with original coefficients all equal to 1) out

of 12 uncorrelated predictors. The error follows a standard normal distribution. All

the coefficients are multiplied by a common constant so as to make the theoretical R2

equal to 0.75. In (a) of Plot 1.1, MSE of each subset model is plotted versus its model

size. All the Inclusive models show up at the bottom of the plot. For model size less

than 6, there is no separation between the models because they are all Non-Inclusive

models. In (b), the best Non-Inclusive models (giving minimum MSE) at each model

size (≥ 4) are plotted and connected, and all the Inclusive models are plotted as well.

In addition a horizontal line at σ̂2
F is drawn as a baseline.

This is an application of the principle introduced by Gabriel (1969) called “coher-

ence”: if a model is accepted, then any model containing it should also be accepted.

On the other hand, if a model is rejected, so are all of its sub-models. The model

12
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selected should be the most parsimonious model among the acceptable models. An-

other application of this principle can be found at Edwards and Havranex (1987).

But if the predictors are correlated or some of the coefficients are tiny, then the

noncentral parameters of the χ2 distribution will be very small and consequently it

is difficult to distinguish Inclusive models from Non-Inclusive models due to random-

ness. We see no separation in Plot 1.2 when the covariance between xi and xj is

0.7|i−j|, for i, j = 1, 2, . . . , 12.

Another approach is to first select a model by maximizing R2 at each model size,

and then compare MSE of the candidate models with the baseline σ̂2
F . A model is

classified as “acceptable” if it and those larger than it have MSE smaller than or equal

to the baseline. The model with the smallest size among the acceptable candidate

models is then selected. This approach is equivalent to applying the same rule on

Mallows Cp but using the model sizes as the baseline, which views Mallows Cp as an

estimate of the model size (Mallows (1995)).

Cp =
SSE

σ̂2
F

− (n− 2 p)

= (n− p) (
MSE

σ̂2
F

− 1) + p

Cp ≤ p ⇐⇒ MSE ≤ σ̂2
F (1.8)

Hence, we call this approach Intelligent Cp (ICp) and visualize it in Figure 1.3.
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In this plot, the models are pre-selected by maximizing R2 at each model size. A

horizontal line at σ̂2
F is drawn as our baseline. MSE decreases as model size decreases

from 12 to 8, while it increases as model size decreases from 8 to 6. All the pre-selected

models with model size greater than or equal to 7 are acceptable, but the model with 6

predictors is not. Therefore, the model with 7 predictors is selected as the final model.

Suppose p∗ variables out of pmax candidate variables are important. There are

(pmax − p∗)!/((p− p∗)! (pmax − p)!) Inclusive models among pmax!/(p! (pmax − p)!)

p-variable models. When the number of Non-Inclusive models is large, the best Non-

Inclusive candidate model (with smallest MSE) will have a good chance of having a

smaller MSE than σ̂2
F . If this happens at a model size smaller than p∗, then we surely

will underfit.

The dilemma in any data-driven variable selection procedure is that we need to

find a good but not too optimistic fit to the data. If we restrict our attention to

some of the subset models instead of all the subset models, we will have a better

chance to achieve this goal and hence not underfit so badly. The simulation result

in Breiman (1992) showed that “not only do we not lose, but in fact the restriction

often helps matters” due to the “gain in accuracy by restricting selection to the rss-

extreme submodels.” In our simulation study, we apply ICp on the candidate models

by forward selection (instead of by maximizing R2) and call it “Forward-Restricted

Intelligent Cp” and denote it by ICp/FR.

17



1.3 Tuning Forward Selection

1.3.1 The Motivation

In Section 1.2, we try to target the minimal inclusive model. But with a data-

driven procedure, it is very likely to misclassify a non-inclusive model as an inclusive

model due to the downward bias in MSE. Therefore, a data reuse method is con-

sidered. For each variable selection procedure, there does not exist a general tuning

parameter that will lead to the best result for all data sets. But for each specific data

set, such an optimal parameter (denoted by α0) does exist. Motivated by the SIMEX

method of Cook and Stefanski (1994), we add to the dependent variable white noise

in known increments with variance in some multiple (denoted by λ) of σ2, and fit the

contaminated data using forward selection with entry significance level equal to α.

The procedure with α0 should not fit to white noise, and the resulting residual mean

square should be an unbiased estimator of the total error variance. A procedure with

any other tuning parameter would under-respond or over-respond to the white noise.

Hence, we try to establish a trend between the residual mean square and α and then

find out α0 leading to the best result.

1.3.2 Our Proposed Tuning Procedure

The forward selection method in SAS PROC REG depends on the “significance

level” α (called “SLENTRY” in PROC REG). When α is large, the procedure tends

to overfit and hence underestimates σ2. On the other hand, it tends to underfit with

α too small and overestimates σ2. Our procedure is as follows.
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First, σ2 is estimated by σ̂2
F , the residual mean square of the full model. Then we

add white noise to the dependent variable,

Y ∗
λ,i = Yi +

√
λ σ̂F Zi, i = 1, 2, . . . , n (1.9)

where Z1, Z2, . . . , Zn are iid standard normal random variables and independent of

the original data.

Thus, the contaminated vector Y ∗
λ has the same mean structure as Y but with

additional error increased by λ σ̂2
F on average.

Suppose that we apply a model selection procedure to Y ∗
λ . We would expect a

properly tuned selection procedure to return a fitted model with MSE having expec-

tation linear in λ with slope σ̂2
F conditional on the original data. If the procedure

overfits the data, the slope would be smaller than σ̂2
F ; in effect, it would be “fitting

to noise.” On the other hand, if the procedure underfits the data, the slope would be

greater than σ̂2
F .

Because variable selection procedures are fairly complicated, we estimate the con-

ditional expectation of MSE from the model selected by the tuning parameter on

the contaminated data with the average MSE by Monte Carlo simulation. That is,

for each value of λ, we generate B independent contaminated vectors Y ∗
λ , apply the

variable selection procedure with tuning parameter α, and compute the MSE’s of the
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resulting selected models. We denote by MSE(λ, α) the average of these B MSE’s.

Note that we use the same B contaminated data sets for each α, but the contamina-

tion Z1, Z2, . . . , Zn for different λ are independent.

Because we expect MSE(λ, α0) to be linear in λ with slope σ̂2
F , we regress MSE(λ, α)

on λ for each α and denote the least squares slope by K̂(α). With α = 1, forward

selection will fit the full model for all the contaminated data sets, and theoretically

K̂(1) is a consistent estimator of σ̂2
F as B→∞. We use K̂(1) as a baseline to which

other slopes K̂(α) are compared. For the proper tuning parameter α0, K̂(α0) should

be very close to the baseline. As α decreases from 1 to α0, forward selection overfits

and K̂(α) is smaller than the baseline. But as α decreases from α0, forward selection

underfits and K̂(α) is greater than the baseline. The general behavior of K̂(α) is

illustrated in Figure 1.12.

In practice, the slopes are estimated by least squares and hence subject to random

variation. In our Monte Carlo study, non-negligible differences are observed between

σ̂2
F and K̂(1) even for large B. Also it happens that all the estimated slopes are smaller

than (or greater than) σ̂2
F , which means that all the models overfit (or underfit), and

leads to the selection of the null model (or the full model). The solution is to use

K̂(1) instead of σ̂2
F as the baseline to take advantage of the blocking induced by fitting

the same contaminated data sets for each α. This is an application of a Monte Carlo

swindle technique.
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In order to estimate α0, we first define α̂∗ as follows

α̂∗ = Max{α : K̂(α) > K̂(1) or K̂(α) is a local maximum} (1.10)

Then α0 is estimated by α̂0, the smallest α that is greater than α̂∗. The procedure

is demonstrated in Figure 1.4, where the models selected are marked by
⊕

.

The key in our tuning procedure (as well as any other bootstrap-like procedure) is

that after white noise is added to the original data, the same procedure should give us

a different sequence of candidate models, which helps us distinguish the optimal pa-

rameter from the others. Therefore, we need to add enough noise in order to introduce

enough variation among the sequences. But the noise level should be adequately low,

otherwise, MSE(λ, α) is not (approximately) linear in λ and hence the simple linear

regression becomes invalid. In our pilot study, we set λ = (0.25, 0.5, 0.75, 1, 1.5, 2, 3, 4)

and fitted the simple linear regression of MSE(λ, α) on different combinations of the

above λ’s and found that λ = (0.5, 1, 1.5, 2) provides satisfactory results. In addition,

the MSE from the original data, corresponding to λ = 0, should not be included in

the simple linear regression to estimate the slope, because there is no variation at that

point and the process is not smoothed. A heuristic argument is as follows. Suppose

two α’s are very close to each other such that they will lead to the same model on the

original data set and hence the same MSE. Intuitively, the two corresponding slopes

should be approximately equal. If we plot MSE(λ, α) versus λ, the two lines should

be almost parallel. If we include this point (λ = 0) in fitting the lines, the two lines

are no longer parallel and the two estimated slopes will be much different from each
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other, which contradicts the fact that they approximately equal.

After trying different B’s, we suggest using B = 4000, so as to guarantee good

estimates of the slopes, because each two adjacent αs are compared in their estimated

slopes. It is very important to choose the right set of α’s in this simulation-based

approach. No universal set works for all data sets though. We suggest choosing the

α’s adaptively based on the data under study. For a given data set, the order of the

predictors joining the model is determined and so is the significance level associated

with each step (sometimes, more than one predictor might enter the model at one

step). Suppose the full model is obtained after k steps (k ≤ pmax), and the “signif-

icance levels” (SLENTRY in Proc REG) are 0 < a1 < a2 < . . . < ak < 1, then we

choose the α’s as 0, {ai+5 ai−1

6
, 2 ai+4 ai−1

6
, 3 ai+3 ai−1

6
, 4 ai+2 ai−1

6
, 5 ai+ai−1

6
, i = 1, 2, . . . , k},

1+2 ak
3

, 2+ak
3

, and 1, where a0 = 0.

In our Monte Carlo study, we compare our procedure, referred to as Tune, with

LB, a tuning procedure proposed by Breiman (1992). A short introduction of LB is

given as follows. Let F denote the full model. The residual sum of squares is defined

as

SSE = ||µ+ ε− µ̂||2 (1.11)

= ||ε||2 + ||µ− µ̂||2 + 2 (ε,µ− µ̂)

= ||ε||2 + n ME+ 2 (ε,µ− µ̂)

where µ̂ is the estimate of µ, the mean, || · || is Euclidean norm, and (·, ·) denotes the
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inner product.

Therefore, for a subset model J, we have

n ME(J) = SSE(J)− SSE(F) + n ME(F)− 2 (ε, µ̂F − µ̂J) (1.12)

where SSE(J) and SSE(F) are calculated from the fitted model, n ME(F) is estimated

by pmax σ̂
2

F, and (ε, µ̂F − µ̂J) estimated by the “Little Bootstrap” method.

By adding white noise to the dependent variable, we have

Ỹ = Y + ε̃ (1.13)

where ε̃ ∼ N(0, t2σ̂2
FI).

The same variable selection procedure is applied to the contaminated data set, and

the estimate of µ based on the contaminated data is denoted by µ̃. Breiman (1992)

claimed in his equation (4.3) that for small t

1

t2
E(ε̃, µ̃F − µ̃J′) ≈ E(ε, µ̂F − µ̂J) (1.14)

where J’ and J are of the same model size, but are not necessarily the same.

Little Bootstrap calculates the correlation between the new predicted value and

the added noise at each model size. By extrapolating the relationship toward the
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original data for each model size, it obtains an “almost unbiased” estimate of the

correlation between the predicted value of the original dependent variable and the

original noise (which is unknown) for each original candidate model. Therefore, Lit-

tle Bootstrap estimates (ε, µ̂F − µ̂J), the inner product, by (ε̃, µ̃F − µ̃J′)/t2, and

consequently estimates ME(J). A model is then selected by minimizing the estimated

ME(J). In the simulation of Breiman (1992), Little Bootstrap was applied to back-

ward elimination. In our simulation, it is applied to forward selection with λ = 0.6

and B = 40 as suggested by Breiman (1992).

1.3.3 Monte Carlo Study

Due to the analytic intractability of our procedure (Tune), we carry out a simula-

tion to study its performance as well as Minimum Cp, ICp/FR, LB, where Minimum

Cp is based on all subsets, and ICp/FR and LB are based on forward selection

candidate models. In addition, the model with the minimum model error among

the forward selection candidate models is selected, and this “method” is called Best

(which is the best that a forward selection procedure can do in prediction, though in

practice we do not have such information). Also, the true model is fitted and called

“True.”

Simulation Setup

The setup of the simulation follows closely and extends a little the setup in Tib-

shirani and Knight (1999), which is a simplified version of Breiman (1992). Each

data set contains 21 predictors with 50 or 150 observations. The predictors follow
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a multivariate normal distribution with mean 0 and covariance between xi and xj

equal to ρ|i−j|, with ρ = 0, 0.3, and 0.7, respectively. The design matrices are fixed

after being generated once. We have 6 different design matrices corresponding to the

combinations of n and ρ. The coefficients of the important variables (with non-zero

coefficient) are generated in two clusters, around x7 and x14. Their initial values are

β7+j = (h− j)2, |j| < h

β14+j = (h− j)2, |j| < h

(1.15)

The values h = 1, 2, 3 and 4 are used, resulting in 2, 6, 10 and 14 non-zero coeffi-

cients, respectively. In addition, the null model H0 (all the coefficients are 0) and the

full model FULL (with the coefficients generated randomly from a Uniform(0.5, 1.5)

distribution) are also included. The noise follows a standard normal distribution.

Except for H0, the coefficients of each model are multiplied by a common constant

so as to make the theoretical R2 equal to 0.75. Theoretical R2 is defined as

Theoretical R2 =
µ′µ

µ′µ+ nσ2
, (1.16)

where σ is the error variance. The coefficients are listed in Tables 1.4-1.9 of Sec-

tion 1.4.1 (Appendix).

We generate 100 data sets independently based on the same design matrix and

coefficients for each combination of n and ρ. All six variable selection methods are ap-

plied to each data set. For each method, the mean and the standard error of the model

size, the model error, and residual mean square of the selected models are calculated,
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and the standard error is then averaged over all the six models for each pair of (n, ρ).

We then repeat the above simulation with 150 observations by including the

squares of the 21 predictors in the design matrix as well. The same random seeds are

used. The only difference is that there are 42 predictors (the original 21 predictors

and their squares) instead of 21. We want to see how the different methods react

to the additional unimportant variables. We also ran a similar simulation with 500

observations to study the performance of the methods with large sample size. In

addition, we reran the simulation with 150 observations and 21 predictors by setting

the theoretical R2 to be 0.35, 0.95 and 0.99, respectively. The same random seeds are

used again. But the coefficients are different due to the different theoretical R2. We

want to see how the methods behave as R2 increases and whether the methods select

the true model when R2 = 0.99.

Simulation Results

The results (average model error, average model size and average mean square

error) of the simulation with 21 predictors (150 and 50 observations, respectively)

and R2 = 0.75 are summarized in Tables 1.10-1.15 of Section 1.4.2. The ratios of

ME of Best to ME of Tune, ICp/FR, Minimum Cp and LB are calculated for each

combination of n and ρ, and plotted in Figure 1.5 (the larger the ratio, the better

the performance). We did not see much difference between the simulation result with

150 observations and that with 50 observations, except that all the methods have

poorer performance when the sample size is smaller. Therefore, we concentrate on
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the simulation result with 150 observations. Table 1.10 and Figure 1.5 show that

Tune is the best in terms of model error when the true model is H0, H1, H2, or

H3. For Model FULL, Tune loses to all the other methods. For Model H4, Tune is

still the best when the predictors are uncorrelated, but as the correlation increases,

it underfits badly and starts losing to the others. In addition, Tune is the most

stable in relative performance with respect to Best, because its curve is relatively

flat. ICp/FR, Minimum Cp and LB provide better relative performance as the true

model increases in size; however, they do so at the expense of overfitting models of

small and moderate size. This is also supported by Figure 1.6, where the ratios of

model size of Tune, ICp/FR, Minimum Cp and LB to model size of True are plotted

for each combination of n and ρ. Figure 1.6 shows that Tune always selects the most

parsimonious models, while LB and Minimum Cp select much larger models especially

for Models H0-H2. Therefore, Tune is the best in achieving dimension reduction. The

average residual mean square of the four methods is plotted in Figure 1.7. Except

for Model FULL, Tune always has a residual mean square closest to 1, the true error

variance. The other three methods always have residual mean square smaller than 1,

which is another indication of overfitting.

To separate coefficient estimation from prediction, for all the models except H0

we also report the “Estimation Error,” which is the relative distance between the

estimated coefficient vector and the true one.

EE =
||β̂ − β||
||β|| (1.17)
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Figure 1.5: Relative Performance with Respect to Best (21 predictors).
The ratios of ME of Best to ME of Tune, ICp/FR, Minimum Cp and LB.
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Figure 1.6: Relative Model Size with Respect to Best (21 predictors).
The ratios of model size of Tune, ICp/FR, Minimum Cp and LB to that of Best.
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Figure 1.7: Average Residual Mean Square (21 predictors)
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where β̂ is the estimated coefficient vector (the estimated coefficients of those predic-

tors not selected are set to 0), and || · || Euclidean norm. Average Estimation Error

is shown in Table 1.16 of Section 1.4.3. The ratios of EE of True to EE of Tune,

ICp/FR, Minimum Cp and LB, respectively, are given in Figure 1.8 (the larger the

ratio, the better the coefficient estimation). Figure 1.8 leads to a similar conclusion

to that drawn above: Tune is the best in estimating the coefficients when the true

model is H0-H3, while it loses to the other methods when the true model is H4 or

FULL. Note that all four methods (Tune, ICp/FR, Min. Cp and LB) have smaller

EE than True for Model FULL with 50 observations and ρ = 0.7, illustrating the

advantage of biased estimation in the case of several multicollinear predictors.

The results (average model error, average model size and average residual mean

square) of the simulation with 42 predictors, 150 observations and R2 = 0.75 are

summarized in Tables 1.17-1.19 of Section 1.4.4. The ratios of ME of Best to ME of

Tune, ICp/FR, Minimum Cp and LB, are plotted in Figure 1.9 for each combination

of n and ρ. Tune has the smallest ME for H0-H4 regardless of ρ, and for FULL

when ρ = 0, 0.3. Moreover, Tune does not lose as much to the other methods as

in the simulation with 21 predictors on FULL with ρ = 0.7. After a comparison

of Table 1.10 and Table 1.17, we see that the other three methods are adversely

affected by the additional 21 predictors, and their ME’s increase substantially as

the number of predictors increases from 21 to 42. However, Tune is less affected by

the additional predictors and its ME does not increase too much. Consequently it

performs relatively better than the other three methods on H4 with ρ = 0.3, 0.7 and
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Figure 1.8: Relative Estimation Efficiency with Respect to True (21 predictors).
The ratios of EE of True to EE’s of Tune, ICp/FR, Minimum Cp and LB.
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on FULL with ρ = 0, 0.3.

The results (average model error, average model size and average residual mean

square) of the simulation with 500 observations and R2 = 0.75 are summarized in

Tables 1.20-1.22 of Section 1.4.5. The ratios of ME of Best to ME of Tune, ICp/FR,

Minimum Cp and LB, are plotted in Figure 1.10 for each combination of n and ρ.

All the methods have much smaller model errors compared with the simulation re-

sults with 150 observations, and they are close to True and Best in predictive utilities

due to the large sample size. Because overfitting is not penalized as much when the

sample size is large, Tune does not outperform the other three methods as much on

H0-H3. However, for H4 and FULL, Tune is almost as good as the others, except for

Model FULL with ρ = 0.7.

The results (average model error, average model size and average residual mean

square) of the simulation with different R2 values are summarized in Tables 1.23-

1.28 of Section 1.4.6. Because we use the same design matrix and error regardless of

R2 (we adjust the coefficients, consequently the response mean, instead of the error

variance, to get the theoretical R2), µ′µ = nσ2R2/(1− R2). Hence R2/(3 (1− R2))

is used as the denominator to adjust the ME’s (note that there is no adjustment for

R2 = 0.75) so as to make them comparable. The ME’s of Tune for different R2 values

are plotted in Figure 1.11. When R2 = 0.35, ME is very large. As R2 increases to 1,

the model error decreases and goes to 0.
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Figure 1.9: Relative Performance with Respect to Best (42 predictors).
The ratios of ME of Best to ME of Tune, ICp/FR, Minimum Cp and LB.
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Figure 1.10: Relative Performance with Respect to Best (500 observations).
The ratios of ME of Best to ME of Tune, ICp/FR, Minimum Cp and LB.
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Figure 1.11: ME of Tune for Different R2 Values
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1.3.4 Conclusion and Discussion

From the simulation with 150 observations and 21 predictors, we see that in terms

of model error, Tune is the best when the true model is simple (H0-H2). It is a little

better than the other three methods when the true model is H3. It provides the

best prediction by using the fewest variables, and thus is best in achieving dimension

reduction. Tune loses to the others if the true model is complicated (H4 or FULL),

especially when the correlation between the predictors is high. But as shown in Fig-

ure 1.5, Tune is the most stable in relative performance with respect to Best, while

ICp/FR, Minimum Cp and LB tend to overfit. Because they overfit, these three

methods provide better relative performance as the model gets more complicated.

On the whole, Minimum Cp overfits badly and provides very poor performance and

is not recommended in practice. ICp/FR is better than Minimum Cp except for H4.

We arrive at the same conclusion in terms of estimation error.

We see a similar pattern in the simulation with 50 observations and 21 predictors,

except that every method performs worse due to the small sample size. When the

sample size is 50, the ratio of the number of predictors to the number of observations

is greater than 0.25 so that it is difficult to find a satisfactory model. This agrees with

the simulation result in Freedman, Pee and Midthune (1992), which even suggested

not including in the final model two variables with correlation coefficient greater than

0.7 in practice. For 500 observations and 21 predictors, each method provides much

better performance especially for H4 and FULL, and has similar model error for most

cases. Minimum Cp overfits badly for H0-H2, and has the worst result. Tune has a
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smaller model error than any other method for H0-H2. Not much difference is ob-

served between the four methods for H3, H4 and FULL, except that Tune loses to

the other methods on Model FULL with ρ = 0.7. ICp/FR, Minimum Cp and LB

always have an MSE smaller than 1 (the true error variance) except for Model FULL,

which means they tend to overfit. Tune unbiasedly estimates error variance except

for Model FULL.

The simulation with 150 observations and 42 predictors shows that Tune suc-

cessfully ignores the unimportant variables and performs better than the other three

methods except for Model FULL with ρ = 0.7. The other three methods frequently

fit the unimportant variables, and consequently their model errors increase. From

Tables 1.23-1.28 and Figure 1.11, we see that as R2 increases, the model error of each

method decreases, and goes to 0 as R2 goes to 1, for all the combinations of model

and ρ. Here again we see Minimum Cp overfits badly even though its ME converges

to 0 as R2 goes to 1, while Tune is good at finding a parsimonious model without

sacrificing prediction ability.

Tune has the best prediction ability when the true model is simple. For compli-

cated models with higher correlation in the design matrix, Tune loses to the other

three methods in terms of model error due to its underfitting, but Tune is as good as

the other methods if either the sample size or the theoretical R2 is large. In addition,

Tune has much better performance than any of the other three methods when the

number of predictors is large, except for Model FULL with ρ = 0.7.

39



1.3.5 Real Examples

1. Pollution Data (McDonald and Schwing (1973))

This data set has 60 observations and 15 predictors. The response variable is

the Total Age Adjusted Mortality Rate obtained for the years 1959 − 1961 for 201

Standard Metropolitan Statistical Areas (SMSA). A detailed description of the vari-

ables is given in Table 1.2. The result from ridge regression is copied from McDonald

and Schwing (1973). We apply Tune, LB, ICp/FR, Minimum Cp, Intelligent Cp to

the data. The results are summarized in Table 1.1. All the methods have similar

performance in terms of model size and R2. Tune, ICp/FR and ICp select the same

5-variable model. LB and Minimum Cp select the same 6-variable model, and Ridge

Regression selects a different 6-variable model. For Tune, α0 is estimated to be 0.03

which corresponds to the 5-variable model, (1,2,6,9,14). Figure 1.12 displays the

slope-versus-α plot from which the optimal choice of α was obtained.

Table 1.1: Pollution Data

Method Variables Selected Model Size R2 Number of Resamples
Ridge Regression∗ 1,2,6,8,9,14 6 0.724 -
Tune 1,2,6,9,14 5 0.717 4000
LB 1,2,3,6,9,14 6 0.735 100
ICp/FR 1,2,6,9,14 5 0.717 -
Minimum Cp 1,2,3,6,9,14 6 0.735 -
ICp 1,2,6,9,14 5 0.717 -

∗ From McDonald and Schwing (1973)
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Figure 1.12: Tune Slope-versus-α Plot for the Pollution Data.
The optimal choice of α (α = 0.03101) corresponds to the point marked by

⊕
.
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Table 1.2: Description of Variables for Pollution Data

Variable Description
1 Mean annual precipitation in inches
2 Mean January temperature in degrees Fahrenheit
3 Mean July temperature in degrees Fahrenheit
4 Percent of 1960 SMSA population which is 65 years of age or over
5 Population per household, 1960 SMSA
6 Median school years completed for those over 25 in 1960 SMSA
7 Percent of housing units which are sound with facilities
8 Population per square mile in urbanized area in 1960
9 Percent of 1960 urbanized area population which is non-white
10 Percent employment in white-collar occupations in 1960 urbanized area
11 Percent of families with income under 3, 000 in 1960 urbanized area
12 Relative population potential of hydrocarbons, HC
13 Relative pollution potential of oxides of nitrogen, NOx

14 Relative pollution potential of sulfur dioxide, SO2

15 Percent relative humidity, annual average at 1 p.m.

2. NCAA Data (Mangold, Bean and Adams (2002))

There are 97 observations and 19 predictors in this NCAA data. The response

variable is the Average Graduation Rate of the colleges. Tune, LB, ICp/FR, Mini-

mum Cp and Intelligent Cp are applied. The results are summarized in Table 1.3. All

the models selected have similar R2 values. The model selected by Mangold, Bean

and Adams (2002) and the model selected by Tune have similar R2 and 5 variables in

common. LB selects the full model. Minimum Cp and ICp select the same 8-variable

model, and ICp/FR selects a 10-variable model. For Tune, α0 is estimated to be 0.07

which corresponds to the 7-variable model. Figure 1.13 displays the slope-versus-α

plot from which the optimal choice of α was obtained. In light of the simulation

results, the suggested conclusion is that LB and ICp/FR are overfitting these data,
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and thus either the 8-variable or 7-variable models are recommended.

Table 1.3: NCAA Data

Method Model Size R2 Number of Resamples
Mangold and Adams 7 0.827 -
Tune 7 0.826 4000
LB 19 0.856 100
ICp/FR 10 0.845 -
Minimum Cp 8 0.839 -
ICp 8 0.839 -
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Figure 1.13: Tune Slope-versus-α Plot for the NCAA Data.
The optimal choice of α (α = 0.07037) corresponds to the point marked by

⊕
.
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1.4 Appendix

1.4.1 The Coefficients of the Monte Carlo Study with 21 Pre-

dictors: Tables 1.4-1.9

1.4.2 The Results of the Monte Carlo Study with 21 Predic-

tors: Tables 1.10-1.15

1.4.3 The Estimation Error of the Monte Carlo Study with

21 Predictors: Tables 1.16

1.4.4 The Results of the Monte Carlo Study with 150 Obser-

vations and 42 Predictors: Tables 1.17-1.19

1.4.5 The Results of the Monte Carlo Study with 500 Obser-

vations and 21 Predictors: Tables 1.20-1.22

1.4.6 The Results of the Monte Carlo Study with Different

R2 Values: Tables 1.23-1.28
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Table 1.4: The Coefficients for n = 150 and ρ = 0

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.22

β2 0 0 0 0 0 0.32

β3 0 0 0 0 0 0.22

β4 0 0 0 0 0.96 0.43

β5 0 0 0 0.99 0.7 0.42

β6 0 0 1.1 0.63 0.49 0.5

β7 0 1.24 0.49 0.36 0.31 0.4

β8 0 0 0.12 0.16 0.18 0.19

β9 0 0 0 0.04 0.08 0.5

β10 0 0 0 0 0.02 0.28

β11 0 0 0 0 0.96 0.45

β12 0 0 0 0.99 0.7 0.4

β13 0 0 1.1 0.63 0.49 0.27

β14 0 1.24 0.49 0.36 0.31 0.26

β15 0 0 0.12 0.16 0.18 0.39

β16 0 0 0 0.04 0.08 0.36

β17 0 0 0 0 0.02 0.31

β18 0 0 0 0 0 0.52

β19 0 0 0 0 0 0.32

β20 0 0 0 0 0 0.54

β21 0 0 0 0 0 0.46
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Table 1.5: The Coefficients for n = 150 and ρ = 0.3

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.16

β2 0 0 0 0 0 0.23

β3 0 0 0 0 0 0.16

β4 0 0 0 0 0.72 0.32

β5 0 0 0 0.8 0.53 0.31

β6 0 0 0.91 0.51 0.37 0.37

β7 0 1.3 0.4 0.29 0.24 0.29

β8 0 0 0.1 0.13 0.13 0.14

β9 0 0 0 0.03 0.06 0.37

β10 0 0 0 0 0.01 0.21

β11 0 0 0 0 0.72 0.33

β12 0 0 0 0.8 0.53 0.29

β13 0 0 0.91 0.51 0.37 0.2

β14 0 1.3 0.4 0.29 0.24 0.19

β15 0 0 0.1 0.13 0.13 0.28

β16 0 0 0 0.03 0.06 0.27

β17 0 0 0 0 0.01 0.23

β18 0 0 0 0 0 0.39

β19 0 0 0 0 0 0.23

β20 0 0 0 0 0 0.4

β21 0 0 0 0 0 0.34
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Table 1.6: The Coefficients for n = 150 and ρ = 0.7

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.1

β2 0 0 0 0 0 0.14

β3 0 0 0 0 0 0.1

β4 0 0 0 0 0.5 0.19

β5 0 0 0 0.62 0.36 0.18

β6 0 0 0.79 0.4 0.25 0.22

β7 0 1.21 0.35 0.22 0.16 0.18

β8 0 0 0.09 0.1 0.09 0.08

β9 0 0 0 0.02 0.04 0.22

β10 0 0 0 0 0.01 0.13

β11 0 0 0 0 0.5 0.2

β12 0 0 0 0.62 0.36 0.18

β13 0 0 0.79 0.4 0.25 0.12

β14 0 1.21 0.35 0.22 0.16 0.11

β15 0 0 0.09 0.1 0.09 0.17

β16 0 0 0 0.02 0.04 0.16

β17 0 0 0 0 0.01 0.14

β18 0 0 0 0 0 0.23

β19 0 0 0 0 0 0.14

β20 0 0 0 0 0 0.24

β21 0 0 0 0 0 0.2
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Table 1.7: The Coefficients for n = 50 and ρ = 0

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.24

β2 0 0 0 0 0 0.35

β3 0 0 0 0 0 0.23

β4 0 0 0 0 0.86 0.47

β5 0 0 0 0.95 0.63 0.45

β6 0 0 1.13 0.61 0.44 0.54

β7 0 1.35 0.5 0.34 0.28 0.43

β8 0 0 0.13 0.15 0.16 0.21

β9 0 0 0 0.04 0.07 0.54

β10 0 0 0 0 0.02 0.31

β11 0 0 0 0 0.86 0.49

β12 0 0 0 0.95 0.63 0.43

β13 0 0 1.13 0.61 0.44 0.3

β14 0 1.35 0.5 0.34 0.28 0.28

β15 0 0 0.13 0.15 0.16 0.42

β16 0 0 0 0.04 0.07 0.39

β17 0 0 0 0 0.02 0.34

β18 0 0 0 0 0 0.57

β19 0 0 0 0 0 0.34

β20 0 0 0 0 0 0.59

β21 0 0 0 0 0 0.5
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Table 1.8: The Coefficients for n = 50 and ρ = 0.3

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.16

β2 0 0 0 0 0 0.24

β3 0 0 0 0 0 0.16

β4 0 0 0 0 0.66 0.33

β5 0 0 0 0.88 0.48 0.31

β6 0 0 0.99 0.57 0.34 0.38

β7 0 1.21 0.44 0.32 0.22 0.3

β8 0 0 0.11 0.14 0.12 0.14

β9 0 0 0 0.04 0.05 0.38

β10 0 0 0 0 0.01 0.21

β11 0 0 0 0 0.66 0.34

β12 0 0 0 0.88 0.48 0.3

β13 0 0 0.99 0.57 0.34 0.21

β14 0 1.21 0.44 0.32 0.22 0.2

β15 0 0 0.11 0.14 0.12 0.29

β16 0 0 0 0.04 0.05 0.27

β17 0 0 0 0 0.01 0.24

β18 0 0 0 0 0 0.4

β19 0 0 0 0 0 0.24

β20 0 0 0 0 0 0.41

β21 0 0 0 0 0 0.34
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Table 1.9: The Coefficients for n = 50 and ρ = 0.7

H0 H1 H2 H3 H4 FULL

β1 0 0 0 0 0 0.11

β2 0 0 0 0 0 0.16

β3 0 0 0 0 0 0.11

β4 0 0 0 0 0.49 0.21

β5 0 0 0 0.63 0.36 0.2

β6 0 0 0.84 0.4 0.25 0.25

β7 0 1.24 0.37 0.23 0.16 0.2

β8 0 0 0.09 0.1 0.09 0.09

β9 0 0 0 0.03 0.04 0.25

β10 0 0 0 0 0.01 0.14

β11 0 0 0 0 0.49 0.22

β12 0 0 0 0.63 0.36 0.19

β13 0 0 0.84 0.4 0.25 0.13

β14 0 1.24 0.37 0.23 0.16 0.13

β15 0 0 0.09 0.1 0.09 0.19

β16 0 0 0 0.03 0.04 0.18

β17 0 0 0 0 0.01 0.15

β18 0 0 0 0 0 0.26

β19 0 0 0 0 0 0.15

β20 0 0 0 0 0 0.26

β21 0 0 0 0 0 0.22
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Table 1.10: Average Model Error (150 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.01 0.02 0.05 0.07 0.10 0.14 0.003
Best 0.01 0.02 0.06 0.08 0.11 0.14 0.003
Tune 0.01 0.02 0.08 0.11 0.13 0.16 0.004
LB 0.07 0.05 0.09 0.13 0.14 0.14 0.005
ICp/FR 0.04 0.05 0.09 0.11 0.14 0.14 0.005
Min. Cp 0.08 0.09 0.11 0.12 0.13 0.15 0.005

0.3 True 0.01 0.02 0.05 0.07 0.10 0.15 0.003
Best 0.01 0.02 0.05 0.09 0.11 0.15 0.003
Tune 0.01 0.03 0.08 0.12 0.14 0.26 0.005
LB 0.06 0.05 0.10 0.13 0.14 0.15 0.005
ICp/FR 0.04 0.05 0.09 0.12 0.14 0.18 0.005
Min. Cp 0.09 0.09 0.11 0.12 0.13 0.19 0.005

0.7 True 0.01 0.02 0.05 0.07 0.10 0.15 0.003
Best 0.01 0.02 0.06 0.09 0.10 0.14 0.003
Tune 0.02 0.03 0.09 0.11 0.15 0.31 0.005
LB 0.06 0.05 0.11 0.13 0.14 0.16 0.005
ICp/FR 0.04 0.05 0.10 0.12 0.14 0.22 0.005
Min. Cp 0.08 0.09 0.11 0.12 0.13 0.19 0.005

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.11: Average Model Size (150 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.42 7.04 10.31 20.90 0.061
Tune 0.06 2.05 4.62 7.39 9.79 20.23 0.080
LB 3.03 3.24 6.64 9.86 12.82 20.96 0.357
ICp/FR 0.96 2.91 5.40 7.84 10.12 20.65 0.135
Min. Cp 3.16 5.10 7.51 9.59 11.49 20.31 0.146

0.3 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.42 7.35 9.85 20.75 0.071
Tune 0.08 2.27 4.75 6.53 8.64 16.62 0.125
LB 2.57 3.05 7.43 10.59 11.75 20.74 0.359
ICp/FR 1.00 2.94 5.59 7.60 9.14 19.14 0.152
Min. Cp 3.53 4.89 7.40 9.24 10.66 18.48 0.151

0.7 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.50 6.42 8.43 16.95 0.127
Tune 0.68 2.10 4.08 5.60 5.75 7.09 0.135
LB 2.45 3.22 6.39 8.45 10.54 16.94 0.395
ICp/FR 1.29 2.99 5.23 6.31 7.02 9.92 0.185
Min. Cp 3.13 4.72 6.73 7.95 8.50 10.40 0.164

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.12: Average Mean Square Error (150 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.98 1.01 0.99 1.00 1.01 1.01 0.012
Best 0.98 1.01 1.00 1.01 1.01 1.01 0.012
Tune 0.98 1.01 0.99 0.99 1.00 1.01 0.012
LB 0.94 0.99 0.97 0.98 0.99 1.01 0.012
ICp/FR 0.96 0.99 0.97 0.99 1.00 1.01 0.012
Min. Cp 0.93 0.95 0.94 0.96 0.98 1.01 0.012

0.3 True 0.99 1.01 0.99 1.00 1.01 1.00 0.012
Best 0.99 1.01 1.00 1.00 1.00 1.00 0.012
Tune 0.98 1.00 0.98 1.01 1.01 1.03 0.013
LB 0.94 0.99 0.96 0.98 0.99 1.00 0.012
ICp/FR 0.96 0.98 0.96 0.99 1.00 1.00 0.012
Min. Cp 0.93 0.96 0.94 0.96 0.98 1.00 0.012

0.7 True 1.01 1.01 0.99 1.00 1.01 1.00 0.012
Best 1.01 1.01 0.98 0.99 0.99 0.98 0.012
Tune 1.01 1.00 0.98 1.00 1.03 1.07 0.013
LB 0.97 0.99 0.95 0.97 0.98 0.98 0.012
ICp/FR 0.99 0.98 0.96 0.98 1.00 0.99 0.012
Min. Cp 0.96 0.96 0.94 0.96 0.97 0.97 0.012

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations. The Mean Square Error is an estimate of the error variance, which
is equal to 1 in our simulation
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Table 1.13: Average Model Error (50 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.02 0.06 0.14 0.21 0.30 0.44 0.008
Best 0.02 0.06 0.20 0.28 0.35 0.43 0.009
Tune 0.06 0.12 0.31 0.38 0.49 1.13 0.022
LB 0.21 0.21 0.35 0.42 0.44 0.44 0.017
ICp/FR 0.14 0.20 0.31 0.39 0.44 0.58 0.017
Min. Cp 0.26 0.31 0.33 0.37 0.41 0.63 0.016

0.3 True 0.02 0.07 0.14 0.22 0.30 0.45 0.009
Best 0.02 0.07 0.19 0.27 0.34 0.43 0.009
Tune 0.07 0.14 0.26 0.35 0.55 0.80 0.018
LB 0.20 0.20 0.34 0.40 0.44 0.47 0.017
ICp/FR 0.15 0.20 0.31 0.37 0.43 0.57 0.016
Min. Cp 0.25 0.30 0.35 0.37 0.42 0.57 0.015

0.7 True 0.02 0.06 0.14 0.22 0.30 0.45 0.009
Best 0.02 0.06 0.20 0.26 0.27 0.35 0.008
Tune 0.05 0.13 0.33 0.43 0.42 0.63 0.015
LB 0.19 0.20 0.33 0.37 0.39 0.44 0.016
ICp/FR 0.15 0.21 0.31 0.36 0.36 0.46 0.016
Min. Cp 0.27 0.30 0.34 0.37 0.38 0.44 0.014

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.

55



Table 1.14: Average Model Size (50 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.40 6.88 10.14 20.32 0.124
Tune 0.68 2.86 4.12 5.74 7.13 8.75 0.266
LB 3.21 4.45 7.91 9.92 12.41 20.48 0.458
ICp/FR 1.66 3.53 5.39 6.54 8.40 16.19 0.230
Min. Cp 3.56 5.39 7.08 8.19 9.54 14.78 0.199

0.3 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.09 6.35 8.68 17.78 0.144
Tune 1.02 2.83 4.04 5.88 5.36 7.72 0.267
LB 3.19 4.00 7.43 9.59 11.00 17.64 0.492
ICp/FR 1.69 3.56 5.19 7.00 7.28 11.77 0.247
Min. Cp 3.28 5.20 6.87 8.41 8.59 11.57 0.200

0.7 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 3.41 5.37 5.22 10.02 0.122
Tune 0.51 2.77 2.87 3.94 3.71 4.82 0.226
LB 2.45 4.15 6.07 8.43 8.21 11.70 0.467
ICp/FR 1.85 3.85 4.77 5.94 5.19 7.41 0.274
Min. Cp 3.71 5.35 6.38 6.84 6.62 7.75 0.201

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.15: Average Mean Square Error (50 observations and 21 predictors)

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.95 1.02 1.02 0.99 1.01 0.99 0.023
Best 0.95 1.02 1.02 0.95 0.93 0.98 0.024
Tune 0.91 0.97 1.03 0.98 1.03 1.52 0.032
LB 0.80 0.90 0.92 0.88 0.89 0.98 0.023
ICp/FR 0.84 0.90 0.95 0.92 0.93 0.95 0.023
Min. Cp 0.74 0.81 0.85 0.84 0.87 0.96 0.021

0.3 True 1.00 1.01 1.01 0.97 1.01 0.98 0.023
Best 1.00 1.01 1.00 0.96 0.92 0.92 0.023
Tune 0.98 0.95 0.99 0.97 1.13 1.23 0.030
LB 0.87 0.90 0.90 0.85 0.87 0.91 0.023
ICp/FR 0.90 0.90 0.93 0.91 0.93 0.91 0.024
Min. Cp 0.80 0.81 0.84 0.82 0.85 0.88 0.021

0.7 True 1.01 1.02 1.01 0.97 1.01 0.98 0.023
Best 1.01 1.02 1.01 0.93 0.96 0.86 0.023
Tune 0.99 0.96 1.07 1.06 1.08 1.16 0.027
LB 0.87 0.90 0.90 0.86 0.88 0.84 0.022
ICp/FR 0.91 0.90 0.93 0.90 0.94 0.91 0.024
Min. Cp 0.80 0.82 0.83 0.80 0.83 0.81 0.020

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations. The Mean Square Error is an estimate of the error variance, which
is equal to 1 in our simulation
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Table 1.16: Average Estimation Error (21 predictors)

Size ρ Model True Best Tune LB ICp/FR Min. Cp

150 0 H1 0.05 0.05 0.06 0.10 0.11 0.17
H2 0.11 0.13 0.15 0.17 0.16 0.19
H3 0.15 0.16 0.19 0.21 0.19 0.21
H4 0.17 0.18 0.20 0.21 0.20 0.20
FULL 0.22 0.22 0.24 0.22 0.23 0.24

0.3 H1 0.06 0.06 0.07 0.10 0.11 0.16
H2 0.14 0.16 0.19 0.22 0.21 0.24
H3 0.20 0.22 0.26 0.28 0.26 0.27
H4 0.24 0.25 0.30 0.29 0.29 0.28
FULL 0.33 0.33 0.48 0.33 0.37 0.39

0.7 H1 0.06 0.06 0.07 0.13 0.14 0.22
H2 0.23 0.28 0.35 0.40 0.38 0.40
H3 0.39 0.42 0.48 0.52 0.50 0.51
H4 0.53 0.53 0.70 0.65 0.65 0.63
FULL 0.83 0.79 1.29 0.86 1.07 1.03

50 0 H1 0.09 0.09 0.15 0.22 0.21 0.31
H2 0.20 0.25 0.33 0.38 0.34 0.37
H3 0.31 0.36 0.43 0.47 0.44 0.45
H4 0.37 0.42 0.51 0.50 0.49 0.48
FULL 0.45 0.44 0.83 0.45 0.57 0.64

0.3 H1 0.11 0.11 0.18 0.24 0.25 0.36
H2 0.24 0.29 0.35 0.45 0.41 0.47
H3 0.34 0.39 0.47 0.53 0.49 0.52
H4 0.53 0.58 0.78 0.70 0.68 0.67
FULL 0.73 0.70 0.97 0.76 0.86 0.89

0.7 H1 0.10 0.10 0.19 0.31 0.31 0.48
H2 0.38 0.52 0.70 0.76 0.70 0.81
H3 0.70 0.82 1.03 1.06 0.98 1.09
H4 1.09 0.98 1.18 1.26 1.15 1.28
FULL 1.75 1.31 1.53 1.58 1.48 1.61

Ave. St. Err.∗ 0.01 0.01 0.01 0.02 0.01 0.01

∗The average standard error is averaged over all the 30 different cases.

The result is based on 100 simulation. Estimation Error is defined as ||β̂ − β||/||β||.
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Table 1.17: Average Model Error (150 observations and 42 predictors)

150 observations 42 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.01 0.02 0.05 0.07 0.10 0.14 0.003
Best 0.01 0.02 0.06 0.08 0.12 0.14 0.003
Tune 0.02 0.02 0.10 0.11 0.16 0.17 0.005
LB 0.07 0.06 0.11 0.14 0.18 0.18 0.008
ICp/FR 0.06 0.07 0.11 0.13 0.17 0.17 0.007
Min. Cp 0.16 0.18 0.18 0.20 0.22 0.21 0.007

0.3 True 0.01 0.02 0.05 0.07 0.10 0.15 0.003
Best 0.01 0.02 0.07 0.08 0.12 0.16 0.004
Tune 0.02 0.04 0.12 0.11 0.15 0.19 0.006
LB 0.07 0.06 0.13 0.13 0.17 0.21 0.008
ICp/FR 0.06 0.07 0.12 0.13 0.16 0.19 0.007
Min. Cp 0.17 0.17 0.19 0.20 0.21 0.23 0.007

0.7 True 0.01 0.02 0.05 0.07 0.10 0.15 0.003
Best 0.01 0.02 0.08 0.10 0.13 0.23 0.003
Tune 0.02 0.03 0.10 0.15 0.16 0.33 0.006
LB 0.07 0.04 0.12 0.17 0.18 0.28 0.007
ICp/FR 0.05 0.06 0.12 0.15 0.18 0.29 0.007
Min. Cp 0.17 0.16 0.18 0.20 0.21 0.28 0.007

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.18: Average Model Size (150 observations and 42 predictors)

150 observations 42 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 5.95 8.22 11.35 21.16 0.042
Tune 0.25 2.07 6.12 8.60 11.63 21.51 0.089
LB 1.86 3.50 6.58 10.23 13.47 22.82 0.411
ICp/FR 1.32 3.56 6.49 9.40 12.47 21.85 0.191
Min. Cp 6.66 8.69 11.29 13.74 16.51 23.85 0.241

0.3 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 5.74 8.16 10.63 21.11 0.047
Tune 0.62 2.52 5.76 8.86 11.12 22.04 0.236
LB 2.20 2.95 7.54 10.11 12.68 23.36 0.477
ICp/FR 1.47 3.18 6.86 9.23 11.55 21.97 0.192
Min. Cp 6.74 8.30 11.75 13.82 15.90 24.30 0.250

0.7 True 0.00 2.00 6.00 10.00 14.00 21.00 0.000
Best 0.00 2.00 4.77 7.85 9.62 20.91 0.110
Tune 1.13 2.92 5.55 7.38 9.06 15.90 0.348
LB 1.80 2.72 6.59 9.77 12.13 26.95 0.523
ICp/FR 1.42 3.22 6.48 8.43 10.37 19.12 0.257
Min. Cp 6.92 7.98 10.87 12.74 14.75 21.26 0.263

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.19: Average Mean Square Error (150 observations and 42 predictors)

150 observations 42 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.98 1.01 0.99 1.00 1.01 1.01 0.012
Best 0.98 1.01 0.99 1.01 1.02 1.01 0.012
Tune 0.97 1.01 0.98 0.99 1.00 0.99 0.013
LB 0.93 0.98 0.97 0.97 0.98 0.99 0.013
ICp/FR 0.94 0.96 0.97 0.98 0.98 0.99 0.013
Min. Cp 0.86 0.89 0.89 0.90 0.91 0.95 0.012

0.3 True 0.99 1.01 0.99 1.00 1.01 1.00 0.012
Best 0.99 1.01 0.99 1.01 1.02 1.00 0.012
Tune 0.98 1.00 0.98 0.99 0.99 0.96 0.013
LB 0.93 0.98 0.95 0.98 0.97 0.97 0.013
ICp/FR 0.94 0.97 0.96 0.98 0.99 0.97 0.013
Min. Cp 0.86 0.89 0.87 0.90 0.91 0.93 0.012

0.7 True 1.01 1.01 0.99 1.00 1.01 1.00 0.012
Best 1.01 1.01 1.01 1.00 1.01 0.96 0.012
Tune 1.00 1.00 1.00 1.01 1.01 1.05 0.013
LB 0.96 0.99 0.96 0.97 0.97 0.94 0.013
ICp/FR 0.98 0.97 0.96 0.98 0.98 0.97 0.013
Min. Cp 0.89 0.90 0.88 0.90 0.91 0.93 0.012

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations. The Mean Square Error is an estimate of the error variance, which
is equal to 1 in our simulation
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Table 1.20: Average Model Error (500 observations and 21 predictors)

500 observations 21 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.00 0.01 0.02 0.02 0.03 0.04 0.001
Best 0.00 0.01 0.02 0.02 0.03 0.04 0.001
Tune 0.00 0.01 0.03 0.03 0.04 0.04 0.001
LB 0.02 0.01 0.03 0.04 0.04 0.04 0.002
ICp/FR 0.01 0.01 0.03 0.03 0.04 0.04 0.001
Min. Cp 0.03 0.03 0.03 0.03 0.04 0.04 0.001

0.3 True 0.00 0.01 0.01 0.02 0.03 0.04 0.001
Best 0.00 0.01 0.02 0.03 0.03 0.04 0.001
Tune 0.00 0.01 0.03 0.03 0.04 0.04 0.001
LB 0.02 0.01 0.03 0.04 0.04 0.04 0.002
ICp/FR 0.01 0.01 0.03 0.03 0.04 0.04 0.001
Min. Cp 0.03 0.03 0.03 0.04 0.04 0.04 0.001

0.7 True 0.00 0.01 0.01 0.02 0.03 0.04 0.001
Best 0.00 0.01 0.02 0.03 0.03 0.04 0.001
Tune 0.00 0.01 0.02 0.04 0.04 0.09 0.001
LB 0.02 0.01 0.03 0.04 0.04 0.04 0.001
ICp/FR 0.01 0.01 0.03 0.04 0.04 0.06 0.001
Min. Cp 0.03 0.03 0.03 0.04 0.04 0.06 0.001

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.21: Average Model Size (500 observations and 21 predictors)

500 observations 21 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.0 2.0 6.0 10.0 14.0 21.0 0.00
Best 0.0 2.0 5.7 8.2 11.5 21.0 0.05
Tune 0.0 2.1 5.2 8.1 10.6 21.0 0.07
LB 3.0 2.9 8.2 10.4 14.2 21.0 0.32
ICp/FR 0.9 2.7 6.2 8.7 11.6 21.0 0.10
Min. Cp 3.2 4.9 8.1 10.1 12.5 21.0 0.12

0.3 True 0.0 2.0 6.0 10.0 14.0 21.0 0.00
Best 0.0 2.0 5.6 8.3 10.9 21.0 0.06
Tune 0.1 2.1 4.9 7.9 10.3 20.9 0.07
LB 2.1 3.4 8.5 10.5 13.9 21.0 0.34
ICp/FR 0.9 2.7 6.2 8.5 11.0 21.0 0.11
Min. Cp 3.2 5.0 8.1 10.0 12.0 20.9 0.13

0.7 True 0.0 2.0 6.0 10.0 14.0 21.0 0.00
Best 0.0 2.0 4.4 7.5 10.1 20.4 0.08
Tune 0.0 2.0 4.4 6.7 8.1 13.4 0.07
LB 2.6 3.1 7.0 10.1 11.9 20.3 0.35
ICp/FR 1.2 2.9 5.6 7.6 9.2 16.5 0.16
Min. Cp 3.2 5.1 7.4 9.0 10.4 16.2 0.16

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations.
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Table 1.22: Average Mean Square Error (500 observations and 21 predictors)

500 observations 21 predictors R2 = 0.75

Ave.∗

ρ Method H0 H1 H2 H3 H4 FULL St. Err.

0 True 0.99 1.01 0.99 1.00 1.00 1.00 0.006
Best 0.99 1.01 0.99 1.00 1.00 1.00 0.006
Tune 0.98 1.01 1.00 1.00 1.00 1.00 0.006
LB 0.97 1.00 0.99 1.00 0.99 1.00 0.006
ICp/FR 0.98 1.00 0.99 1.00 0.99 1.00 0.006
Min. Cp 0.97 0.99 0.98 0.99 0.99 1.00 0.006

0.3 True 1.00 1.01 1.00 1.00 1.00 1.00 0.006
Best 1.00 1.01 1.00 1.00 1.00 1.00 0.006
Tune 0.99 1.01 1.00 1.00 1.00 1.00 0.006
LB 0.98 1.00 0.99 1.00 0.99 1.00 0.006
ICp/FR 0.99 1.00 0.99 1.00 1.00 1.00 0.006
Min. Cp 0.98 0.99 0.98 0.99 0.99 1.00 0.006

0.7 True 1.00 1.01 1.00 1.00 1.00 1.00 0.006
Best 1.00 1.01 1.00 1.00 0.99 1.00 0.006
Tune 1.00 1.01 1.00 1.00 1.00 1.02 0.006
LB 0.99 1.00 0.99 1.00 0.99 1.00 0.006
ICp/FR 0.99 1.00 0.99 1.00 1.00 1.00 0.006
Min. Cp 0.98 0.99 0.98 0.99 0.99 1.00 0.006

∗The average standard error is averaged over all the six models. The entries are based
on 100 simulations. The Mean Square Error is an estimate of the error variance, which
is equal to 1 in our simulation
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Table 1.23: Standardized Model Error for Different R2 Values (ρ = 0)

n = 150 21 predictors

Min. Ave.∗

×10−2 R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 11.00 28.00 19.00 28.00 52.00 27.00 2.117
0.75 2.00 5.00 2.00 5.00 9.00 5.00 0.333
0.95 0.00 1.00 0.00 1.00 1.00 1.00 0.067
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H2 0.35 35.00 59.00 53.00 50.00 60.00 50.00 2.733
0.75 6.00 9.00 8.00 9.00 11.00 9.00 0.383
0.95 1.00 2.00 1.00 1.00 2.00 1.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H3 0.35 48.00 76.00 71.00 67.00 71.00 67.00 3.200
0.75 8.00 13.00 11.00 11.00 12.00 11.00 0.467
0.95 1.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H4 0.35 63.00 83.00 82.00 82.00 76.00 83.00 3.083
0.75 11.00 14.00 13.00 14.00 13.00 14.00 0.483
0.95 2.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

FULL 0.35 75.00 79.00 188.0 116.0 113.0 119.0 3.067
0.75 14.00 14.00 16.00 14.00 15.00 14.00 0.433
0.95 2.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

∗The average standard error is averaged over all the six methods. The model errors
are standardized w.r.t. µTµ and then multiplied by 100. The entries are based on
100 simulations.
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Table 1.24: Average Model Size for Different R2 Values (ρ = 0)

n = 150 21 predictors

Min. Ave.∗

Model R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 2.0 3.2 2.5 2.9 5.1 2.9 0.15
0.75 2.0 3.2 2.1 2.9 5.1 2.9 0.12
0.95 2.0 3.2 2.3 2.9 5.1 2.9 0.15
0.99 2.0 3.2 2.3 2.9 5.1 2.9 0.15

H2 0.35 3.8 6.4 3.8 4.4 6.6 4.3 0.20
0.75 4.4 6.6 4.6 5.4 7.5 5.3 0.17
0.95 6.0 8.0 6.2 6.6 8.3 6.5 0.15
0.99 6.0 7.7 6.1 6.7 8.4 6.7 0.12

H3 0.35 5.8 9.0 5.0 5.9 8.0 5.7 0.24
0.75 7.0 9.9 7.4 7.8 9.6 7.7 0.19
0.95 8.3 10.6 8.6 9.1 10.7 9.1 0.16
0.99 10.0 12.0 9.3 10.2 11.6 10.1 0.16

H4 0.35 8.7 11.7 6.8 7.3 9.2 7.2 0.26
0.75 10.3 12.8 9.8 10.1 11.5 10.1 0.20
0.95 11.8 14.2 11.6 12.2 13.2 12.2 0.16
0.99 12.6 15.0 12.7 13.2 13.9 13.2 0.14

FULL 0.35 19.8 19.9 7.7 14.0 14.1 13.6 0.24
0.75 20.9 21.0 20.2 20.7 20.3 20.7 0.06
0.95 21.0 21.0 21.0 21.0 21.0 21.0 0.01
0.99 21.0 21.0 21.0 21.0 21.0 21.0 0.00

∗The average standard error is averaged over all the six methods. The entries are
based on 100 simulations.
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Table 1.25: Standardized Model Error for Different R2 Values (ρ = 0.3)

n = 150 21 predictors

Min. Ave.∗

×10−2 R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 12.00 29.00 19.00 29.00 51.00 27.00 2.133
0.75 2.00 5.00 3.00 5.00 9.00 5.00 0.367
0.95 0.00 1.00 0.00 1.00 1.00 1.00 0.067
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H2 0.35 35.00 63.00 48.00 54.00 62.00 54.00 2.267
0.75 5.00 10.00 8.00 9.00 11.00 9.00 0.433
0.95 1.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H3 0.35 47.00 73.00 64.00 64.00 68.00 66.00 2.783
0.75 9.00 13.00 12.00 12.00 12.00 12.00 0.483
0.95 1.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H4 0.35 59.00 80.00 87.00 81.00 74.00 83.00 3.017
0.75 11.00 14.00 14.00 14.00 13.00 14.00 0.500
0.95 2.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

FULL 0.35 79.00 88.00 170.0 129.0 114.0 132.0 3.017
0.75 15.00 15.00 26.00 18.00 19.00 18.00 0.633
0.95 2.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

∗The average standard error is averaged over all the six methods. The model errors
are standardized w.r.t. µTµ and then multiplied by 100. The entries are based on
100 simulations.
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Table 1.26: Average Model Size for Different R2 Values (ρ = 0.3)

n = 150 21 predictors

Min. Ave.∗

Model R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 2.0 3.3 2.2 2.9 4.9 2.8 0.14
0.75 2.0 3.1 2.3 2.9 4.9 2.8 0.14
0.95 2.0 3.3 2.1 2.9 4.9 2.8 0.13
0.99 2.0 3.3 2.1 2.9 4.9 2.8 0.13

H2 0.35 3.1 6.3 3.2 4.3 6.2 4.1 0.21
0.75 4.4 7.4 4.8 5.6 7.4 5.4 0.19
0.95 6.0 8.4 5.8 6.7 8.3 6.6 0.18
0.99 6.0 8.1 6.2 7.1 8.5 6.9 0.14

H3 0.35 5.6 9.3 4.6 5.5 7.5 5.3 0.24
0.75 7.4 10.6 6.5 7.6 9.2 7.4 0.20
0.95 8.2 11.5 8.4 9.0 10.3 8.9 0.16
0.99 9.4 12.0 8.7 10.0 11.2 9.8 0.18

H4 0.35 7.9 9.9 4.8 6.1 8.1 5.8 0.23
0.75 9.9 11.8 8.6 9.1 10.7 9.0 0.18
0.95 11.5 13.3 11.1 11.5 12.5 11.3 0.17
0.99 12.5 14.6 12.2 12.8 13.6 12.7 0.14

FULL 0.35 17.7 17.4 5.5 8.7 10.0 8.3 0.26
0.75 20.8 20.7 16.6 19.1 18.5 19.0 0.13
0.95 21.0 21.0 21.0 21.0 21.0 21.0 0.00
0.99 21.0 21.0 21.0 21.0 21.0 21.0 0.00

∗The average standard error is averaged over all the six methods. The entries are
based on 100 simulations.
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Table 1.27: Standardized Model Error for Different R2 Values (ρ = 0.7)

n = 150 21 predictors

Min. Ave.∗

×10−2 R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 13.00 30.00 23.00 29.00 48.00 28.00 2.167
0.75 2.00 5.00 3.00 5.00 9.00 5.00 0.383
0.95 0.00 1.00 0.00 1.00 1.00 1.00 0.083
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H2 0.35 31.00 57.00 42.00 50.00 60.00 51.00 2.333
0.75 6.00 11.00 9.00 10.00 11.00 10.00 0.500
0.95 1.00 2.00 1.00 2.00 2.00 2.00 0.083
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H3 0.35 46.00 70.00 67.00 63.00 65.00 68.00 2.400
0.75 9.00 13.00 11.00 12.00 12.00 12.00 0.467
0.95 1.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

H4 0.35 48.00 68.00 75.00 66.00 66.00 70.00 2.333
0.75 10.00 14.00 15.00 14.00 13.00 15.00 0.533
0.95 2.00 2.00 2.00 2.00 2.00 2.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

FULL 0.35 62.00 78.00 104.0 88.00 77.00 93.00 2.300
0.75 14.00 16.00 31.00 22.00 19.00 23.00 0.533
0.95 2.00 2.00 4.00 3.00 3.00 3.00 0.100
0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.000

∗The average standard error is averaged over all the six methods. The model errors
are standardized w.r.t. µTµ and then multiplied by 100. The entries are based on
100 simulations.
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Table 1.28: Average Model Size for Different R2 Values (ρ = 0.7)

n = 150 21 predictors

Min. Ave.∗

Model R2 Best LB Tune ICp/FR Cp ICp St. Err.

H1 0.35 2.1 3.1 2.6 3.0 4.7 2.8 0.14
0.75 2.0 3.2 2.1 3.0 4.7 2.8 0.13
0.95 2.0 3.0 2.4 3.0 4.7 2.8 0.14
0.99 2.0 3.0 2.4 3.0 4.7 2.8 0.14

H2 0.35 2.6 5.2 2.3 3.8 5.5 3.4 0.19
0.75 4.5 6.4 4.1 5.2 6.7 4.9 0.18
0.95 5.1 7.4 4.9 6.2 7.9 6.0 0.18
0.99 6.1 7.9 6.3 7.2 8.4 6.9 0.16

H3 0.35 4.1 6.9 2.7 4.1 5.9 3.7 0.24
0.75 6.4 8.5 5.6 6.3 8.0 6.0 0.20
0.95 8.1 10.3 7.2 8.4 9.6 8.2 0.18
0.99 8.3 10.8 8.5 9.4 10.5 9.3 0.16

H4 0.35 5.1 7.1 2.6 4.0 5.9 3.6 0.22
0.75 8.4 10.5 5.8 7.0 8.5 6.6 0.21
0.95 10.6 11.9 9.1 9.9 11.2 9.7 0.17
0.99 12.0 13.2 11.0 11.6 12.6 11.5 0.17

FULL 0.35 7.6 7.9 3.7 4.3 6.3 4.0 0.22
0.75 17.0 16.9 7.1 9.9 10.4 8.9 0.21
0.95 20.8 20.7 16.5 19.2 18.1 18.9 0.14
0.99 21.0 21.0 21.0 21.0 21.0 21.0 0.01

∗The average standard error is averaged over all the six methods. The entries are
based on 100 simulations.
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Chapter 2

Score Tests for Dose Effect in the

Presence of Non-Responders

2.1 Introduction

In certain dose response studies with continuous endpoints, some subjects are not

affected by the treatment, while others are affected. We call these subjects “non-

responders” and “responders,” respectively. For such cases, Boos and Brownie (1991)

proposed a mixture model where both the logit of the response probability and the

magnitude of the effect are linear functions of the dose level. In this paper we show

that using this mixture model results in increased power over conventional trend

model regression when testing for a dose-response.

Consider a completely randomized design with ni subjects assigned to receive dose

xi, i = 1, 2, . . . , k with n1 + n2 + · · · + nk = N . For a given dose xi, the continuous
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observations Yij, j = 1, 2, . . . , ni, are iid with cumulative distribution function (CDF)

F(yij|θ) = p(xi) G

(
yij − µ−∆(xi)

σ

)
+ (1− p(xi)) G

(
yij − µ

σ

)
, (2.1)

where p(xi) = (1 + exp(−(α + β xi)))
−1, ∆(xi) = c + d xi, and G(y) is the CDF of

the standard normal distribution. In order to make the model identifiable, without

loss of generality, we set c > 0 (by assuming the responders have larger mean than

the non-responders), otherwise the two components are not identified under H0.

We are interested in testing whether the effect of the drug depends on the dose

level, i.e., H0 : β = d = 0 versus H1 : β2 + d2 6= 0. (The one-sided alternative

H ′
1 : β ≥ 0, d ≥ 0,max(β, d) > 0 is also possible.) A naive method is based on

simple linear regression, i.e., regressing the response on the dose level and using the

t statistic to test if the slope is 0. In the following we will use REG to denote the

t statistic from this procedure. Under Model (2.1), we propose as a competitor to

the t statistic, a 2-degree-of-freedom score statistic, referred to as BD, to test H0

versus H1. In addition, if the model is specified by ignoring the linear part of the

logit of the response probability or that of the response mean, we get two reduced

models and two corresponding 1-degree-of-freedom score statistics. More specifically,

by keeping d = 0 we are testing H0 versus H1,β : β 6= 0, d = 0 , and the corresponding

score statistic is called B. On the other hand, by keeping β = 0 we are testing H0

versus H1,d : d 6= 0, β = 0, and the corresponding score statistic is called D. We also

propose a maximum statistic, referred to as MAX, which is the maximum of B and

D. Permutation procedures are employed to calculate the p-values.
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In Section 2.2, we derive the formulas for the score statistics, but leave the for-

mula for the maximum likelihood estimators (MLEs) via the EM algorithm for the

Appendix. In Section 2.3, Monte Carlo results are given and summarized. In Sec-

tion 2.4, we apply our statistics to three real data sets. The conclusion and summary

are in Section 2.5.

2.2 Score Statistics

Define θ = (α, µ, σ, c, β, d)T . The log-likelihood function of Y is given by

l(θ|Y ,X) =
∑

i,j

log


 1

1 + e−(α+β xi)

e−
(Yij−µ−c−d xi)

2

2σ2

√
2πσ

+
e−(α+β xi)

1 + e−(α+β xi)

e−
(Yij−µ)2

2σ2

√
2πσ




=
∑

i,j

log

(
1

1 + e−(α+β xi)

1√
2πσ

e−
(Yij−µ)2

2σ2 Mij

)
(2.2)

=
∑

i,j

(
− log(1 + e−(α+β xi))− log(

√
2π)− log σ − (Yij − µ)2

2σ2
+ logMij

)

where Mij = exp(−Kij) + exp(−(α + β xi))

and Kij =
1

2σ2 ((c+ d xi)
2 − 2(c+ d xi)(Yij − µ)).
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Define Sij(θ) = (Sij
1 , S

ij
2 , S

ij
3 , S

ij
4 , S

ij
5 , S

ij
6 )

T , where

Sij
1 =

∂ logf(Yij|θ, xi)
∂α

=
e−(α+β xi)

1 + e−(α+β xi)
− e−(α+β xi)

Mij

Sij
2 =

∂ logf(Yij|θ, xi)
∂µ

=
Yij − µ

σ2
− e−Kij (c+ d xi)

Mij σ2

Sij
3 =

∂ logf(Yij|θ, xi)
∂σ

= − 1

σ
+

(Yij − µ)2

σ3
+

2 e−Kij Kij

Mij σ

Sij
4 =

∂ logf(Yij|θ, xi)
∂c

=
(Yij − µ− c− d xi) e

−Kij

Mij σ2

Sij
5 =

∂ logf(Yij|θ, xi)
∂β

= Sij
1 xi

Sij
6 =

∂ logf(Yij|θ, xi)
∂d

= Sij
4 xi

Recall that the score statistic has the basic form S(θ̂0)
T In(θ̂0)

−1 S(θ̂0), where

In(θ̂0) is the estimated Fisher information matrix under H0 and θ̂0 is the MLE under

H0. Unfortunately, In(θ) is difficult to compute for mixture models. As an alternative

to In(θ̂0), we might consider using the sample information matrix underH0. However,

it is often not positive definite in small samples. Therefore, we use

Σ(θ̂0) =
∑

i,j

Sij(θ̂0) S
ij(θ̂0)

T
(2.3)

This estimate is less efficient than In(θ̂0), but it is guaranteed to be positive definite

and appears to work fine in practice.
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Define θ̂0 = (α̂, µ̂, σ̂, ĉ, 0, 0)T , the MLE’s under H0, and

S(θ̂0) = (S1(θ̂0), S2(θ̂0), S3(θ̂0), S4(θ̂0), S5(θ̂0), S6(θ̂0))
T =

∑

i,j

Sij(θ̂0), (2.4)

the score function under H0. By definition, the first 4 elements of S(θ̂0) will all be 0.

The score statistic for testing H0 versus H1 is

BD = S(θ̂0)
T Σ(θ̂0)

−1 S(θ̂0) (2.5)

If β is ignored in Model (2.1), then we are testing H0 versus H1,d. The corresponding

score statistic is

D = S−5(θ̂0)
T Σ−5(θ̂0)

−1 S−5(θ̂0) (2.6)

where S−5(θ̂0) is just S(θ̂0) with the fifth element dropped, andΣ−5(θ̂0) is justΣ(θ̂0)

with the fifth row and the fifth column crossed out.

If d is ignored in Model (2.1), then we are testing H0 versus H1,β. The corre-

sponding score statistic is

B = S−6(θ̂0)
T Σ−6(θ̂0)

−1 S−6(θ̂0) (2.7)

where S−6(θ̂0) is just S(θ̂0) with the sixth element dropped, and Σ−6(θ̂0) is just

Σ(θ̂0) with the sixth row and the sixth column crossed out.
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In addition, a maximum statistic is calculated,

MAX = max(B,D) (2.8)

Under H0, BD
d−→ χ2

2, B
d−→ χ2

1, D
d−→ χ2

1 as n −→ ∞. But if the two

component distributions are not well separated, the convergence is very slow. There-

fore, we employ permutation tests instead to get the p-values so as to make them

applicable to small samples as well as to moderately separated data. In addition,

if Model (2.1) is misspecified, the p-values from the permutation test are still valid,

while χ2 is no longer the correct asymptotic distribution. Also, we avoid deriving the

complicated distribution of MAX. For testing the one-sided alternative H ′
1 mentioned

in the Introduction, we just replace S5(θ̂0) by S5(θ̂0) I(S5(θ̂0) > 0) and S6(θ̂0) by

S6(θ̂0) I(S6(θ̂0) > 0), where I(S5(θ̂0) > 0) = 1 if S5(θ̂0) > 0 and = 0 otherwise.

Often the likelihood ratio test is a good method for testingH0 versusH1. However,

in this situation the likelihood ratio test has problems related to the MLE calculated

under the alternative hypothesis. Similar to the score statistic, convergence of the

likelihood ratio statistic to an asymptotic distribution is too slow to use in practice. Of

course the permutation approach can also be used with the likelihood ratio statistic.

But unfortunately the MLE does not exist for some of the ill-conditioned permuted

data sets. To see why this is the case, suppose the EM algorithm is employed to

calculate the MLE. At each M step, the maximization of the conditional log-likelihood

reduces to two separate maximization problems. One of them involves only µ, σ, c,

and d, and there are closed forms for these four parameters. The other problem
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involves only α and β and is similar to the maximization problem of a logistic log-

likelihood function, for which the MLE does not exist in certain cases. Since we do

not have the MLEs for all the permuted data sets, the permutation p-value cannot

be used unless we are willing to ignore those permutations without MLEs. Because

of these problems, we decided not to use the likelihood ratio statistic.

2.3 Monte Carlo Results

A Monte Carlo study was carried out in order to compare the performance of the

five tests, i.e., BD, B, D, MAX, and REG, using permutation critical values. Recall

that REG is the t statistic from simple linear regression of the response variable on

the covariate. SAS was employed to do the simulation.

In the simulation study, we let both β and d vary from 0 to 1 by 0.05 and choose c

to be 3 and 6 for each pair of β and d. Therefore, we have total 882 sets of parameters,

among which 2 sets correspond to the null hypothesis. Our simulation study has four

different dose level groups of 10 subjects, with 0 representing the control group, 1

representing the low dose level, 2 representing medium dose level and 3 representing

high dose level, respectively, which is very typical of an animal study.

For each set of the parameters, we simulate 4 × 10 random Yij according to

Model (2.1). All the four test statistics (BD, B, D and MAX) are calculated and

the simple linear regression is also fitted. Then the 40 Yij’s are randomly permuted

99 times so as to implement the permutation tests to get the p-values for each of
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Table 2.1: Average Power under H1 over 880 Sets of Parameters

Method BD B D MAX REG
Average Power 0.59 0.48 0.45 0.58 0.52

Table 2.2: Pairwise Comparison of Power.
The percentage of times that the row method has larger power than the column
method for the 880 sets of parameters.

(%) BD B D MAX REG
BD * 72 81 75 63
B 28 * 51 32.5 14
D 19 49 * 20 40

MAX 24 67.5 80 * 54
REG 37 86 60 46 *

the four statistics. In actual practice we use a much larger number of permutations

(see the examples), but here we use 99 permutations and the Boos and Zhang (2000)

method of simple linear extrapolation to estimate the power based on 1000 indepen-

dent data sets.

The mean estimated powers of the five methods under the alternative hypotheses

(880 sets of parameters in our simulation) are displayed in Table 2.1. It appears that

BD is slightly more powerful on average than MAX, and both are more powerful than

REG or B or D.

We also did a pairwise comparison of the powers of the five methods, based on

the Monte Carlo study. The result is summarized in Table 2.2. Each entry is the per-

centage of times that the row method power is larger than the column method power.

78



Table 2.3: Selected Powers for c = 3

β d BD B D MAX REG
0 0 0.05 0.05 0.06 0.05 0.06
0 0.4 0.13 0.05 0.17 0.14 0.05
0 0.8 0.35 0.12 0.42 0.38 0.10
0.4 0 0.13 0.21 0.06 0.12 0.21
0.4 0.4 0.45 0.36 0.32 0.40 0.41
0.4 0.8 0.82 0.53 0.73 0.78 0.59
0.8 0 0.47 0.60 0.11 0.45 0.57
0.8 0.4 0.82 0.80 0.48 0.80 0.86
0.8 0.8 0.98 0.92 0.87 0.97 0.96

Note: based on 1000 Monte Carlo replications; the standard errors are at most√
0.5 · 0.5/1000 = 0.016.

For example, BD is more powerful than B in 72% of the 880 alternative situations.

To further illustrate the Monte Carlo results, Table 2.3 gives the power for a sub-

set of the 880 alternative situations. Here we see that BD is the best when both β

and d are nonzero. REG does well when β > 0 but not very well when β = 0.

In the pairwise comparison of Table 2.2 we did not take Monte Carlo error into

account. In order to do this, we fit for each pair the difference of the logit of the

powers to a linear model with β, d, and their interaction as terms. All of the 10

regressions had R2 > 0.95. If the 95% confidence interval for the difference of the

two logit powers does not include zero, then we declare one test more powerful than

the other. Table 2.4 displays the results, which turns out to be fairly similar to

Table 2.2. In Figures 2.1 and 2.2, we show all the pairwise comparisons. Figure 2.1

shows the comparison of BD with the other methods, and Figure 2.2 shows the

comparison among the other methods, where “+” means that the mean difference
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Table 2.4: Comparison Based on the 95% CIs.
The percentage that the row method performs significantly better than the column
method (441 points)

(%) BD B D MAX REG
BD * 74 81 65 67
B 22 * 58 25 16
D 15 40 * 16 32

MAX 5 70 79 * 59
REG 29 78 66 36 *

of the logit powers is favorable (significantly positive under alternative hypothesis

or significantly negative under the null hypothesis), “-” means that it is unfavorable

(significantly negative under alternative hypothesis or significantly positive under the

null hypothesis), and “Indifferent” means that it is not significantly different from 0,

respectively, at level 0.05.

2.4 Real Examples

We also study three real data sets that appear in the literature. SAS was used for

the analysis.

2.4.1 Mouse Reaction Times

In an experiment reported in Shirley (1977), a stimulus was applied to the tails

of some mice, and the reaction times (in seconds) were recorded. A visualization of

the data is given in Figure 2.3, which is reproduced from Boos and Brownie (1991).

The classification in this plot is based on the estimated response probability from

the mixture model. Shirley (1977) proposed a Wilcoxon type nonparametric test
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Figure 2.1: Comparing BD with Other Methods

“+” means that BD is more powerful.
“o” means that there is not a significant difference.
“-” means that BD is less powerful.
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Figure 2.2: Comparisons among the Methods Excluding BD
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Table 2.5: The Application to Mouse Reaction Times

Method BD B D MAX REG
p-value 0.0018 0.0000 0.3902 0.0004 0.0000

since the data were highly skewed. He concluded that the “reaction times of the

treated mice have become slower at all dose levels.” Boos and Brownie (1991) pro-

posed model (2.1) for this data set after applying a logarithm transformation to the

reaction times. They implemented likelihood ratio tests and found the reduced model

with d = 0 was satisfactory while the reduced model with β = d = 0 was not adequate

for the data, i.e., β is significantly different from 0, but d is not.

We apply all the five methods to the data, and the data set is permuted randomly

9999 times in order to get the p-values. The result is shown in Table 2.5. We

see from the table that all the tests except D are significant. Therefore, d is not

significantly different from 0 but β is. Our result agrees with Shirley (1977) and Boos

and Brownie (1991). The MLEs of the two parameters of interest are β̂ = 1.475

and d̂ = 0.036. Since d is not significantly different from 0 and β is, REG gives the

smallest p-value, which is consistent with Table 2.3.

2.4.2 Depression Study Data

In Table 3 of Tamura et al. (1994), there are two data sets with just two arms

(placebo and fluoxetine hydrochloride). The data sets were divided according to

REML (Rapid Eye Movement Latency), defined as the time between sleep onset and

the first rapid eye movement. The thinking is that shortened REML is a marker of
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Figure 2.3: Log Reaction Times of Mice versus Dose Levels from Shirley (1977)

endogenous depression. The response variable is the change of HAMD17 (the total

of the first 17 items of the Hamilton Depression Scale). In the Normal REML group

(REML > 65 minutes), 21 subjects took placebo and 23 took the drug. In the

Shortened REML group (REML ≤ 65 minutes), there were 22 subjects in both arms.

To be consistent with the constraint c > 0, we multiply the response variable by −1.

The two data sets are visualized in Figure 2.4, where the classification is based on the

estimated response probability from the mixture model. All five methods are applied

to the two data sets, and the data sets are permuted randomly 9999 times in order

to get the p-values. The result is shown in Table 2.6. For the Normal REML group,

β̂ = 0.16 and d̂ = 1.47. For the Shortened REML group, β̂ = 2.19 and d̂ = −2.08.

We see that none of the tests is significant for the Normal REML group, which
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Table 2.6: P-values for Depression Study Data

Group BD B D MAX REG
Normal 0.60 0.65 0.37 0.56 0.54
Shortened 0.044 0.011 0.896 0.041 0.008

suggests that neither β nor d is significantly different from 0 for the normal group.

For the Shortened group, all the tests except D are significant. Therefore, d is not

significantly different from 0 but β is. Here again REG gives the smallest p-value.

2.4.3 Dietary Fortification Study

Razzaghi and Kodell (2000) supplied in their Table 1 a data set from a study of

dietary fortification with carbonyl iron. The response variable is the glucose level in

C5YSF1 black mice. There are five dose levels, one control group and four treatment

groups. A visualization of the data is given in Figure 2.5, where the classification is

based on the estimated response probability from the mixture model. Razzaghi and

Kodell (2000) proposed a slightly different model from (2.1), by treating the response

rate as a constant instead of a linear function of the dose level, and modelling the

mean as a quadratic, instead of linear, function of the dose level. From their Table 2

of MLEs, we can see that at least for lower dose levels, the quadratic terms are neg-

ligible with respective to the linear terms.

All five methods are applied to the data set, and the data set is permuted randomly

9999 times in order to get the p-values. The result is shown in Table 2.7. The MLEs

of β and d are β̂ = 0.014 and d̂ = 0.364. We see that all the tests are significant, but
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Figure 2.5: Glucose Level versus Dose from Razzaghi and Kodell (2000)

87



Table 2.7: The Application to Dietary Fortification Study

Method BD B D MAX REG
p-value 0.0013 0.0002 0.0124 0.0020 0.0000

it is apparent that β is more important than d and REG is most powerful.

2.5 Conclusion and Summary

From Table 2.3, we see that BD and MAX are very sensitive to both β and d, B

and REG are much more sensitive to β than d, and D is more sensitive to d than β.

From Table 2.1, we see that BD gives the greatest mean power among all the five

methods, followed by MAX with just a slight difference. From Figure 2.1, we see

that only when (β = 0, d ≥ 0.5) or (β ≥ 0.5, d = 0) that MAX is better than BD.

Table 2.4 also shows that 65% of the time BD is better than MAX, only 5% of the

time MAX is better than BD, while 30% of the time, there is no significant difference

between them. Therefore, BD is superior to MAX, on the whole. We also conclude

that BD is superior to D from both Table 2.4 and Figure 2.1.

From Figure 2.2 and Table 2.4, we see that REG is superior to B. Therefore, there

is no gain in doing the heavy computation needed for B. Figure 2.1 shows if d ≥ 0.5,

BD has larger power than REG, and even when d < 0.5, if d is greater than a multiple

of β, BD still has larger power than REG. This pattern also shows up when we com-

pare BD with B, but with the threshold shifted down from 0.5 to 0.4. Table 2.4 shows
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that 67% of the time BD is better than REG, 29% of the time REG is better than

BD, while 4% of the time, there is no significant difference between them. Table 2.4

also shows that 74% of the time BD is better than B, 22% of the time B is better

than BD, while 4% of the time, there is no significant difference between them.

Thus from the simulation results, we conclude that BD is the most powerful

method. Although MAX is also very powerful, it is inferior to BD and requires more

effort to implement, since it is based on the two 1-degree-of-freedom score tests. REG

is not as good as BD, but it is very easy to implement and gives quite satisfactory

results when β is more important than d. In addition, we found no significant differ-

ence between using the permutation p-values for the t statistic (REG) and using the

standard p-values based on the t distribution. Therefore, the standard p-values may

be used in practice.

2.6 Appendix: MLE via EM Algorithm

EM algorithm is employed to get the MLEs under the null hypotheses. Define

Zij =





1 with probability p(xi)

0 with probability 1− p(xi)

as the responder indicator for the jth subject at the ith dose level, where p(xi) =

(1 + exp(−(α + β xi)))
−1.

Under H0, the complete data log-likelihood function does not depend on xi’s. Let
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p = (1 + exp(−α))−1, µ1 = µ + c, and µ2 = µ. Define θ = (µ1, µ2, σ)
T . Then the

complete data log-likelihood function is

lc(Y, θ, p) = (2.9)

∑

i

∑

j

{Zij log(f1(Yij)) + (1− Zij) log(f2(Yij)) + Zij log p+ (1− Zij) log(1− p)}

where f1 and f2 are the pdf’s for N(µ1, σ
2) and N(µ2, σ

2), respectively.

E step: Given θv and pv, the conditional expectation of lc is calculated.

Q(θ, p, θv, pv) = E{lc(Y, θ, p)|θv, pv, Y }

=
∑

i

∑

j

{
W v

ijlogf1(Yij; θ) + (1−W v
ij)logf2(Yij; θ) +W v

ijlogp+ (1−W v
ij)log(1− p)

}

= c1+
∑

i,j

{
− log σ −

W v
ij(Yij − µ1)

2

2σ2
−

(1−W v
ij)(Yij − µ2)

2

2σ2
+W v

ij log p+ (1−W v
ij) log(1− p)

}

(2.10)

where W v
ij = E(Zij|Y, θv, pv) = pvf1(Yij; θ

v)/[pvf1(Yij; θ
v) + (1− pv)f2(Yij; θ

v)] and c1

is a constant.
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M step: Maximizing Q(θ, p, θv, pv) leads to

θv+1 =




∑
i,j

W v
ijYij/

∑
i,j

W v
ij

∑
i,j

(1−W v
ij)Yij/

∑
i,j

(1−W v
ij)

√
∑
i,j

W v
ij(Yij−µ

v+1
1 )2+(1−W v

ij)(Yij−µ
v+1
2 )2

N




(2.11)

pv+1 =
1

N

∑

i,j

W v
ij

where N is the total number of subjects.

The MLE’s under H0 are

α̂0 = logp∞ − log(1− p∞) µ̂0 = µ∞2 σ̂0 = σ∞ ĉ0 = µ∞1 − µ∞2 (2.12)

where p∞ refers to the completion of the EM algorithm.
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